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1 Introduction
In the paper, we derive necessary and sufficient conditions on a weight function v govern-

ing the boundedness/compactness of the positive kernel operators

K,f(x) = v(x) /x k(x, 0)f()dt, x>0,
0

X

(K )x) = v(x)f k(x, 0)f(£)dt, xeR

—00

in variable exponent amalgam spaces (VEAS) under the log-Holder continuity condition
on exponents of spaces. It should be emphasized that the results are new even for constant
exponent amalgam spaces.

Historically, the boundedness problem for the two-weighted Hardy transform
(Hyuf)(x) = v(x) f:f(t)w(t) dt from L") to L1) was studied in the papers [1, 2] in different
terms on weights (see also [3] for related topics). In [1], the authors explored also the com-
pactness problem for H, ,,. The boundedness for fractional integral operators in (weighted)
variable exponent Lebesgue spaces defined on Euclidean spaces was investigated by many
authors (see, e.g., the papers [4—14], etc.). The compactness (resp. non-compactness) of
fractional and singular integrals in weighted L”) spaces was studied in [15]. We refer also
to the monograph [16] for related topics.

The space L") is a special case of the Musielak-Orlicz space (see [17, 18]). The first Sys-

tematic study of modular spaces is due to Nakano [19].
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Variable exponent Lebesgue and Sobolev spaces arise, e.g, in the study of mathematical
problems related to applications to mechanics of the continuum medium (see [16, 20] and
references cited therein).

The manuscript consists of four sections. In Section 2, we recall some well-known facts
about variable exponent Lebesgue spaces L#"). In Section 3, we recall the definition, his-
tory and some essential properties of amalgam spaces with a constant exponent, and also
known results about the boundedness of some integral operators in these spaces; bound-
edness criteria for the operators K, and K, in VEAS are also established. The compactness
of positive kernel operators in VEAS is studied in Section 4.

Throughout the paper, constants (often different constants in the same series of inequal-

p(x)
px)-1’
1 < p(x) < 0o; the relation a ~ b means that there are positive constants ¢; and ¢, such that

ities) will mainly be denoted by c or C; by the symbol p’(x), we denote the function
aa <b<ca.

2 Preliminaries
We begin this section by the definition and essential properties of variable exponent
Lebesgue spaces.

Let E be a measurable set in R with positive measure. We denote
p-(B):=infp,  p.(E):= supp

for a measurable function p on E. Suppose that 1 < p_(E) < p,(E) < co. Denote by p a
weight function on E (i.e., p is an almost everywhere positive measurable function). We
say that a measurable function f on E belongs to L‘Z(')(E) (or to Lf)(x) (E)) if

Spro(f) = fE 1 @) " p () dix < 0.

It is a Banach space with respect to the norm (see, e.g., [21-24])
WAl 20 g = inf{A > 0:S,(),(f/2) <1}.

If p = const, then we use the symbol L#V)(E) (resp. Sp()) instead of Lf)(')(E) (resp. Sp(),p)- It
is clear that ”f”Li’}')(E) = F()pYPO () Il 20 )

In the sequel, we will denote by Z and Z_ the set of all integers and the set of non-positive
integers, respectively.

To prove the main results, we need some known statements.

Proposition A ([22-24]) Let E be a measurable subset of R. Suppose that 1 < p_(E) <
p+(E) <o0. Then
(i)
+(E) —(E)
|V||fﬁ(')(E) = Sp(fXE) = ”f”iy(.)(E); |Lf||u¢(~)(g) <L

—(E) +(E)
”f”ip(')(E) < Sp(fXE) < ”f”ip(.)(E): ”f”LP(')(E) = 1
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(i) Holder’s inequality

‘ / Fg) dx
E

1
< ( o (E)),> Il gl o

holds, where f € LPO(E), g € LF'O(E).

Proposition B ([22-24]) Let1 < r(x) < p(x) and let E be a bounded subset of R. Then the
following inequality

Wl < (IET+ 1)1 Nl ot )
holds.

Definition 2.1 We say that p satisfies the weak Lipschitz (log-Hélder continuity) condi-
tion on E C R (p € WL(E)), if there is a positive constant A such that for all x and y in E
with 0 < |x — y| < 1/2 the inequality

[p(x) - p(»)| < A/(~In|x - y])
holds.

Lemma A ([25]) Let I be an interval in R. Then p € WL(I) if and only if there exists a
positive constant ¢ such that

|]|p7(])—p+(J) <c

for all intervals ] C I with |J| > 0. Moreover, the constant c does not depend on 1.

For the next statement we refer to [2] in the case of finite interval, and [26] for infinite
interval.

Proposition C Let p and q be measurable functions on I := (a,b) (—0o < a < b < +00) sat-
isfying the condition 1 < p_(I) < p(x) < q(x) < q,(I) < 00, x € I. Let p,q € WL(I). Suppose
also that if b = oo, then p(x) = p. = const, g(x) = q. = const outside some large inter-
val (a,d). Then there is a positive constant ¢ depending only on p and q such that for all
fe LPO(D), ge Lq/(')(l) and all sequences of intervals Sy := [xXk_1,Xk+1), where [xi, Xi11) are
disjoint intervals satisfying the condition \ J[%i, %.1) = I, the inequality

D W xsellow lgxs g0 < cCapllf o gl
k

holds. Moreover, the value of C,, is defined as follows: C,p, = [(b—a) + 1) if b < 00 and
Cuoo =(d—a)+112+1ifb=cc.

Let v and w be a.e. positive measurable function on [a, b), —00 < a < b < 00, and let

(H%P)¥) (x)—V(x)/ fOwe)dt, «xelab).
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Further, we denote
(Hywf)(x) = V(x)/o fw)dt, x>0,
(Howf)(x) = v(x)/ fOwt)dt, xeR.

Let us recall the two-weight criterion for the Hardy operator in classical Lebesgue

spaces:

Theorem A ([27, 28]) Let r and s be constants such that 1 < r < s < 00. Suppose that 0 <
a < b < oo. Let v and w be non-negative measurable functions on [a,b). Then the Hardy
inequality

b x s 1/s b 1r
( / v(x)( / f(t)dt) dx) §c< / w(t)(f(t))’dt) , f=0,

holds if and only if

b Us / pt ) Y
A= sup </ v(x) dx> </ w7 (x) dx) < 00.
a<t<b t a

Moreover, if c is the best constant in the Hardy inequality, then there are positive constants
¢ and ¢y depending only on r and s such that c;A < ¢ < ;A.

For the Hardy inequalities, we also refer the books [29, 30].

The following statement was proved in [2] for finite interval and in [12] for the case of
infinite interval, but we give the proof because of the upper and lower bound of the norm
of H, .

