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Hardy—-Littlewood mazimal functions) and singular integrals in wvariable exponent
Lebesgue spaces defined on the real line are established. Bibliography: 30 titles.

Introduction

We study the two-weight problem for fractional maximal operators (involving the Hardy-—
Littlewood maximal functions) and singular integrals in variable exponent Lebesgue spaces L),
In particular, we derive two—weight criteria of various type for maximal operators and the Hilbert
transform on the line. For a bounded interval we assume that the exponent p satisfies the local
log-Holder continuity condition and for the real line we require that p is constant outside some
interval. In the framework of variable exponent analysis such a condition first appeared in the
paper [1], where the author established the boundedness of the Hardy-Littlewood maximal op-
erator in LP()(R™). Unfortunately, we do not know whether the established criteria remain valid
when p satisfies log-Holder decay condition at infinity (cf., for example, [2] for the log-Holder
decay condition). It is known that the local log-Holder continuity condition for the exponent
p together with the log-Hélder decay condition guarantees the boundedness of operators of
harmonic analysis in LP()(R™) spaces (cf. [2]-[5]).
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The boundedness of the maximal, potential and singular operators in Lp(')(]R”) spaces was

derived in [1]-[7]. Weighted inequalities for classical operators in 129 spaces, where w is a

power type weight, were established in the papers [8]-[14] etc, while the same problems with
general weights for Hardy, maximal and fractional integral operators were studied in [10] and
[15]-[21]. Moreover, in [21], a complete solution of the one-weight problem for the Hardy-
Littlewood maximal functions defined on Euclidean spaces are given in terms of Muckenhoupt
type conditions. Finally, we note that, in [17], modular type sufficient conditions governing the
two—weight inequality for maximal and singular operators were established.

Some results of this paper without proofs were announced in [22].
Throughout the paper, J denotes an interval (bounded or unbounded) in R.

Let p be a nonnegative function on R. Suppose that E is a measurable subset of R. We use
the following notation:

p—(E) :=infp, p.(E) =supp, - p- =p-(R), pt:=p+R).

Assume that 1 < p_(J) < p(J) < co. The variable exponent Lebesgue space LP()(.J)
(sometimes it is denoted by LP(*)(.J)) is the class of all y-measurable functions f on X for which

S,(f) = / ()P dz < oo.
J

The norm in Lp(')(J ) is defined as follows:
£l ooy = inf{A > 02 S,p(f/A) < 1}

It is known (cf., for example, [23, 24, 8]) that LP() is a Banach space. For other properties
of LP() spaces we refer, for example, to [23]-[25].

Finally, we point out that constants (often different constants in the same series of inequali-
ties) will generally be denoted by ¢ or C. The symbol f(z) ~ g(z) means that there are positive
constants ¢; and cp independent of z such that the inequality f(z) < c1g9(z) < cof(z) holds.
Throughout the paper, p’(x) denotes the function p(z)/(p(z) — 1).

1 Sawyer Type Condition for Maximal Operators in L?(*)
Spaces

1.1 The case of bounded interval
Let J be a bounded interval in R, and let

1
M )) =suw o [ 1Rl e

where z € J and « is a constant satisfying the condition 0 < a < 1.

For a weight function u we denote
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Definition. Let J be a bounded interval in R. We say that a nonnegative function u satisfies
the doubling condition on J (u € DC(J)) if there is a positive constant b such that for all x € J
and all r, 0 < r < |J|,

u(l(z =2r,x+2r)NJ) <bu(l(z —r,z+7)NJ).

Definition. We say that p € LH(J) (p satisfies the local log-Holder condition) if there is a

positive constant ¢ such that
c

Ip(z) — p(y)| < e —yl

for all z,y € J satisfying the condition |z —y| < 1/2.

