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Abstract

The present paper is devoted to the boundedness of fractional integral operators in Morrey spaces
defined on quasimetric measure spaces. In particular, Sobolev, trace and weighted inequalities with
power weights for potential operators are established. In the case when measure satisfies the dou-
bling condition the derived conditions are simultaneously necessary and sufficient for appropriate
inequalities.
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1. Introduction

The main purpose of this paper is to establish the boundedness of fractional integral
operators in (weighted) Morrey spaces defined on quasimetric measure spaces. We de-
rive Sobolev, trace and two-weight inequalities for fractional integrals. In particular, we
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generalize: (a) Adams [1] trace inequality; (b) the theorem by Stein and Weiss [18] re-
garding the two-weight inequality for the Riesz potentials; (c) Sobolev-type inequality. We
emphasize that in the most cases the derived conditions are necessary and sufficient for
appropriate inequalities.

In the paper [9] (see also [10, Chapter 2]) integral-type sufficient condition guaranteeing
the two-weight weak-type inequality for integral operator with positive kernel defined on
non-homogeneous spaces was established. In the same paper (see also [10, Chapter 2]) the
authors solved the two-weight problem for kernel operators on spaces of homogeneous type.

In [12] (see also [5, Chapter 6]) a complete description of non-doubling measure u
guaranteeing the boundedness of fractional integral operator I, (see the next section for the
definition) from L?(u, X)to L9(u, X), 1 < p < g < 0o, was given. We notice that this result
was derived in [11] for potentials on Euclidean spaces. In [12], theorems of Sobolev and
Adams type for fractional integrals defined on quasimetric measure spaces were established.
For the boundedness of fractional integrals on metric measure spaces we refer also to
[7]. Some two-weight norm inequalities for fractional operators on R” with non-doubling
measure were studied in [8]. Further, in the paper [13] necessary and sufficient conditions
on measure i governing the inequality of Stein—Weiss type on non-homogeneous spaces
were established. For some properties of fractional integrals defined on R" in weighted
Lebesgue spaces with power type weights see e.g., [16, Chapter 5].

The boundedness of the Riesz potential in Morrey spaces defined on Euclidean spaces
was studied in [15,2]. The same problem for fractional integrals on R"” with non-doubling
measure was investigated in [17].

Finally, we mention that necessary and sufficient conditions for the boundedness of max-
imal operators and Riesz potentials in the local Morrey-type spaces were derived in [3,4].

The main results of this paper were presented in [6].

It should be emphasized that the results of this work are new even for Euclidean spaces.

Constants (often different constants in the same series of inequalities) will generally be
denoted by ¢ or C.

2. Preliminaries

Throughout the paper we assume that X := (X, p, u)is atopological space, endowed with
a complete measure p such that the space of compactly supported continuous functions is
dense in L' (X, ) and there exists a function (quasimetric) p : X x X —> [0, oo) satisfying
the conditions:

(1) p(x,y)>0forall x#y, and p(x,x) =0 forall x € X;
(2) there exists a constant ag > 1, such that p(x, y) <aop(y, x) forall x, y € X;
(3) thereexistsaconstanta; > 1, suchthat p(x, y)<aj(p(x, 2)+p(z, y)) forallx, y, z € X.

We assume that the balls B(a,r) := {x € X : p(a,x)<r} are u-measurable and
0< w(B(a,r))<oo for a € X, r>0. For every neighborhood V of x € X, there ex-
ists r > 0, such that B(x, r) C V. We also assume that u(X) = oo, uf{a} =0, and B(a, rp)\
B(a,r))#9, foralla € X,0<r| <ry <oo.
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The triple (X, p, u) will be called quasimetric measure space.
Let 0 < o < 1. We consider the fractional integral operators I, and K, given by

Lf(x) = /X FOIPCe, ¥ du(y),

Kyf(x):= fX FONuB(x, plx, M)*duy),

for suitable fon X.
Suppose that v is another measure on X, 1>0 and 1 < p < co. We deal with the Morrey
space Lp’l(X, v, i), which is the set of all functions f € L? (X, v) such that

loc

1
u(B)*

where the supremum is taken over all balls B. )
If v=pu, then we have the classical Morrey space L”**(X, u) with measure u. When 4=0,
then LP*(X, v, u) = LP(X, v) is the Lebesgue space with measure v.