Theorem B Let —00 < a < b < +00 and let p and q be measurable functions on I := (a, b)
satisfying the conditions: 1 < p_(I) < p(x) < q(x) < g.(I) < 00, p,q € WL(I). We assume
that p = p, = const, q = q. = const outside some large interval (a,d) if b = co. Then H]fyw
is bounded from LPV(I) to L1Y(I) if and only if

Aap = 50D [ xeor0VO | oo g [ X WO [ o < 0.
a<t<b
Moreover, there are positive constants ¢, and c, independent of the interval I such that

alap < ”H‘(fw'/b) ”w(')(IHLqU(I) =

2CapAap
where the constant C,, is defined in Proposition C.

Proof Sufficiency. Let f > 0. Suppose that b < co and that fabf(t) dt € [20,20+1) for some
integer m,. We construct a sequence {xx} so that

Xk Xk+1
/ fw= fw =2k,
a X,

k
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It is easy to check that (a,b) = |, [#x, %x+1). Let g be a function satisfying the condition

Igllq¢) a5y < 1- Applying Holder’s inequality for variable exponent Lebesgue spaces and
Proposition C we have that

[ene=2([")([ ")
([ ) )

<4 Z ” X ()€ “Lq’(-)(n ” Xtsgrps) (OV() ||Lq(->(1)
k

X ” X(xk—lvxk)(')f(')||[}7(‘)(1) ”X(xk-pxk)(')w(')”uﬂ/t)(z)

= 44ap Z “ o) (18 () ”Lq’(-)([) ” Ao U () ”Lp(-)(])
k

=< 4Ca,bAa,b “f() “ 720005 ”g() ” Lq’(-)([)’

where C,; is the constant defined in Proposition C. Taking now the supremum with re-
spect to g, we have sufficiency for b < co.

v(x) /a ’ fw

= 11 + 12.

Let now b = 0o. Then

15 10 ooy =

)+ v(x)/axfw

L40) ((a,d) L4¢ ([d,+00))

By applying already used arguments, we have that I; < 4C, A, 0, Where C, o = [(d -
a) + 1]2. Further, due to Holder’s inequality and Theorem A, we find that

d X
v(x) /a w V(x)/d i L4¢ ([d,+00))

< VO X1d00 O oo [W O X1aa )| s I Nl o0

+ 4Aa,+oo|lf”l}7(')(1) =< 5Aa,+oo”f”[}7(-)(1)'

L <

+
Lic([d,+00))

To get the lower bound for ||H§,“M’,b) || is trivial by choosing the appropriate test function
f&) = X (), a < t < b in the boundedness of Hﬁ'w from LPO(I) to L1O([). a

Corollary A Let p and q be defined on R, and satisfy the conditions of Theorem B. Then
forallneZ,

v(x) xf(t)w(t) dt
2}‘1

=< D”f”[p(d([zngml])r
Lq(<)([2n’2n+1])

where D = max{c(2d + 1)%,4} sup,,c;, Ayn gn1, Agn gns1 is defined in Theorem B and the con-
stant ¢ depends only on p and q.
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Proof By the hypothesis, p and g are constant outside some large interval (0,d). Let d €
[2m0-1 2m0) for some integer mo. Then by Theorem B for 1 < m,, we have

n+l
”H%Z ' )Hl}’(')([2”,2"+1))—>L‘1(‘)([2",2”+1)) <c(2"+ 1)2‘42",2”+1
< C(zmo + l)zAznyan

< c(2d +1)* sup Ay pne1,

nez

where the positive constant ¢ depends only on p and g. If n > m, then p and g are constants
on the intervals [27,2"*1). In this case taking the proof of Theorem B into account, we find
that

sup ||H§’2Wn’2n+1)

n>mg

|Lp(~)([zn,zml])%]ﬂ(')([znvznﬂ]) <4 i:IZ)Az",ZW-l . O

Theorem C ([5]) Let p(x) and q(x) be measurable functions on an interval I C R,. Suppose
thatl1<p_(I) <p,(I)<ocandl<q_(I) <q,(I)<oo.If

115G | o oy < 021

where k is a non-negative kernel, then the operator

KF(x) = / k(w9)f0) dy

is compact from LP)(I) to L1V(I).

Lemma B (see, e.g. [31]) Let1< g < g <00 and % = % - %. Suppose that {u,} and {v,} are

sequences of positive real numbers. The following statements are equivalent:
(i) There exists C > 0 such that the inequality

{;(M"W")q}uq = C{;(Iamﬂ)é}w

holds for all sequences {a,} of real numbers.

(ii) {anz(unvnil)s}l/s <0

Lemma C (see e.g. [32]) Let p, q be constants such that 1 < p,q < 0o. Suppose that vy > 0,
wi > 0, k € Z. Then there exists a constant ¢ > 0 such that

n ay1/a p
:Z( > vnak) } < C<Z(wnan)’”>
neZ \k=—00 nez

holds for all non-negative sequence {a;} € l’: 2y if and only if
(i) incasel<p <q< oo,

00 1/q m 1/p’
Aj :=sup (Z VZ) ( Z ;p/) < 00;

MEL\ o n=—00
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(i) incasel<q<p< o0,

0 - rlq 1/r
Ay = !Z(Z VZ) (Z wn”/) wmf’/} < 00,

meZ \n=m n=—00

where 1/r =1/qg - 1/p.

Definition 2.2 Let I = (0,4), 0 < a < co. We say that a kernel k: {(x,):0<y<x<a} —
(0,00) belongs to V(I) (k € V(1)) if there exists a constant ¢; such that for all x, y, ¢ with
0 <y <t <x<a the inequality

k(x,y) < cik(x,t)
holds.
Definition 2.3 Let r be a measurable function on I = (0,4), 0 < a < oo with values in

(1, +00). We say a kernel k belongs to V,,(I) if there exists a positive constant ¢, such that
for a.e. x € (0,a), the inequality

|| X(%,x)(')k(xr )

1 X
y22010)) < 0x'® k(x, 5)
is fulfilled.

Example 2.1 (Lemma 3 of [26]) Let I := (0,a), where 0 < a < co. Let « be a measurable

function on I satisfying the condition 0 < «_(/) < ., (I) < 1. Suppose that r is a function on

I with values in (1, +00) satisfying the condition » € WL(/). Suppose that r(x) = ro = const

outside some interval (0, b) when a = +00. Then k(x, t) = (x — £)*W-1 e V() N Viy(I) when
1

r(x)< "

The next examples of kernels can be checked easily:

Example 2.2 Let[:=(0,a), where 0 < a < co. Suppose that « is a measurable function on
I satisfying the condition 0 < @_(/) < «, (/) <1. Let r be a function on I with the values in
(1, +00) satisfying the condition r,7 € WL(I) where 7(t) = r(t/*). Suppose that r(x) = ry =
const outside some interval (0,5) when a = +00. Then k(x,y) = (x° — y*)*®-1 e V(1) N
Vi) when r(x) < #(x) and o > 0.