Theorem 1.1. Let 1 < p_ < p(x) < py < 00, and let the measure dv(z) = w(z) ™ @ dz
belong to DC(J). Suppose that 0 < o < 1 and p € LH(J). Then the inequality

lo()ME fll oo () < ellw()f ()l )

holds if and only if there exists a positive constant ¢ such that for all intervals I C J

@) Q) )@ < ¢ [w D w)ds < .
1 1

To prove Theorem 1.1, we need some auxiliary statements.

Proposition A ([26, Lemma 3.20]). Let s be a constant satisfying the condition 1 < s < oo,
and let u > 0 on R. Suppose that {Q;}ica is a countable collection of dyadic intervals in R and
{a; }iea,{bi}ica are sequences of positive numbers satisfying the following conditions:

(1) /uéaiforalliEA,
Qi

(ii) Z bj < ca; for all i € A.
{7jeA:Q;CQi}
Then there is a positive constant cs depending on s such that

(e, / n) ) el [r)"

1/s

for all nonnegative functions g.

Corollary A. Let 1 < s < oo, and let u be a nonnegative measurable function on R.
Suppose that {Q;}ica is a sequence of dyadic cubes in R™ and that {b;}ica is a sequence of
positive numbers satisfying the condition

Y bi<cu(@)

{7€A:Q;CQ:}
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Then there is a positive constant ¢ such that for all nonnegative functions g

Sy fo) <o [

k3

Lemma A. Let J be a bounded interval, and let 1 < r_(J) < r4(J) < oco. Suppose that
r € LH(J) and the measure p satisfies the condition p € DC(J). Then there is a positive
constant ¢ such that for all f, || fllprc) (g < 1, intervals I C J, and x € 1

(. / i) <el( / PO Wduty)) +1].

Proof. We follow the idea of Diening [1] (cf. also [27] for the similar statement in the case
of metric measure spaces with doubling measure). We give the proof for completeness.
First recall that (cf., for example, [27]), since J with the Euclidean distance and the measure
1 is a bounded doubling metric measure space with the finite measure p, the condition r € LH(J)
implies the inequality
(M(I))T—(I)*N—(I) <C (1'1)

for all subintervals I of J.
Assume that vB < 1/2. By the Hélder inequality,

(i / |f<y>|du<y>)r(x) <(uin [ |f<y>|r—<f>du<y>)“”/ v

1

ey [ 1 ) P
<auny @m0 [ roae) + un)|
I

Note that the expression in the bracket is less than or equal to 1. Consequently, by (1.1), we
find

(b J1swia)” <ouapremo( L ruroa) 1)
I I

< a0 1Y) +1)
I
< 17O Dduts) +1).

The case pu(I) > 1/2 is trivial. I
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Suppose that S is an interval in R and introduce the dyadic maximal operator
(M5 f(a) = sup 1117 [ 17wy,
IexDe(S) T

where 0 < a < 1 and D(S) is a dyadic lattice in S.

To prove Theorem 1.1, we need some assertions.

Lemma 1.1. Let S be a bounded interval on R, and let J be a subinterval of S. Suppose
that o(z) := w @) belongs to the class DC(J) and p € LH(J), where 1 < p_(J) < p(x) <
p+(J) < o0o. Let 0 < aw < 1. If there is a positive constant ¢ such that for all interval I C J

[ (305 uo0)
I

p(z)
(x)dx < c/a(x)dx < 00,

then the following estimate holds:

o) M3 (£()xa ) | rer gy < ellwf Ol o (-

Proof. Suppose that ||f||Lp(.)(J < 1. Assume that f1 := xsf. Let us introduce the set

)
Je={zeS:2F < (MDSf)(z) <2"}, kel

Suppose that for k, Jy # &, {Ijk} is a maximal dyadic interval, I]]-C C D(S), such that

1
|Ik1a/f1(y)ldy > 2k, (1.2)
! Ik
J

It is obvious that such a maximal interval always exists. Now observe that
(i) {Ijk} are disjoint for fixed £,
(ii) Jp == {z € S (M5 f)(x) > 2k} = U,k

Indeed, (i) holds because IF N I]]-C # @ implies IF C I]]-C or I]’? C IF. Consequently, if IF C IJ’?,
then ]k is a maximal interval for which (1.2) is fulfilled.