1/p
||f||Ll’v2(X,v,u) .= sup ( /B |f(y)|pdv(y)) < 00,
B

Further, suppose that f§ € R. We are also interested in weighted Morrey space M [’; ’A(X , )
which is the set of all y-measurable functions f such that

1 1/p
) — = p B
1Dy = S0P (M fB O pay) dﬂ(y)> <oo.

aeX;r>0

If f = 0, then we denote M/’;’A(X, W = MPAHX, ).

We say that a measure u satisfies the growth condition (¢ € (GC)), if there exists
Co > 0 such that u(B(a, r)) < Cor; further, u satisfies the doubling condition (i € (DC)) if
W(B(a,?2r))<Cyw(B(a,r)) for some C; > 1. If u € (DC), then (X, p, w) is called a space
of homogeneous type (SHT). A quasimetric measure space (X, p, 1), where the doubling
condition is not assumed, is also called a non-homogeneous space.

The measure u on X satisfies the reverse doubling condition (¢ € (RDC)) if there are
constants 7; and 1, with #; > 1 and n, > 1 such that

UBQx, mry=nuB(x, r). (D)

It is known (see e.g., [19, p. 11]) that if p € (DC), then u € (RDC).
The next statements are from [12] (see also [5, Theorem 6.1.1, Corollary 6.1.1] and [11]
in the case of Euclidean spaces).

Theorem A. Let (X, p, 1) be a quasimetric measure space. Suppose that 1 < p <g <00
and 0 < a < 1. Then I, is bounded from LP(X) to L1(X) if and only if there exists a positive
constant C such that

WBa, ry<cr, s=L44=2 @)
pqg+p—q

foralla € X andr > 0.
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Corollary B. Let (X, p, 1) be a quasimetric measure space,1 < p <1/uand1/g=1/p—a.
Then 1, is bounded from L?(X) to L4(X) if and only if u € (GC).

The latter statement by different proof was also derived in [7] for metric spaces.
To prove some of our statements we need the following Hardy-type transform:

Hy f(x) = / FOYAu(y),

pla.y)< pla,x)

where a is a fixed point of X and f € Ljoc(X, p).

Theorem C. Suppose that (X, p, 1) is a quasimetric measure space and 1 < p<q < 00.
Assume that v is another measures on X. Let V (resp. W) be non-negative v x v-measurable
(resp. non-negative u x p-measurable) function on X x X. If there exists a positive constant
C independent of a € X and t > 0 such that

1/q , 1/p
( / V(a, y)dv(y)) ( / Wa, y)'=7 du(y)> <C < oo,
pla,y) >t pla,y)<t

then there exists a positive constant ¢ such that for all u-measurable non-negative f and
a € X the inequality

1/q 1/p
(/ (Ha f(x))?V(a, X)dV(X)) <c </ (fx)PW(a, x)du(X))
B(a,r) B(a,r)
holds.
This statement was proved in [5, Section 1.1] for Lebesgue spaces.
Proof of Theorem C. Let f >0. We define S(s) := fp(a,y)<s fO)du(y), fors € [0, r].

Suppose S(r) < oo, then 2" < S(r)< 2m+1 for some m € 7. Let

sj = sup{t: S(t)<2j}, j<m and sy41:=Tr.

m+1

Then it is easy to see that (see also [5, pp. 5-8] for details) (s;) i

sequence, S(s;) <2/, S(1)>2/ fort > s, and

2i< / FOYu).
sji<pa,y)<sj+1

Ifp:= limj_>_oo Sj, then

00 1S a non-decreasmg

m

pla.x)<r & pla,x)el0,p1U | J (sj.541]

j=—00

If S(r) = oo, then we may put m = co. Since

0</ FOdu(y)<Ss;)<2/,
pla,y)<p
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for every j, therefore | pay)<p f(»)du(y) = 0. From these observations, we have