Example 2.3 Let/:=(0,a), 0 <a < oco. Let r be a function on I with the values in (1, +00)
satisfying the condition r € WL(I) and let r be increasing on I. Suppose that r(x) =ry =
const outside some interval (0, b) when a = +00. Further,let 0 < a_(I) < a(x) <1land a(x)+
Blx)>2 - @ Then k(x,y) = (x — y)*®@-1 Inf®-1 2 e V)N Vi)

For other examples of kernel & satisfying the condition k € V(I) N V,(I), where r is con-
stant, we refer to [33] (see also [34], p.163).

3 Boundedness on VEAS
This section is devoted to the boundedness of weighted kernel operators in VEAS.
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3.1 Amalgam spaces
Let/beR or R, and « = {I,; n € Z} be a cover of I consisting of disjoint half-open intervals
1,,, each of the form [a1, a5), whose union is I. Let

1/q
’

Whgom, = (Z ey, )

nez

we define the general amalgams with variable exponent
(LW 1), = W1 o0 gy, < OO}

If u = const, then (Z2)(I),19), is denoted by (LP)(I), 1),

Let p = p. = const and u = const. Then we have the usual irregular amalgam (see [35]);
if I =R and I, = [n,n + 1), then (L¥<(]),1?), is the amalgam space introduced by Wiener
(see [36, 37]) in connection with the development of the theory of generalized harmonic
analysis.

We call (L’Z,(')(I), [1), irregular weighted amalgam spaces with variable exponent. If I, =
(1,1 +1), then (IZ(1), 19),, will be denoted by (L5 (1), 19).

Letd = {[2",2"*));n € Z} and I = R,. We denote weighted dyadic amalgam with variable
exponent by (Lﬁ(')(l ),17)4. Some properties regarding general amalgams with variable ex-
ponent can be derived in the same way as for usual irregular amalgams (L% (R), /), where
p is constant. Irregular amalgams were introduced in [38] and studied in [35].

Theorem D Let p be a measurable function on I with 1 < p_(I) < p,(I) < 0o and q be
constant with 1 < q < oo. The irregular amalgams with variable exponent (L*V(I),19),, is a
Banach space whose dual space is (L?V)(I), 1y, = (L7 O(1),19),,. Further, Holder’s inequality
holds in the following form:

’/If(t)g(t) dt‘ = ”f”(yf(d(]),[q)a ||g||(L(p(-))/(1),lq/),1'

Proof Since L") is a Banach space and (I#V)" = 170 (see [22]), from general arguments
(see [35, 39—-41]) we have the desired result. O

The next statement for more general case, i.e., when amalgams are defined with respect
to Banach spaces, can be found in [35].

Theorem E Let p be measurable function on I and 1 < q, < q, then

() ()
(V) i), c (), ),
Other structural properties of amalgams are investigated, e.g., in [41] and [35].
The next statement is a generalization of Theorem 4 in [35] for variable exponent amal-
gams with weights.

Proposition D Let p, g be measurable functions on I such that 1 < q_(I) < q(x) < p(x) <
p+(I) and 1 <r < oo. Then the space (Lﬁ(')(l ), 1)y is continuously embedded in (Lz(‘)(l), Mg
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px)
(x)-q(x)
S:= sup/ <@>p ! dx < 0. (3.1)

neZ J1,
Conversely, if 1 < q_(I) < q.(I) < p_(I) < p+() < oo, then condition (3.1) is also necessary
for the continuous embedding of(LfV(‘)(I), "), into (LZ(')(I), MNy.

Proof Tt is known (see [42]) that the continuous embedding pr(')(l) > LZ(‘)(I) (g(x) < p(x))
holds if and only if

P&
f ( v(x) ) PE-q0x)
— dx < 0.
1\ w(x)

Moreover, the estimate

(/) O]

||(V/W)1/(p(')*4(‘))||Lp( —”Id”Lp )4t

o < emax{L IIV/wl poor } (3.1)

holds, where the positive constant ¢ depends only on p and ¢; Id is the identity operator.
Let condition (3.1) hold. Then

el o180y < AN 20, a0 ) < OO
Hence, (LF),1"), — (L1, 1),.

Conversely, let the continuous embedding (L7, I"), < (L1),1"), hold and let1 < g_(I) <
q+(I) < p_(I) < p.(I) < co. By taking functions supported in I, we can derive the estimate

sup [l 1]

nez

a0y = Ml i gy, 0 e

n)—Ly

By applying the left-hand side inequality of (3.1') and Proposition A, we conclude that
condition (3.1) is satisfied. O

3.2 General operators in VEAS
We begin this subsection by the following definition.

Definition 3.1 ([31]) Let T be an operator defined on a set of real measurable functions
f on R. Define a sequence of local operators

(T f)x) = T(f xn-1n42)) (%), x€(n=1,n+2),neZ.
Let us assume that there is a discrete operator T satisfying the following conditions:

(i) There exists a positive constant ¢ such that for all non-negative functions f,
x € (n,n + 1) and arbitrary n € Z the inequality

T(f X(coom-1) +f X(ns2,00) (%) < ¢T? ( / 1f ) (n)

holds.
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(i) There is ¢ > 0 such that for all sequences {ax} of non-negative real numbers and
n € Z, the inequality

T ({ax})(n) < cTf (y)

holds for all y € (1, + 1) and all non-negative f, where [ f =:a,,, m € Z. It is also
assumed that 7T satisfies the conditions

=TI,  TONH=IMTf, T+ <Tf+Tg  Tf<Tg iff<g

We will say that an operator 7 satisfying all the above mentioned conditions is admissi-
ble on R.

For example, Hardy operators, Hardy-Littlewood maximal operators, fractional integral
operators, fractional maximal operators are admissible on R (see [31]). Carton-Leburn,
Heinig and Hoffmann [32] established two weighted criteria for the Hardy transform
(Hf)(x) = f_xoof(t) dt in amalgam spaces defined on R (see also [43, 44] for related topics).
In [32], the authors derived some sufficient conditions for the two-weight boundedness of
the kernel operator (KCf)(x) := f_xoo k(x,9)f (y) dy where k is non-decreasing in the second
variable and non-increasing in the first one. In the paper [45], the two-weight problem for
generalized Hardy-type kernel operators including the fractional integrals of order greater
than one (without singularity) was solved.

General type results for the admissible operators read as follows.

Theorem F ([31]) Let1< p,p,q,q < 00, and let w and v be weight functions on R. Suppose
that T is an admissible operator on R. Then the inequality

IVIfll e ®yay < clWf iy ia)

holds for all measurable f if and only if 7
(i) T¢ is bounded from 11({w,}) to 11({v,}), where w,, := ([ w*ﬁ/)??, V= (f:+1 vp)g.

n-1
(ii) (a) sup,cyz Il Tnll[l’iﬁ (1152 12, (1-Ls2)] <ooforl<g<g<oo.

els,where%:l—%f0r1<q<?]<oo.