To prove (ii), we note that if x € Jy, then Méd)’sfl(x) > 2% Hence there is a maximal
dyadic interval I jk containing = such that (1.2) holds for I jk Let z € UI jk Then z € I jl?o for
J

some jo. Hence (Méd)’sfl)(as) > 2F because (1.2) holds for IJI“O.

Denote
EF = IN\{z € S: M5 fi(z) > 2"},

Then Ejk = I]’? N Ji. Indeed, if z € E]’?, then = € I]lg and Méd)’sfl(x) < 2M1 Hence, by (1.2),

2k < |7he! / Fuy)ldy < MO fy(2) < 2847,
Ik
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This means that z € Ik NJg. Let x € Ik N Ji. Then M fl( ) < 281, Consequently, € E;“
Note that {Ejk } are disjoint for every j, k because, as we have seen,
EF ={z eIl 2" < M{»5 fy(z) < 2"}
Moreover, Ejk C IJ’?. Assume that [|w(-) f1(-)[| 101 (g) < 1. Denote
V] i=UXJg, O] 1= O0XJ-

By the above arguments and Lemma A with r(-) = p(:)/p— and the measure du(z) = o(z)dzx,
we have

/(v(x))P(ac) (MédLSfl)P(l“) (:L’)d:L’

J

= /(m (z))P® (Méd)’sfl)p(x) (z)dz < Z/(”l (z))P@ 2+ Dp(@) g
S Jik

c%ki@l@»m@( B o 12

5 oo (G (o f21) o

o (Jer () 158 o)
x| Joor (Y

(s

Note that the sign of sum is taken over all those j and k for which (I(I]lg NnJ)>0).
To use Corollary A, we note that

I\ P@)
> o < mfa)) do < 30 [ @)@ (D (o))" (@)

*cr; pe IkCI;
Ik I en(s) ’ !

< / (01(2))P) (MDS (y1.050)) " (2)dz < ¢ / o(2)dz = / o1 (2)dz.

I; LnNJ I;
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Corollary A implies

%A?=Z<E/f”“x>>““<"fffi?)( i 1251

7.k

p(w> p—
)dy>

/f1 PO (2) PO oy (2 dx—c/lfl PE wP®da < c.

For the second term we have

o(I¥ N J)\P@)
S =Y [omre( (ﬂ?uma)) dr < Y [ @)@ (0 (1)) (@)
gk Bk g !

j7k

Finally, we conclude that
() (M5 £1) (M oo gy < €

for [w(-) f ()l Loy () < 1. 3

Proof of Theorem 1.1. Sufficiency. Let us take an interval S' containing J. Without loss of
generality we can assume that S is a maximal dyadic interval and |J| < |S|/8. Further, suppose
that J and S have the same center. Without loss of generality we assume that |S| = 2™ for
some integer mg. Then every interval I C J has the length |I| less than or equal to 27073,
Assume that |I] € [27,271) for some 7, 7 < mg — 4. Let us introduce the set

F={te(-2m42m0~4): thereis I € D(S) —t,] C I} C S,|I| =271},

The simple geometric observation (cf. also [28], p. 431) shows that |F| > 2m0—4,
Further, let

Kif1)(x):= sup /f teF,
(Bef1)() SDIlaz |I1\1 o | 1l
IleD

where f; = xsf. Then for x (z € J) there exists I > x, I C J, such that

17 11> 00 ) (@),
I

For the interval I we have |I| € [27,2/1), j < mg — 4. Therefore, for ¢t € F there is an interval
I;, Iy € D(S) —t, I C I C S,|I;| = 27+, such that

_ (&
et f1al< g 160
I I

(M) F)(x) < e(Kof1)(x) forevery t € F, x € J,

Hence
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with the positive constant ¢ depending only on a. Consequently,