(a,y
/ (Ha f(x)?V(a, x)dv(x)
pla,x)<r

m
<

j=—00

f (Ha f )V (@, x)dv(x)
sj<pla,x)<sjtl

m

q
<y V<a,x>< / (f(y))du(y)) dv().
P00 V8 SPaX) S jit pla,y)<sj+1

j=—
Notice that

/ fdu<S(sj42) <2 <C / fdp.
pa,y)<sj+1 sji—1<pla,y)<s;j

Using Holder’s inequality, we find that

/( ) (Hy f(x)TV(a, x)du(x)
pla,x)<r

m

q
)3 / V(a,x)( f (f(y))du(y)) dv(x)
oo V8 $pa,x) s pla,y)<sj+1

j=

/N

m

q
S v<a,x>( / (f(y))du(y)) dv(x)
. sj<pa,x)<sjp1 sj—1<pla,y)<s;j

j=—00
m
<C

j=—00

q/p
X ( / (fON"W(a, y)du(y)>
sj—1<pay)<s;
q/p'
x (/ Wa, y)'=F du(y)>
sj—1<pa,y)<s;

m q/p
<C ) / Via, y)dv(y) / Wa, )7 du(y)
j sj<play) pla,y)<s;

j=—00

q/p
( f (FONWa, y)du(y)>
sj—1<pla,y)<s;

m

C E : qa/p
s PW(a,y)du
</5j1 gp(a,y)ésj(f(y)) (@ y) ()’)>

j=—00

/ Via, x)dv(x)
sj<pla,x)<sjt1

/

q/p
<C ( / (FO) Wa, y)du(y)> .
pla,y)<r

This completes the proof of the theorem. [
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For our purposes we also need the following lemma (see [14] for the case of R").
Lemma D. Suppose that (X, p, 1) be an SHT. Let 0 < A < 1< p < 00. Then there exists a
positive constant C such that for all balls By,

180l iy < CH(Bo) =277

Proof. Let By := B(xq, ro) and B := B(a, r). We have
u(Bo N B))””
u(BY* '

Suppose that By N B #0. Let us assume that r <rg. Then (see [19, Lemma 1] or [10, p.
91) B C B(xg, bro), where b = a1(1 + ag). By the doubling condition it follows that

WB N Bo)  u(B)
P 7
1(B) 1(B)

128, ”LPY/AA(X’H) = Sl;p (

= u(B)' ™ < u(B(xo, bro))'

< Cu(Bo)' .
Let now ry < r. Then uBy < cuB, where the constant ¢ depends only on a; and ay. Then

u(B N Byp) <c WBo)

< =cu(By)'™*. O
u(BY " u(Bo) 0

The next lemma may be well known but we prove it for the completeness.

Lemma E. Let (X, p, i) be a non-homogeneous space with the growth condition. Suppose
that 0 > — 1. Then there exists a positive constant c¢ such that for alla € X and r > 0, the
inequality

I(a,r, o) ::/ pla, x)°du<cro!
B(a,r)
holds.

Proof. Let 0 > 0. Then the result is obvious because of the growth condition for u. Further,
assume that —1 < ¢ < 0. We have

I(a,r,o0)= /oou{x € B(a,r): pla,x)’ > A}d)
0

00 re o0
:/ u(B(a,r)N B(a, AI/J))di:[ +/ =1, r, o)+1%a,r, o).
0 0 re

By the growth condition for i we have
1, r, 0)<r’u(B(a, r)<er™!,
while for I®(a, r, 6) we find that

+1

o0
— 1
1Pa,r, o)éc/ VAL - ﬂraﬁ =c1r°

7o g

because 1/0<—1. O
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The following statement is the trace inequality for the operator K, (see [1] for the case
of Euclidean spaces and, e.g., [10] or [5, Theorem 6.2.1] for an SHT).

Theorem F. Let (X, p, 1) be an SHT. Supposethat1 < p <q <ocand0 <o < 1/p.Assume
that v is another measure on X. Then K, is bounded from LP (X, ) to L1(X, v) if and only if

vB<c(uB)I /P,
for all balls B in X.