(b) 1Tl [Li 5 (=12 10, (1-1,142)] q

Our aim is to establish weighted characterization of the boundedness of kernel opera-
tors involving fractional integrals of variable parameter of order less than one in variable
exponent amalgam spaces. For the continuous part of amalgam spaces, we take variable
exponent Lebesgue spaces defined on 1.

It should be emphasized that the following fact holds: by the change of variable z —
log, x it is possible to get appropriate boundedness or compactness results from dyadic
amalgams (L0 (R,), [9), to amalgams defined on R.

Analyzing the proof of Theorem 1 of [31], we can formulate the next statement and give
the proof for completeness.

Proposition 3.1 Let p(-), p(-) be measurable functions on R satisfying1 < p_(R) < p,(R) <
00, 1 < p_(R) < p,(R) < co. Suppose that q and q are constants satisfying 1 < q,q < oo.
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Assume that w and v are weight functions on R and that T is an admissible operator on R.

Then the inequality
VI Nl (1r0 my i) = €S 1l 150 ) i) (3.2)
holds if

(i) T? is bounded from 14({w,}) to 11({v,.}) where Wy, := || x(n-1, (IW (- )||
Vy = ||X(n,n+1)(')V(')”Zp(,)~

(ii) (@) sup,ez Tl 79 rensdi 28)
() ITull 2601y 120 meay € With L =

Conversely, let (3.2) hold. Then

(1) conditions (ii) are satisfied;

(2) condition (i) is satisfied for w = const or for p and p being constants outside some

(i) < 0o forl<gq<g<oo.

%I—%Ifor1<q<é<oo.

large interval [-mgy, mo], mg € Z.

Proof Let (i) and (ii) hold. We have

1/q
”VTf” R),19) = C{Z” T|f(X(oom-1) + X(n+2,oo))]v(')”Zp(-)(n,nﬂ)}

nez

1/q
+ C{Z ||VTrLf”Uﬂ(-)(n,n+1)} =51+ 8.

nez

Let a,, := [, r;"_l f. By the hypothesis and Holder’s inequality for variable exponents p(-)
and p/(-), we have that

_ g
§1 =< C{Z(Td({ﬂm})(n))q||X(n,n+1)V||Zp(.)(n,n+1)} {Za HX (n-1,m)W ”LP ()}

nez nez

< clwf ll (oo ry 10y -

Let us estimate S,. Suppose that 1 < g < g < oo. Since the operators T}, are uniformly
bounded, we find that

1/q B 1/g
q q
Sg = C{ Z ”fw||l}’(‘)(nl,n+1)} = C{ Z ”fw||l}’(‘)(nl,n+1)}

nez nez

< cliwll zz0 ®y,a)

If 1 < g < g < 00, then by using Holder’s inequality we derive

l/q
S <c T —_ w q-
2 = { E ” ”[Ln (1-1,142) LVnI(’.)(n 1Ln+2)] ”X(Yl 1,n+2)f "Lp(.)}

nez
HZZ”T ||q}éT{ZZ||xn LWl ]T/q

< cllfwll 120 ®),a)-
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Conversely, suppose that (3.2) holds. Let #n € Z and let f be a non-negative function
supported in (n — 1,7 + 2). Then

”fW”(]j(-)(R),liz) <3 Wxm-1,n+2) ”(LIZ’(')(]R))'

On the other hand,

”VTf”(Lp(‘),[q) > VX =1042) IS |l 1000
> Vxm-1n42) Taf o0

= IVTuf Il -

Now due to inequality (3.2), we conclude that (a) of (ii) holds. Let us now show that if
1< g < g < o0, then (b) of (ii) is satisfied.
Since ||Tn||[LIa;)(A)%Lp;()‘)] = SuP{f:llwaL;,(_)= y IVTuf Nl 00), we have that for each n, there ex-

ists a non-negative measurable function f;, with the support in (n — 1,7 + 2) and with
IWx(-1,me20fn | j50) = 1, such that || T,,,H[Lp(;(.) N < IVTfull oy + ﬁ Thus, it is sufficient
to prove that ||vT,.f, | ») € .

Let {a,} be a sequence of non-negative real numbers and f = ), a,f,. For each n € Z,
fx) > a,f,(x) and then Tf (x) > a, T,f,(x) forallx € (n —1,n + 2).

Consequently,

1/q l/q
||VTf”(UJ(~)(R),1q) > {Z Cﬂz ||X(n—1,n+2)VTr(f||Zp(.) } = C{ Z az ||VTnfn ||Zp(.) } .

nez nez

Hence, inequality (3.2) yields that

1/q _ /g
{Zazanm@(.) } < c{Z X2 Wf 15 }

nez nez
1/
_ 7 _
sc{Zaznx(n1,n+2>wﬂ||u»,(.)} =c{2az}.
nez nez

Finally, by Lemma B, we see that (b) of (ii) holds.
Now let us prove that (i) holds when w = const. If {a,,} is a sequence of non-negative

real numbers and

f = Z Am X(m-1,m)»

meZ

then fr:'flf = d,,, and ||x(y,,y,+11fllzﬁ(,) = atll Xonsn) ”Zﬁ(') = al and by the properties of T, we

have

1/q
VIS 10 10y = {Z ||x<n,n+1>va||zp(.>}

nez
m
X(n,n+1)VTd (/ f>
m-1

2{2

q }I/q
ne’z 28]
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1/q
> C{ Z Td(ﬂm)q(n) ||X(n,n+1)V”Zp(.) }

nez

= ” T(ay) ”1&1{92}‘

Applying the two-weight inequality, we find that

1
“ Td{am}qu{l-,z} = C{Z ||X(n,n+1)f”zi1(-)}

nez

Vi
:c{Zaz} = laula-

nez

Hence, (i) holds.

Suppose now that w is a general weight and there is a positive integer m, such that p, p
are constants outside [—m1g, my]. Taking

m -1
@) =" amXonsm () ( f lw*f”@(y) dy) w7 (),

mel m=

it is easy to see that fmm_l f = a,,. Moreover, by virtue of Proposition A and the fact that

m P "o P
/ w? O (y)dy < / w PO (y) dy<oo, [m—1,m] C [-mg,mo),

m-1 —myg

we have for m < mjg +1,

m -1
I X n-rmfW 1500 = ( / wP0(y) dy) | xontmy w7 | 150y

m-1

mo B (-1
< cay, ( / w0 () dy) ,

m-1

where the positive constant ¢ depends on m. Since

”VTf”(Lp(-)(]R),[q) . CHT/,,(Td{am})(n) ”M,

using again Proposition A, we find that
. 1/
|9 (T am}) )|y < C[Z ||X(m1,m1fW||z,;(.)(R):|

Cm ~alpe(Im-Lm) 17
< C[Zai </ lw_ﬁ (y)(y)dy> :| =lamWmlla- 4
m m-=

Definition 3.2 Let T be an operator defined on a set of real measurable functions f on R,.
We say that an operator T is admissible on R, if the conditions of Definition 3.1 are satis-
fied replacing n by 2", n € Z.