MO N < gy / K@i < o [ @

1(0,2m0—4)

Suppose that [|w(-)f(-)|[») () < 1. By Lemma 1.1, we have

S, = / (0(@))P@ (K, f1) (@) de

7
= [tre( sw o / \fl) dr
5311993 |I1\ @
J LieD(S
p(z—t)
= /(vt(:v))p(x_t)< sup \Il|°‘_1/xj(s—t)fl(s—t)ds> dx
SOI1>x
J+t 11eD(S) I

-/ (w(w))pt@)( o 1 [ XHt(s)fl(s—t)ds)ptwdx

1>z
J+t IleD(S) I

= / (00(@)P ) (MEDS (g o (Vo — )" Dl <

J+t
provided that
/ (wr (@)@ (f1(x — 1)@l = / w(@)|f ()PP de < 1,
J+t J

where vy () = v(x —t), we(x) = w(z —t), and p(z) = p(z —t). To justify this conclusion, we
need to check that for every I C J 4+t

/ (v (@)@ (M5 (ox1) ()" D < ¢ / o1(w)da < oo,

I I

where the positive constant ¢ is independent of I and ¢. Indeed, note that

/(vt (gg))pt(z) (M(gd),S(o_tXI)(I))pt(z)dx

I
pe(z)
< sup |[1]*” 1/x;(s)0(s—t)ds> dx
I3z
11613 I
pe(x)
< sup | —t[*7! / X[(S+t)0(8)d$> dx
I — th t
LieD(S I —t
p(z)
/ < sup \11\0‘_1/XI_t(8)0(8)d8> dx
I3z
11653 I
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< /(v(x))p(x) (Méj)(xj,ta))p(x)(fv)daz < /U(x)daz = I/at(x)dx < 0.

I—t I—-t

Further, let g € L”'0)(J) with 190l o) sy < 1. Then

N

M @@z < [ (o gmos (Kif)(@)dt ) o(a)g(w)do
/ [ (s

! 7 1(0,2m0—%)
S 11(0, 21”0_4)\ / (/(thl)(x)g(x)v(x)dx> dt
1(0,2m0—%) J

1
< 11(0,2mo—4)| / H(thl)vHLP(')(J)HgHLP’(')(J)dt <ec

1(0,2m0—4)

provided that ||f||qu(.)(J) < L

Finally, we conclude that
||(M0(4J)f)v||LP(')(]) <c
if ||waL,,/(.)(J) < 1. Sufficiency is proved.

Necessity. Let f1(t) = xr(t)w™?®(t). Suppose that = ||w_1(-)||Lp/(.)(J) < 1. We have
oY OO o, = rvO M @ OOx0)) O ooy = A

By the boundedness of MY and (1.1) for r = 1/p (recall that the measure dv(z) = w(z) 7' @) dz
satisfies the doubling condition and 1/p € LH(J)), we find

A= OMD @ OOO) Ol o, < dlwOu™ OO0 o,
, 1/p+(1) , p71(1>
< c(/w_p @P@) () qP(*) (l’)dl’) < c</w_p (””)(x)dx> <ec.
I I

On the other hand,

A=c

(M (@ O (0) ()

Lp(-)(J)

> | [l () (v s () ()"

1

Summarizing these inequalities, we conclude that

/ (0@ (M (w7 s () ()" < e / w @) ()dz < oo,
I I
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Suppose now that § > 1. Let us take

Then
[w' =" O xr() oo ()
B

Arguing as above, we obtain the desired result. It remains to show that

11w e gy = <L

A= /wp/(x)(x)dx < 0.
J

Suppose that A = co. Then ||w_1(-)||Lp/(.)(J) = 00. Hence there exists a function g, Hg||Lp(.)(J)7
g = 0, such that

OO > ( [ 07000 )OI o =0
J

while || fwll o) 5y = 19l Loy () < 00 O
Corollary 1. Let J be a bounded interval, let 1 < p_(J) < p(x) < py(J) < oo, and let
0 <a< 1. Assume that p € LH(J). Then the inequality