3. Main results

In this section we formulate the main results of the paper. We begin with the case of an
SHT.

Theorem 3.1. Let (X, p, 1) be an SHT and let 1 < p < q < 00. Suppose that 0 <a < 1/p,
0<Ai <1 —oapandir/q=i1/p. Then Ky is bounded from LP*(X, p) to L9"2(X, v, p)
if and only if there is a positive constant ¢ such that

V(B)<cu(B)11/P=%), 3)
for all balls B.
The next statement is a consequence of Theorem 3.1.

Theorem 3.2. Let (X, p, p) be an SHT and let 1 < p <q < 00. Suppose that 0 <o <1/p,
0< i <1 —apand ly/q = L1/ p. Then for the boundedness of K, from LP*1(X, ) to
L172(X, W) it is necessary and sufficient that g = p/(1 — ap).

For non-homogeneous spaces we have the following statements:

Theorem 3.3. Let (X, p, 1) be a non-homogeneous space with the growth condition. Sup-
posethatl < p<q <oo,1/p—1/qg<a<landa#1/p.Supposealsothat po.—1 <A/3 <p—

1,0 < i1 < f—oap~+1and iig=Iop. Then l, is bounded from Mg’)'l (X, wto Mg’AZ(X, w,
where y=q(1/p+ B/p — o) — 1.
Theorem 3.4. Suppose that (X, p, w) is a quasimetric measure space and p satisfies condi-

tion (2). Let 1 < p < g < 00.Assume that0 <o < 1,0< 1) < p/q andsii/p=172/q. Then
the operator 1 is bounded from MP-"15(X, ) to Ma*2 (X, .

4. Proof of the main results

In this section we give the proofs of the main results.

Proof of Theorem 3.1. Necessity: Suppose K, is bounded from L”*1(p) to L9*2(X, v, ).
Fix By := B(xg, rg). For x, y € By, we have that

B(x, p(x, y)) € B(x, ai1(ao + 1)rg) € B(xo, a1(1 + ai(ag + 1)ro).
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Hence using the doubling condition for g, it is easy to see that
H(Bo)* <cKyyp,(x), x € By.

Consequently, using the condition 42/ = 41/ p, the boundedness of K, from L” o.M
to L9*2(X, v, u) and Lemma D we find that

,“(BO)OC_A1 /P V(Bo)l/q <c|l szXBo l L9%2(X v, 1)

< C”XBO ”LP’;‘I(X,y) gclu(Bo)(lfll)/P'

Since ¢ does not depend on By we have condition (3).

Sufficiency: Let B := B(a,r), B := B(a,2air) and f>0. Write f € Lp’il(u) as
f=fi+ f2:= fxp + fxzc, where yp is a characteristic function of B. Then we have

S = f(Kaf(x))q dv(x)<c (/ (Ko f1(x))? dV(X)+/(Kaf2(X))q dV(X))
B B B
= c(S1 + $).
Applying Theorem F and the fact 4 € (DC) we find that

q/p
Si< / <Kaf1>‘f(x)dv<x)<c< f (f ()P du(x)) .
X B(a,2ayr)

Now observe that if p(a, x) <r and p(a, y) > 2a;r, then p(a, y) > 2a;p(a, x). Conse-
quently, using the facts 4 € (RDC) (see (1)), 0 < 41 <1 — ap and condition (3) we have

J )q
S < ) )
2 C/B(a,r) (/;\)(a,y)>r ,UB(CI, pla, y))l—og wy) v(x)

- f !
=v(B d
K )[Z/Bm,né’“r)\s(a,nfr) pB(a, pla, y)' = M(y)]

k=0
00 1/p
<ow) | Y ([ conrdu
k=0 B(“s'll+ r)
1/p'74
x / . uB(a, pla, y)*~ D7 du(y)
Bla, " *'r\B(a,nfr)
o] q
<clrig,., (X,#)V(B)<Z uB(a, <ty = 141/p )
k=0
0 q
q (A1/p+oa—1/p)q k(41/p+a—1/p)
SN o M BIRCB) (Z 8 )
k=0

SNy oy MBI = UG 5 OB

where the positive constant ¢ does not depend on B. Now the result follows
immediately. O
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Proof of Theorem 3.2. Sufficiency: Assuming o« = 1/p — 1/q and u = v in Theorem 3.1
we have that K, is bounded from LPA (X, w) to L‘MZ(X, .