The next statement can be obtained in the similar manner as Proposition 3.1 was proved;
therefore, we omit the proof.
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Proposition 3.2 Let p(-), p(-) be measurable functions on R, satisfying 1 < p_(R,) <
p+(Ry) <00, 1 <p_(Ry) < p,(R,) < 0. Suppose that q and q are constants satisfying
1< gq,q < 00. Suppose also that w and v are weight functions on R, and that T is an admis-
sible operator on R,.

Then the inequality

||VTf|| IRy = C||Wf||(Lp )(R,),19), 3.3)

holds if

(i) T? is bounded from i({w,}) to 19({V,}) where w,, := ||X(zn—l,zn)(')wil(')”l_}g,(A),
V= ”X(2”,2”+1)(')V(')”Z,(A)-

(ii) (@) sup,ez Il TnII[Lﬁ;}_)(zn_1’2n+2)_> 1) 1 a2 <ooforl<q<gq<oo.
(b) ”T ”[LP 2n 12n+2) Lpl(g'g.)(zn—l,znﬁ)]

Conversely, if (3 3) holds, then

(1) conditions (ii) are satisfied;

(2) condition (i) is also satisfied but for w = const or for p and p satisfying the condition

elswith%: —%Iforl<q<c_1<oo.

1
q

p = const, p = const outside some large interval [0,2"°], mg € Z.

Proposition 3.2 gives criteria for the boundedness of H,,, in dyadic amalgams on R, but
by the next statement we prove the two-weight inequality under slightly different condi-

tions.

Proposition 3.3 Let [ :=R, and let 1< p_(I) < p(-) < p(-) < p,(I) <oco. Let 1 < q,q < 0.
Suppose that p,p € WL(R,) and that p = p. = const outside some large interval (0,D).
Then the inequality

”vaf” Ny, = C”f”(lp ), 1)

with a positive constant independent of f holds if
(i) inthecasel<q <gq<oo,

()

/g

0 1/q
sup Z”X[zn,z"“)(»"(')||Zp<‘>} { D lxeramo )Hq <00,
meZ | y—m

(b)

sup sup | Xgansar gmenyy (- ”LP W) x@n2mse) !’Li,/<_> < 005
neZ 0<a

(ii) inthecasel < q<q< o0,
(@) {C,} €5, where

Cn = Ssup || X[zmﬂ]zml)\/(') ”LP(') ”W(')X[zn,zmﬁ) ”LI}(')’
Be(0,1)
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(b)
00 slq n B slq’
[ (Dbaartl) (3 b ol 1)
neZ \k=n k=—00
1/s
X H X[Zn,2n+1)V(') ”lq},(_) } < 00,
where =11
7 4q

Proof Let1< g < q < o0.Suppose that f > 0. We represent:

on

(oo = 99 [ putte i) [ opwie ae

= (HOf) ) + (HOf) ), xe[27,2"1]. (3.4)
We have
2n
||(Hv,wf)X[2”,2ﬂ+1)(')||Lp(-) =< ||V(')X[2n,2"+1)(~) ||Lp(-) </0 S@Ow(t) dt)
+ | v(x) /xf(t)w(t)dtH
L LPO([21,21+1))

: 5"+ 83,

k
Let ay := f22k—1 fw. Then by the discrete Hardy inequality (see Lemma C) and Hoélder’s in-

equality with respect to the exponents p(-) and (p(-))’ we derive

1/q n ok q1/q
(Z(s;m)q) - [va(.)x[zn’zm)(.)||§,,(A)(Z /2 B f(t)w(t)dt) }
k=—00

nez nez

2" P _
= C[Z (/;nlf(t)w(t) dt) || W(')X[zn—lyzn)(-) ”LZ/():|

nez

1/q

_ lg
= C[Z”X[zn1,2n)(')f(')||Zp(-)} = C|lf||(u"(-),zé)d~

nez

Further, by Corollary A and Theorem E, we have that

q 1/q
|:Z LP(‘)(Z”,2"+1)1|

nez
1/q
S D (TS mCT—

nez

_ 1/q
= C[Z”f(')X(Z”,Z"’fl)(')”Zx’z(»)(zn’znﬂ)il

nez

1/q

V(%) /2 fow(e)de

(Zey)

nez

= cllfllwso @y, -
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Let 1 < g < g < 0o. Using representation (3.4), we derive

1/q
[ bt 8

nez

1/q
| a2 |

nez

=: Sl + SQ.

Lol Piryes

We estimate S; and S,.

2" q1/q
S1= [Z”X[2",2n+1)(')V(')||zp(.) </(; fw) ]

nez

[ZHX[MM)( ¥ )“m(Z /Zkfw)q}

1/q

nez

By the two-weight inequality for the discrete Hardy transform (see Lemma C), we have

- NN =Y
S < C[ZH X1, OWO) | (/2f W) }

nez

_ _ _ l/q
=c [Z ” Xpan-12n)(Iw(-) || L}f%) I X[znfl,zn)fﬂzp(.) I X[znl,zn)WHZﬁ/(_)]

nez

<clfl o, 12),

Now we estimate S,. Using Corollary A for intervals (27, 2"*1] and Hélder’s inequality, we

find that
1/q

S, < C{ZCZ||X[2H,2"+1)/[||Z‘7(-)}

nez
N4 a1\ 4\ Va
c{ (Z ||X[zn,2"+1)f||;fp(-)> (Z Cl q) }
nez nez
S

< C(Z Cf,) W Nl o0 00

nez

3.3 Kernel operators on amalgams (LPY(R,), [9)4 and (LPV(R), 19)

The conditions of general-type statements (see Propositions 3.1 and 3.2) are not easily ver-
ifiable for general kernel operators as well as for some concrete fractional integral opera-
tors such as the Riemann-Liouville fractional integral transform with variable parameter.
That is why we investigate mapping properties of general kernel operators independently

from general-type statements.
Let

(Kf)() = v(x) /0 Okt dt, x>0,

One of our aims is to characterize a class of weights v governing the boundedness of K,

from (L7%), [19), to (LPV), 7).
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We will use the notation:

. . g Var om B 17
By :=sup |:Z X(2",2n+1](x)k<x» E)V(x) ] |: Z | X 2n-1,2m) ||Z—,/(A):| ; (3.5)
meZ| yom ) H——00
B, :=sup sup ||X(2n+ot,2n+1]k(x, x/2)v(x) Hm-) | x@n2mte ll ) - (3.6)

neZ 0<a<l

Theorem 3.1 Letl:=R,,1<p_(I) <p(-) < p(-) < p,() < o0 and let p,p € WL(I). Suppose
that q and q are constants such that 1 < g < q < 00. Let p(x) = p. = const and p(x) =
De = const outside some large interval (0,2°), mg € Z. Let k € V(I) N\ Viy(y(I). Then K, is
bounded from (LPV(I), 17)4 to (LPY)(I),19) 4 if and only if B < oo, where B = max{By, B, }.