[o OB D) O oy < el Fllsirsy  (trace inequality)
holds if and only if

1
sup /(v(x))p(z)\l\ap(””)dx < 0.
rica | /

Proof. Sufficiency. By Theorem 1.1, it is enough to show that
(M x1)(z) < |I|* forz € 1.
This is true because of the following estimates:

sup |S|*! /XI < sup |[SNIo? / de = sup |SNI|*=|I|“
S,scJ SNI>x SNnI>x
Soz S ScJ SnI ScJ

Necessity follows by choosing an appropriate test functions in the trace inequality. [
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1.2 The case of an unbounded interval

Now we derive criteria for the two—weight inequality for the following maximal operators:

1
(ME @ =swp, L [ Il
~ (z—h,z+h)NR4

and
xz+h

1
(M) @) =5 L, /h 7y,

where 0 < a < 1.

In the sequel, we assume that vP()(-) and w™()(.) are a.e. positive locally integrable func-
tions.

Theorem 1.2. Let 0 < a < 1,1 < p_(R;) < p < py(Ry) < oo, and let p € LH(RY).
Suppose that there is a bounded interval [0, a] such that w*p/(')(-) € DC([0,a)) and p = p. =const
outside [0,a]. Then the inequality

o ME Fll 1oer @) < lwfll oo @y
holds if and only if there is a positive constant b such that for all bounded intervals I C Ry

H’UM(SZR+)(w_p,(.)XI)HLP(')(I) < C||w1_p,(')||Lp(~)(1) < 0. (1.3)

Proof. Sufficiency. Suppose that wa||Lp(.)(R+) < 00. We show that
oM Loy g,y < 00
We represent MED f(z) as follows:
MEH) f(x) = xp0.0)/@) MED (f - X(0.0) (@) + Xp0.0) (@) MEH (f - Xaoe)) ()
+ X(a0) (@ MEH (f - X[0.0)) (#) + X(a,00) (@) MED (- X(a,00)) (%)
= M f (@) + M) f(2) + MO f(z) + M f ().

Since |[wfl|p() g,y < 00, we have wa||Lp(.)([O7a]) < oo. Applying now Theorem 1.1, we find
1
lMe £l oo e,y < oo

Further, observe that

z+h
1
MPfa < sw oL [ 1wl < (MED i) < o

h>a—x

Hence
[WMP fll s,y < (MEH ) (@) - 0]l 2o 0.0y < 00
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We use the following representation for Més) f(x):

(MED £) (@) = X(a,20) (@) ME (F - X0.01) (2) + X(20,00) @ ME (F - X[0,01) (@)-
= (M f) (@) + (M ) ().

It is easy to check that for x € (a,2a]

(3) 1
M <
(M f)@) < swp 0y

- [ 11wlay < (15)@.

Consequently,
3
038 Fllntoes) < 1 e (o) (M8 £) (@) < 00

because vP()(-) is locally integrable on R, . Further, for z > 2a we have
a
1
3
(FION@ < (e [ 1@
0

Using the Holder inequality in LP(), we find

v1\7(§3)f < ‘ v(z) </ fly dy)
Lr()(Ry) (x —a)l-@ ch(@wo)) J @)l
v(z) .
S ‘ (@ — )= || 1y ((2%00)) waHLP(‘>((O,a]) Hw HLP'(-)((O,a})
=11y I3.

Since Iy < 0o and I3 < 0o, we need to show that I < oco. This follows from the fact that the
condition (1.3) yields

HvMa(w*(pc)/XI)Hch (o) < lef(pc)'(_)xl(.)Hch ((20,0))” I C (2a,00), (1.4)

where M, is the maximal operator defined on (2a,c0) as follows:

(Maf)(z) = sup | / 1F()ldy.