Necessity: Suppose that K, is bounded from LPA(X, W to L172(X, ). Then by
Theorem 3.1 we have

M(B)l/qfl/eragc_

The conditions u(X) = oo and u{x} =0, forall x € X, implies thata=1/p —1/q. O

Proof of Theorem 3.3. Let f >0. For x, a € X, let us introduce the following notation:

— . p(a’y) 1 . . 1 P(a’ y)
Eq(x) := {y L @) < % } , Ex(x):= {y = < @ %) <L2ay } ,
E3(x) := {y 1 2a;) < pla. y)} .
pla, x)

Fori =1,2,3,r >0and a € X, we denote

q
S; :=f p(a,x)}'( f(y)p(x,y)“_ldu(y)> du(x).
pla,x)<r E;(x)

If y € E1(x), then p(a, x) < 2ajagp(x, y). Hence, it is easy to see that

q
s1<C f p(a,xﬁ'*q(“—”( f f(y)du(y)) du(e).
B pla,y)<p(a,x)

Taking into account the condition y < (1 — a)g — 1 we have

2k+11)\ B(a,2k1)

o
f pla, )1 D ducny = 3 / (pla, )"+ dp(x)
pla,x)>t n—0 " Ba,

o0

< CZ(Zkt)“/+q(ot—l)+l — cty+q(ot—l)+1,
n=0

while the condition § < p — 1 implies
/ p(a, x)ﬁ(l—l’/)+1 dpu(x)< ctPA=p)+1
pla,x)<t
Hence

1/q , 1/p'
sup ( f pla, x)”q“‘”du(x)) ( f pla, y)f-r )du(y)>
aeX,t>0 pla,x)>t B(a,t)

< .

Now using Theorem C we have

q/p
Sl<c</B p(a,x)ﬁ(f(y))d/«t(y)> <ellfI? ., o PP =) ) .

My Mg (X
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Further, observe that if p(a, y) > 2a;p(a, x), then p(a, y)<aip(a,x) + ajp(a, y)<
o(a,y)/2+aip(x, y). Hence p(a, y)/(2a1) < p(x, y). Consequently, using the growth con-
dition for y, the fact 4 < f — ap + 1 and Lemma E we find that

q
s<e [ par(f ) au
B(a,r) pla.y)>pla.x) P(@,y)

o) !
<o s (X IO auy)) anco)
B(a.r) 20/ B@. 21 pa.x)\Ba. 2t pa.x)) P, ¥)

o]

[e.e]

1/p
<of pay [Z ( / Pt du(y)>
B(a,r) B(a,2" p(a,x))

k=0

) , 1/p' 74
x ( f pla, y)PI=pi+e=hp du(y)> du(x)
B(a,28*1 p(a,x))\B(a,2* p(a,x))

<cllfl?,, / pla, x)’
My X J B

[’} q
x (Z(z"pw, )PP (uBa, 2 p(a, x)))”l”) du(x)
k=0

[ee) q
< c||f||714”’;‘1(x u)/ )p(a, x)" (Z(zkp(a, x))/’.l/p+a—1/p—[3/17) du(x)
B ’ B(a,r

k=0

<l s

) i/ p+a—=1/p=P/p)a+y 4
Mg,/hl X, fB(a’r) p(aa )C) ,u(x)

_ q Ag/p—1 q Aq/p
=c|f ) a, x du(x)<c ; r
(Rl P (X 0 /I;(a’r) pla, x) x) < ||f||Mp, 1

Mﬂ B (X,

q Ao
=C ; r=.
| f”M;'”“ (X.p)

So, we conclude that

Ss<elfIe,,
My (X

To estimate S, we consider two cases. First assume that o < 1/p. Let
Erri=1{x: 2kr<p(a, X) < 2k+1r},