Proof Sufficiency. Using the representation:

X

x/2
(K, ) (%) = v(x) / k(x, £)f () dt + v(x) / k(x, £)f (¢) dt
0 x/2
=t (Kf) (x) + (KPf ) (x)

we have that

1K oS N 1p0 0y, = ||K|£l)f||(LP('),l‘1)d + ”1(152)f||(l}’(‘),lq)d'

Further, taking Proposition 3.3 and the condition k € V() into account, we find that

x X
k 75 2
v(x)k (x 2) /0 S0 t“(m),zq)d

< eBIf ll o) 119,

| K87 WO, =©

Now observe that by the condition k € Vj(,(I), Proposition A and Lemma A we obtain

q 1/q
1px)
+00

1/q
Z H X(2k 2k+1 (x)v(x) ” X(x/2,%) ()f() HU;(') H X(x/2,x)k(x, ) ” §7240) ” Zp(x) :|

Lk=—00

”KéZ)f ” (LP0)([0,20 +1)),1) 4
[ +oo
<> ’

Lk=—00

Xk oke1) () V() ( / , ft)k(x, t) dt)

IA

[ +oo

1/q
< Z H X(ok 2k+1 () v(x)x P k(x, x/2) HZW) H X k-1 k1) ()f (4) ||Zﬁ(-):|

Lk=-00

+00 l/q
< c[ Z okl (p)'(25) ” Xk pkey V(K (x, %/2) ||]’fp(x) X(2k1,2k+1)(.y(.)||zw}

k=—00
1/q

+00 l/q +00
< CB1|: Z ||)((2k1,2k)(-)f(.)||;1}_7(.):| + CB_1|: Z ||X(2k,2k+1)(-)f(.) ||Zﬁ()j|
k=—00 k=—00

<cB |[f||([ﬁ(~)(R+),15i)d¢


http://www.journalofinequalitiesandapplications.com/content/2013/1/173

Kokilashvili et al. Journal of Inequalities and Applications 2013, 2013:173 Page 18 of 27
http://www.journalofinequalitiesandapplications.com/content/2013/1/173

where

x
Xn o+ (X)k (x, 5) v(x)

By :=sup 2V’
nez (x)

P

p2"), n<mo,

Do n>m.
Let us now observe that by Proposition A and Lemma A, B~ A< ¢Bj, where
A = iup”v()k(x, X/2)X(2ky2k+1] ”LP(') || X(zk—lyzk](') ||U-,/(A). (37)
€7
Necessity. Let p, be the sequence defined above. Considering the test function f, =
X(21.21127"P1 in the boundedness of K, from (L?)(I),19), to (LP)(I),17), and taking the
condition k € V(I) into account we have that

Ly i= || xn o VK, x12) | oy < 27 (3.8)

It is easy to see that

(@)
g - —-
> L, < (27O 4 gl (3.9)
n=m
for m < my;
(ii)
g -
> I, < oo (3.10)
n=m

for m > mgy + 1.
Denoting S, := [3.00 I1]Va[y " Il X (2n 2m+1) IIZﬁ,(_)]“‘_? and taking (3.9), Proposition A
and Lemma A into account we have for m < my,,

00 1/q
S, < [Z ﬂ] 27 0) < [g7mIFO) 4 g-molp ]P0
< e <
n=m
<1+ omip'(0)g-molp <1+ 9m0/p' (0)g=molPe .~
Similarly if m > mq + 1, then by (3.10),
00 1/q
Sy < |:Z ﬂ] [27”0/]_7/(0) n Zm/ﬁé] < 9-mlp; [2”’10/1_7/(0) n zm/ﬁ’c]
=< e <
n=m
<1+ 2P Ogmolbe ¢ o,

Hence, B; < o0.
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Let now f be a function supported in (2”,2”+1]. Then due to the boundedness of K,
from (L79)(1),19),; to (LPV) (1), 19) ; and the condition k € V(I) we have that

=< C”X(2m,2m+1]f||(Lﬁ(-)u),;c’z)d;

P—EI W)

H P (1,14,

where the positive constant ¢ does not depend on n. Using Theorem B with respect to
the intervals [2",2*1) and the weight pair (v, w), where ¥(x) = v(x)k(x,x/2) X(2m om+1) and
w = const, it follows that B, < co. O

Remark 3.1 We have noticed in the proof of Theorem 3.1 that B; &~ A, where A is defined
in the same proof.

Now we formulate the boundedness criteria for the kernel operator

(I,f) = v(x) / ) kx,t)ft)dt, x€eR,

on amalgams defined on R.
Let k(x,y) be akernel on {(x,y) : y < x} and v, p, p be defined on R. For the next statement
we define k, ¥, po and py as follows:

t—l/ﬁ'(k)gz t)

k(x, t) := ( )k(log2 x,log, 1),

xl/p(logz x)
v(x) := v(log, x),
Po(x) =p(logy ), po(x) := p(log, x).

Theorem 3.2 Let1 < p_(R) < p(x) < p(x) < p,(R) < oo and let py, po € WL(R,). Let q and

q are constants such that 1 < q < q < oco. Assume that p(x) = p. = const and p(x) = p. =

const outside some large interval (—oo, b). Let ke V(RN Vigo()y Ry). Then IC, is bounded
from (LPY)(R), 1) to (LPV(R), 19) if and only if

q 1/q
P00 (R,)

N /7
é/
X |: Z ||X[2"1,2”)”L(p0('))/(]l§+):| <o

n=—00

~ X\
X[Znyzml)(x)k (x, 5) V(x)

oo
Dy :=sup |:Z

mezL|

~( X
Dy :=sup sup || Xpn+e gn+l k(x, —)f/(x) | X2 2m+) || o Y ey < OO
nez O<a<l (2 2 P00 (R,) [ Mol @)
Proof The proof follows from Theorem 3.1 by the change of variable z — log, . O
Let

(Ruaf () = v(x) / JEEAON,

oo (X — )o@

where 0 <infa <supa <1and x € R,.
By virtue of Theorem 3.2 and Example 2.1 we can easily deduce the next statement.
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Corollary 3.1 Let p, p, q and q be constants. Suppose that « is a measurable function on
Randthatl<p <p<oo,1<g<g<oo, }7 <a(x) < 1. Then the operator Ry is bounded
from (L?,1%) to (L7, 19) if and only if

. 0 n+l qlp M y
Dy = sup |:Z (/ (2”) PP (1) du) j| 2P < o0,

i

mezZ| .