>0 M
(2a,00)N(x—h,z+h)

Using the result of Sawyer [29] (cf. also [28, Chapter 4]) for Lebesgue spaces with constant
parameter, we see that (1.4) implies the inequality

H’UMafHLpC ((Qa,oo)) < CwaHLPc ((2(1,00)) )
Since

Maf@> [l > 2,
2a
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for the Hardy operator
(Haof)(z) = / ft)dt, x> 2a,
2a
we have the two-weight inequality
lo@) @ = )" Hall e (uoer) < 195 () (15)

Recall that (cf., for example, [30, SEction 1.3]) a necessary condition for (1.5) is that

o ([ ] o) ([ omriom) ™ <

Hence B
Z[(m E(Z)larcdf Za(' ) +?ZO(' ) < aalj(v(y))pc +Z [(I E(;C))la]pcdx < 0.

It remains to estimate
I = oM fll oo g, )-

But I < oo because of the two-weight result of Sawyer [29] (cf. also [28, Chapter 4]) for the
maximal operator defined on (a,c0) in Lebesgue spaces with constant exponent. Sufficiency is
proved.

Necessity easily follows by taking the test functions f(-) = x 1(-)w_p/(')(-) in the two—weight
inequality. [

The next assertion follows in the same way as the previous one, and we omit the proof.

Theorem 1.3. Let 0 < a < 1, 1 < p_ < p < pp < o0, and let p € LH(R). Suppose
that there is a positive number a such that w)(-) € DC([—a,a]) and p = p, = const oulside
[—a,a]. Then the inequality

oM £l oo gy < Mlw oo gy
holds if and only if there is a positive constant b such that for all bounded intervals I C R

||UMO(KR) (w_pl(')XI)HLpM(R) < C||w1_p,(')||Lp(~>(1) < 0.

2 Integral Operators on R,

In this section, we derive two—weight criteria of other type for the operators

V[T,
x—1
0

(A f)(x) = (p.v. , zeRy,
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>z

1
(#f)w) =5 | / 7@l o€ R,

provided that the weights are monotone, where the supremum is taken over all finite intervals
I C Ry containing x.

In this section, use the notation

9- =9-(Ry), g4 :=g+Ry)
for a measurable function g : Ry — R,

First we present the following statement regarding the weighted Hardy transform

(Hyf) (@ / £(t)
() 1) (@) = vlz) / F(yw(t)dt

Theorem A. Let 1 < p_ < p(z) < g(x) < g < oo and let p,q € LH(Ry). Suppose that
p = pe = const, ¢ = q. = const outside some interval (0,a). Then

and its dual

defined on Ry.

(i) the operator H,,, is bounded from LPC)(Ry) to LAO)(Ry) if and only if

D :=sup D(t) :=sup||v < 00,
sup D(1) 1= 510 [0l (o) 100 0.

(ii) the operator H,, ,, is bounded from LPO(Ry) LIO(R,) if and only if
D = D'(t) := , .
sup D) = s ol ey (0.0) 192 s (o) =

Proof. We prove part (i). Part (i) follows from the duality arguments. Let || f{|o¢)(r,) < 1.
We represent H, ., f as follows:

Hv,wf( = X]o, a]v /f dt + X(a,00) /f Hi(),lwf(x) + Hi(),zwf(x)

Note that the condition D < oo implies

(@) ._
D= b 101 s (a0) 190 o (0.0)

Consequently (cf. [19]),
IHE, f 1| oo,y < ellfll o) o.a) < €

It remains to estimate HHé?&fHLq(.)(R”. Let ||gHLq/(_>(R+) < 1. Then

/ (HE) 1) (@)g(x)dz = / (HE) 1) (@)g(x)da
0 a
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/ </f o ””(/ dw)(/f ) = 51 4.5,

Now, we can apply the boundedness of the Hardy transform

T3 f(x) = U(ﬂf)/f(t)w t)dt

from LP¢([a,00)) to Li([a,00)) (cf., for example, [30, Section 1.3]) because
Sup [ ((6)) Hw”L(pcV((mt)) <D < o0.
By this fact and the Holder inequality, we have
S1 < T £l e (fasoo)) 191 e (fa,00)) < cllfllrer @,y < C.