Frri=1{x: 2k7]r/a1 < pla, x) <a12k+2r}.
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Assume that p* = p/(1 — ap). By Holder’s inequality, Corollary B and the assumption
y=q(/p+ B/p — o) — 1 we have

s=3 [ p<a,x>“’< / f(y)p(x,y)“‘ldu(y)) dux)
k=—o00 Eg,r E»(x)

-1

p* a/p’
<2 / p(m)’f( f f(y)p(x,y)“‘ldu(y)> dp(x)
Ek,r EZ(X)

k=—o00

(p*=q)/p*
g </ p(a,x)>"’*/<P*‘f>du(x>>
Ek,r

-1 q/p*
<c Z 2k(+(p* =)/ p )</ Ia(fXFk_,)(x)p d,u(x))
X

k=—o00

-1 q/p
<ec Z 2k(V+(p*—q)/p*)< ; (f(x))pdu(x))

k=—o00

q/p
< c( / o, P (F()P du(x)>
B(a,2air)

<cl s rale =c| £

2
, , re.
M/f”"l (X.10) M/’,””"l (X, p0)

Let us now consider the case 1/p <a < 1.
First notice that (see [13])

/ (p(x, V)@ VP du(y) < cpla, x) =P
E>(x)

where the positive constant ¢ does not depend on a and x.
This estimate and Holder’s inequality yield

—1 q/p
S <c Z <f p(a’x)“/-l-[(oc—l)p/-i-l)]q/p’ (/ (f(y))pd,u(y)> d,u(x))
k=—o0 \Y Ekr Ex(x)

-1 q/p
<e ) pla, x) T1E=DPFEDM/Y gy (x) (FONP du(y)
E, Fj
k=—00 k,r k,r

-1 q/p
<c Z (zkr)w[(cc—1)p/+1)]q/p/+1< ; (f(y))pd,u(y))

q/p

k=—00
N q/p a/p
—¢ Z 2kBq/p / (FO))P du(y)) <c<f (fONPp(a, )’)ﬁ d/vl(y))
e Fe, B(a,2ar)
< q halp — . ~,
< C||f||M/,;4/A.(X’ﬂ)r CHf”M/’;"“ (X,u)r

Now the result follows immediately. [
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Proof of Theorem 3.4. Let f >0. Suppose that a € X and r > 0. Suppose also that f] =
S 1B@2ayr @and f2=f — fi. Then I, f = I, fi + I, f2. Consequently,

/ (I f(x)? du(x) <277 (/ (Lo f1(x))? d#(x)-l—/
B(a,r) B(a,r)

( )(Iafz(X))q du(X))
B(a,r
2971t + 5.

Due to Theorem A and the condition s4;/p = 42/q we have

q/p
Se) <c< / (f ()P du(x))
B(a,2air)

1 q/p Jisal A
— - - p 159/p 2
_C<(2a1r);“ls /;(a’2alr)(f(-x)) dx) <c”f”Mp /l:(X ﬂ) N

Now observe that if x € B(a,r) and y € X\B(a, 2air), then p(a, y)/2a; <p(x, y).
Hence Holder’s inequality, condition (2) and the condition 0 < 4; < p/q yield

I folx) = f FONpe, ) du(y)
X\B(a,2ar)

© 1/p
( / FOY” dﬂ(y)>
k=0 B(a, 2 2a;r)\B(a,2¥ 1 ayr)

- 1/p
X ( / pla, y)*=Dr du(y)>
B(a,2k*2a;r)\B(a,2+ayr)

o0

I/p
s¢ Z ( 2k+1a1r)}IY /B(a 2k+1a|r)(f(y))p d,u(y))

k=

x (zkalr)),ls/p-i-oc—l—i-s/p

g C”f”Mp./llS(X lu)r;.ls/p*‘(x—l"r‘?/[?/.
Consequently, by the assumptions s41/p = 23/q and s = pg(1 — a)/(pq + p — q) we
conclude that

r(ﬂvls/p+o<—1+s/p/)q+s — L”f”q A

2 . q
Ser <clfl s

MPAS(X, )

Summarizing the estimates derived above we finally have the desired result. [J
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