. n+l » l/p Ui
D, = sup sup (/ (2“)i’v”(u)du) (2"(2f -1)) ¥ < co.

neZ 0<p<1 +B

Moreover, there are positive constants ¢, and ¢, depending on p, p, q, q and o such that
cimax{Dy,Ds} < [[Rell < camax{D, D,}.

4 Compactness of kernel operators on VEAS

In this section, we derive compactness necessary and sufficient conditions for kernel oper-
ators on VEAS. Since for the amalgam norm we have the property £, [l ;00 1)), + O when
£l 0ae. (f, € (LPV(D), 19),), therefore, the following statement holds (see [46], Chap. XI).

Proposition 4.1 Let p, p be measurable functions on I such that1 < p,p < 0o. Let q, q be
constants satisfying the condition 1 < q,q < co. Then the set of all functions of the form

k(s,0) =Y nils)nit), sitel,
i=1

is dense in the mixed norm space (LV)(I),17), [(L?")(1), 19),], where ; = xp,, xp, € (LPV)(D),
19), (B; are measurable disjoint sets of I) and n; € (L*)(I),17), N L>®(1).

The next statement gives sufficient condition for the kernel operator to be compact on

amalgams defined on R, .

Proposition 4.2 Let p(x) and q(x) be measurable functions on an interval I C R, . Suppose
that 1 < p_(I) < p,(I) <00, 1< p_(I) < p,(I) < 00. Let q, q be constants such that 1 < g,

q<oo.If

M= || [k | oo gy sy, | oy m, <

where k is a non-negative kernel, then the operator
k) = [ Ko 0)
I

is compact from (LPV(I), 17),, to (LPV)(I),19),.

Proof By Proposition 4.1 the set of functions

m

kn(s,t) = ) _mils)hi®), sitel,

i=1
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is dense in (ZPO(I), 19), [(L7 (1), 17),,]. By Holder’s inequality for amalgam spaces (see The-
orem D), we have

|Kf ()| = ’ /1 ke, y)f ) dy| < W Nl 220 @) 19, ||k(x’y)||(L(ﬁ<->>/<1),;(a>/)a~

Hence,

IKF lroaing =< 115G | goor @@y, | @ am, w0 wim, < MIFllgsoq,a

This means that || K|| < M.
Now we prove the compactness of K. For each n € N, let

(K ) () = /1 kn(,9)0(9) dy.

Note that
®)0) = [ ks 7o) dy =3 mw) [1,0)60)dy =Y b
1 i=1 1 i=1
where

b, = i dy.
/IA 0)p0)dy

This means that Kj, is a finite rank operator, i.e., it is compact. Further, let € > 0. Using the
above-mentioned arguments, we have that there is Ny € N such that for n > Ny,

IK = Kl < [ [ kG 9) = Feu 6, 9) | 500y <€

el i,

Thus K can be represented as a limit of finite rank operators. Hence, K is compact. [

Theorem 4.1 Letl<p_(R,) < p(x) < p(x) <p.(R,) <ocoandlet p,p € WL(R,). Let g and
q be constants such that1 < q < q < 00. Assume that k € V(R,) N Vip)y (R,). Suppose that
p(x) = p. = const and p(x) = p. = const outside some large interval (0,2"). Then K, is
compact from (LPV,19), to (LPV),19), if and only if

(i) Bi<oo; B; < 0,
(if) lim Biy(m)= lim B;(m)=0,
m——0Q m—+0Q

(iii) lim By(n)= lim By(n) =0
n——00 n—>+00

where, B) and B, are defined by (3.5) and (3.6), respectively, and

Bi(m) = || Xz amen (2, 2/ 2)0(2) | 9mlp(0)
Ha 1)
s |:Z”X[2n 2"+1)k(x,x/2)v(x) LI’(>:| |: Z ”X on-1 gy (- )“L(p( ))/i| )

By(n) = sup || xppmsar gnen) @)V@)k(x, 2/2) | oo | X200 ()| o -
O<a<l
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Proof Sufficiency. Let ko, ng be integers such that ko < mg < ny. Then we represent K, as
follows:

(va)(x) = X[oyzko](x)Kv(fX[o,zk()))(x) T Xko ,2"0)(x)1(v(fX[0,2”0))(x)
+ X1270,00) (B) K (f X[0,270-1)) (%) + X[270,00) B)K (f X (27101 50)) (%)
= (K") () + (KPf) () + (KPF) () + (KOS ) @),

It is clear that
(K2 ) () = / ks (x,9)f ) by,
R+
where &y (x,y) = v(x) X@2ko ’2n0)(x)/((x, y) if y <x and ko (x,y) = 0 if y > x. Then

” H ka(x,7) ” @P' 0 @),1@, H (1P ([2k0 2m0)) 1),

m=kg

m 1/@q) 1q 1/q
2 : @’
X(zmvzmu)(x)l/(x) < H X(Zn'2n+l)k(x, _)/) ||Lq([9)/(y)> } =: ](x)
p®)

n=—00

Denoting I(x) := an=_oo ||X(Z",z*“l)k(x’y)||(L@-,/y(y)’ x € 27,2, ko < m < ng — 1, we repre-

sent I(x) as

m-2 _y
16) = Y | xanomn 0Dk, ) ”(Lq(z)’z)/(y)
n=—00

+ X am Ok Gy + [ Km0 0K o
=:I1(x) + I (x) + I3(x).

Now we estimate [;(x), [>(x) and I3(x) separately

m-2 _y
L) < k@' (xg) > [xenarn ) o
Nn=—00

—\/ X 0 -\ m-2 v
< k@ (x, 5) [ o X[zn,2"+1)(~)||(Lq(z)’a)’<-> + 2 Ixerzrin0) ||iq(z)a)’(y>:|
Nn=—00

n=mp+1

(. x\| « @IE O X o @15,

fckq<x,5)[2(2")q #3021 }
n=—00 mo+1

a) x (_),/@)/(0) (_)//(1_7)2
< Ck(q) (x, )[(2mo) q (2n0) g ]
Further,

DLx) + I3(x) < 2” X0k, ) ”Z;)'v/)’(y)

< ¢f X2k 5) ”(Lqu)a/)’(w + C“X(x/2vx)k(x'3’)||%/(y)

<k (53 ) (om0 +279'9),
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Considering separately the cases m < mgy and m > myg, by using Proposition A and
Lemma A we find that

1)+ 1) =k (33 ) (@) 7P (@) P
Consequently, since ko < m < ng — 1, we have
I(x) < ck@' (x, ’2_5) [(2no)(51)’/(1‘0)’(0) + (Zno)(t‘z)//(i))’c] = k@ (x, g)an