Applying the Holder inequality for LP() spaces, we find that

$0.< ([ vt@lat@)de )1 s oy lviogo <

a

Necessity follows in the standard way by choosing an appropriate test functions. [

Theorem B (cf. [17]). 1 < p_ < py < oo. Suppose that p € LH(Ry) and p = p. = const
outside some interval. Then

||UTfHLP(-)(R+) < Cwa||LP(~)(R+)> (2.1)

where T is M or I, if
(i) H, g is bounded in LPO)(R.), where v(z) := V@) G(z) =

z w(z)’?
(ii) Hy, 5, is bounded in LPU(R.), where @y (x) ==, 4,
(iii) vy ([z/4,42]) < cw(x) a.e. or v(z) < cw—([z/4,4x]) a.e. (2.2)
Theorems A and B imply the following assertion.

Theorem 2.1. Let 1 < p_ < py < 00, and let p € LH(R,). Suppose that p = p. = const
outside some interval [0,a]. Suppose also that v and w are weights on Ry. Then the inequality
(2.1), where T is M or H, holds if

() By t=sup Bv(0) 1= 50 [0@)a | () 107 ) < (23)
_

< 00, (2.4)

. L L —1
(11) Ey = igg EQ(t) T i1>110) HUHLp(-) ((O,t)) H’LU (.CC)Z’ p (@) ((O,t))

(iii) the condition (2.2) is satisfied.
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Theorem 2.2. Let 1 < p_ < py < 00, and let p € LH(R,). Suppose that p = p. = const
outside some interval [0,a]. Suppose also that v and w are positive increasing functions on R.

Then the inequality (2.1), where T is M or H, holds if and only if (2.3) is satisfied.

Proof. Sufficiency. Taking Theorem 4 into account, it suffices to show that the condition
(2.3) implies the conditions (2.4) and (2.2). For (2.2) we show that there is a positive constant
c such that for all ¢t > 0

v(4t) < cw(t), t>0. (2.5)

Indeed, the inequality (1.1) with respect to the Lebesgue measure du(x) = dz and the exponent
r = p’ which belongs to LH (][0, a]), for small ¢ yields

Ei(0) 2 Ixiag O 1 oy Do 0O lvog,
> cv(tt) tp,([lt,z;t]) wfl(t/ll)t (p’>7(}0,t/4])

o(t) 1 oo o(t)
t—tep—(0:4]) $ () _([0,t/4]) — .
~ Cult/a) “w(t/4)

Further, for large t
Eq(t) > Hv(x)fU_IX(t,%) (x)"LPC(R+)"X[t/8,t/4}(')w_l(')HL(pc)’(R+)

o) a0 ()
> S’ =

Thus, the condition (2.2) is satisfied.
Taking into account the inequality (2.5) and the fact that v and w are increasing, we easily
conclude that the condition (2.4) is satisfied.

Necessity. First we observe that the inequality (2.1) implies ||w™}|| L' ()0, < 00 forall £ > 0.
Let T = .. Using the obvious inequality

x
A1) > ¢ [ 1w w0
0
and taking into account Theorem A, we obtain the necessity for .#. Let T = 5. We take
f = 0 so that HfHL5<‘>(R+) < 1. Then
[0 fll Laor ) < C. (2.6)
It is obvious that (2.6) yields t

C 2 v fllLaorw,y Z X (t,00) (D0 fll o) m, )

If f has support on (0,t), ¢ > 0, then this inequality implies

3 o / " 4)) > oo @0 e, / iy )

LrO) (Ry)
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Taking the supremum with respect to f and using the inequality

/7

(cf., for example, [24]), we obtain the necessity. ||

gl ey < sup
Al prey <t
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