Since B; < oo we find that

no-1

1/q
J(x) < B [Z PEEENSCEIRIC) HZM] <0

m=kg

So, by Proposition 4.2, we conclude that K isa compact operator. Further, write K as

follows:

KPfx) = | ks(x ) ) dy,

R+
where k3(x,y) = k(x, ) X(0.270-1) (V) X[270 00) (¥)V(x) if ¥ < x and k3(x,y) = 0 if y > x. Then we

have

” “ ks (x, y) ” @w®'01),1@", ” (LP®) (1)),

Iz

m=n

q 1/q
1P ]

o g/ ng-2 \v@
S { Z ||X(va2m+1)(x)V(x)k(x,JC/Z)||Zp(x) } < Z ||X(2n,2n+l)(j/) ||(L‘2‘7)/(y)>

m=nq n=—00

o2 L \V@
Xm am1y(%)v(x) ( Z || Xn 2ty Dk (x, ) ||(L?,);y(y)>

n=—00

=QG.

Denoting F:= (3797 | Xan 1) () ||fa)(/-) )@ and considering both cases when 1y < 1o —2

and myg > ny — 2 separately, we derive as previously that
—\/ (=N =\ (7). 7)Y
F S C[(zmg)(q) /(P) (0) + (2rlo)(q) /(p)c]l/(q) = Bno,mo,

and since B; < 0o we have

00 1/q
G < Buy,m |:Z ||X[zn,zm)(x)k(x,x/2)v(x) ||f},(x)i| <00,

m=nq

Hence, by Proposition 4.2, K‘ES) is compact.
Let us denote

Im = || X[Zmy2m+1)(x)k(x,x/z)v(x) ||Lp() . (41)
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Following the proofs of Theorems 3.1, 3.2 and applying Proposition A and Lemma A, we
have that

| &P | oy @ (1),19),

ko 1/q " iy 1/(g)
< max: sup |:Z Iq:| |: Z ||X[2m1,2m)(')||iq<;(_))/:| , sup Bz(m)]
m=—00

n<ko e m=ko

< cmax{ [ sup Imzm/ﬁ/(o)] sup [Z 2—m/i7’(0):| [ » 2m/[_7/(0):|, sup Bz(m)}

m=ko n<ko m=n m<kq
meym/p (0)
< cmax{ sup I"2 , sup By (m)
m=ko m<ko

—0

as ko — 0 because limy,_, _o B1(m) = lim,,_, o, Bo(m) = 0. Further, applying Theorem 3.1,
we find that

”1(54) H < max{ sup B;(m), sup Bz(m)} -0

mzng mzngo

(L0 (),18)— (PO (1),14)

as 1y — +00.

Hence,

|f - K2 = KPF | = [KG0F | + |27 — 0

as By(m) — 0, B;(im) — 0, i =1,2. Hence K, is compact, since it is the limit of compact
operators.

Necessity. First we show that lim,,_, o Bi(m) = 0. Let f,, = X(zn—l’2n+l)2_n/ﬁ”, where p,, is
defined in the proof of Theorem 3.1. Then f, — 0 weakly in (L?")(I),17)4 as n — —oc.
Indeed, let ¢ € (LEY) (1),14),. Then
< (a1 + xanamy 1%, 72777

]Awﬁ@wunw

g g 1/q
X (”¢X(2”’1,2”]”Z@(.)y + ”¢X(2”’1,2”]”Z@(,»/)

— 0

as n — —0oQ.

Observe now that

||van||(LI7(-) 1), = HX on gn+ly (x)v (x)k(x,x/Z) ‘Lp(«) 2"/%, ne 7. (4~2)

Hence, lim,,_, o, B1(n) — 0 because K, is compact and p,, = p(0) if n < my.
Further, (4.2) implies that

| X 2my @)k, 272) | 0 27 — 0

as 71 — +00.
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To show that lim,,_, ,», B; () — 0 we represent By (x) as follows:

1/q

oo 1/q n-1 B
Bl(n) = (ZIZ’) < Z ||X(2m,2m+1]||z@(_)),)
m=n m=—00
00 Vg / my-1 /g 00 g ; 1 1/q
(m:n m=n

m=—00 m=myg

=] +12,

where n > my and I,,, is defined by (4.1). Observe now that

00 l/q
Jo - (Z 1;1) 2ol FO) _,
m=n

as n — +0o because (Y o I7)V4 — 0 as n — +00. The latter convergence follows from
the convergence of the series.
Further,

J? < csup (L, 2@ )2 oo
m=>n
<csup Im2”‘/@‘)/ -0

m>n

as n — +00 because 1,,2"/#)" — 0 as m — +00 (see (4.2)). Hence, lim,,_, . By (m) = 0.

Further, it is easy to see that for 0 <« <1 and f,,

X(an onery () V() K (x, 2/ Z)x” 10

”Kvﬁz”(w(-),m)d > 2P

= 27| g ety OV (6, 212) |

> ¢(27(2% = 1)) | s ey () (5, 72) |-

Hence,

1/(pn)
P s oty IV, %/2) |y — O

”Klfn”(w(-),lq)d > sup (2"(2a — 1))
O<a<l

as 71 — +00 or 1 —> —00.
The conditions B; < 0o and B; < oo follow from the fact that every compact operator is

bounded. O

Now we formulate the compactness criteria for the kernel operator /C, defined on R.

Theorem 4.2 Let 1 < p_(R) < p(x) < p(x) < p,(R) < 0o and let py,po € WL(R,). Let g
and q be constants such that 1 < q < q < 00. Assume that p(x) = p, = const and p(x) =
P = const outside some large interval (—o0,2™0). Let ke V(R,)N Vigoyy Ry). Then K, is
compact from (LPV,[9) to (LP"), 19) if and only if

(i) Dy=supDy(m)<oo; D, = sup Dy(n) < 00,

mezZ nez
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(ii) lim D;(m)= lim D;(m) =0,
m——0Q m—00

(iii) lim Dy(n) = lim Dy(n) =0,

n——-00 n— 00

where

Dl(m) = H X[zm]zmﬂ)i((x, x/2)17(x) ||U70(.)2m/1216(0);
00 1/q
Dy(m) = | Y || Xjn amery k(e 6/2)0() |0

m 1/
@'
x| 2 Ixprion() ||;-,;)(A) ;
n=—00

D, (V[) = Sl.lp1 || x[2n+a,2n+1)(x)/~((x, x/2)17(x) ”LPO(') H X(Z",Z"W)(’) ”L(I*,O(A))/;

O<a<
k, v and Ppo and pg are defined in Section 3.

Proof The proof follows from Theorem 4.1 by the change of variable z — log, ¢. g
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