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Abstract

Our aim is to introduce the grand Bochner-Lebesgue space in the spirit of Iwaniec—Sbordone spaces,
also known as grand Lebesgue spaces, and prove some of its properties. We will also deal with the associate
space for grand Bochner-Lebesgue spaces.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

In 1992 T. Iwaniec and C. Sbordone [17], in their studies related with the integrability proper-
ties of the Jacobian in a bounded open set £2, introduced a new type of function spaces, L? (£2),
called grand Lebesgue spaces. A generalized version of them, L)Y (£2) appeared in L. Greco,
T. Iwaniec and C. Sbordone [15]. Harmonic analysis related to these spaces and their associate
spaces (called small Lebesgue spaces), were intensively studied during last years due to various
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applications, we mention e.g. [3,6,9-12,18,22,25] and continue to attract attention of various
researchers. For example, in the theory of PDE’s it turned out that these are the right spaces in
which some nonlinear equations have to be considered (see [13,15]).

Also noteworthy to mention the extension of the ideas regarding grand Lebesgue spaces into
the framework of the so-called grand Morrey spaces, e.g. [19-21,23,24].

2. Preliminaries
2.1. Bochner integral

In this subsection we want to recall some basic properties of integrals of vector-valued
functions with respect to scalar measures. We will follow, almost verbatim, [7]. From now on
(X, <, ) will stand for a finite measure space and B for a Banach space.

Definition 2.1. A function s : X — B is simple if there exist x1, x2,...,x, € Band Ey, E>, ...,
E, € o/ such that s = ZZ: | Xk XE;.» Where x g stands for the characteristic function of the set E,
and we will denote this set as S(X, u, B). For the simple function s we define the integral as
Ix s du() = Y, xiue(Eg).

A function f : X — B is called p-measurable (sometimes also referred as strong measurable)
if there exists a sequence of simple functions (s,),en With lim, o ||s, — f|l = 0 p-almost
everywhere.

Definition 2.2. A p-measurable function f : X — B is called Bochner integrable if there exists
a sequence of simple functions (s,),en such that

lim /||Sn — flldu=0.
n— 00
X

The Bochner integral was introduced by S. Bochner [2]. It is also worth mentioning that equiva-
lent definitions were given by T. Hildebrandt [16] and N. Dunford (the Dg-integral) [8]. For this
reason, the Bochner integral is sometimes called Dunford’s first integral.

We will cite some theorems that will be used, for the proofs, see e.g. [7].

Theorem 2.3 (Dominated Convergence Theorem). Let (X, <7, 1) be a finite measure space and
(fn) be a sequence of Bochner integrable B-valued functions on X. If lim f, = f in pu-measure
(ie lim, u({w € X | |Isy — fll = €}) = 0 for every ¢ > 0) and if there exists a real-valued
Lebesgue integrable function g on X with || f,|| < g w-almost everywhere, then f is Bochner
integrable and lim,, [ f,du = [ f du for each E € . In fact, lim, [y || f — fulldu =0.

Since we have the failure of the Radon—Nikodym Theorem for the Bochner integral, we will
introduce the following property

Definition 2.4 (Radon—Nikodym property). A Banach space B has the Radon—Nikodym property
with respect to (X, o/, u) if for each w-continuous vector measure G : & — B of bounded
variation there exists g € L' (i, X) such that G(E) = / g &du for all E € /. A Banach space
B has the Radon—Nikodym property if B has the Radon—-Nikodym property with respect to every
finite measure space.
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Lemma 2.5 (Exhaustion Lemmay). Let G : o/ — B be a vector measure. Suppose P is a property
of G such that

(@) G has P on every p-null set;

(b) if G has property P on E € <f, then G has property P on every A € &/ contained in E;

(¢) if G has property P on E| and E, (both members of <), then G has property P on E| U E»;
and

(d) every set A € & of positive p-measure contains a set B € o/ of positive p-measure such
that G has property P on B.

Then there exists a sequence (A,) of disjoint members of < such that X = UZil A, and such
that G has property P on each A,.

3. Grand and small Bochner-Lebesgue spaces

In this section we will introduce grand and small Bochner—Lebesgue spaces as well as some
of their most important properties with respective proofs.

Definition 3.1 (Grand Bochner—Lebesgue spaces). Let (X, .o/, ) be a finite measure space,
l<p<ooand ¢: (0, p—1)— Ry be a finite non-decreasing function with lim,_, ¢ ¢(¢) = 0.
The grand Bochner—Lebesgue space, denoted by L (X, 1, B), is the set of all Banach-valued
measurable functions for which

1

I/ lenooce) = sup lsoos)(/ Hfu)llﬁ‘sdu(x)) <o
<e<p—
X

From now on, all of the above conditions will be tacitly assumed whenever we speak of grand
Bochner-Lebesgue spaces.

Remark 3.2. Recently, in [4], it was shown that the assumption on ¢ is essentially optimal in the
sense that even if ¢ is non-decreasing, the space constructed by ¢ can be characterized by a new
function @, which is non-decreasing.

Remark 3.3. Almost all papers where grand spaces are dealt with, the definition is somewhat
different, the integral | is replaced by the integral average f, but since we are working on a
finite measure space, there is no essential difference. Taking

1 1
p(x)=xr> +X[0’1]C(1_x177)() (D

the induced Lebesgue measure in a bounded subset of the Euclidean space and B as the one-
dimensional Euclidean space, we recover the space introduced by T. Iwaniec and C. Sbordone in

[ [
[17] and we get the space introduced in [15] when ¢(x) = x7P—* + X[o,l]ﬂ(l — xP¥),

The grand Bochner-Lebesgue space has a very interesting property, let us call it the nesting
property, namely
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Lemma 3.4 (Nesting property). If 1 < p < 0o, forall ¢ € (0, p — 1) we have
LP(X,jt,B) C LP¥(X, 1, B) C L"*(X, 11, B). (2)
Proof. The embedding L?-¢(X, u, B) € LP~#(X, 1, B) simply follows from the definition of

supremum, the fact that (X, o7, u) is a finite measure space and the condition on ¢.
To see the other inclusion, we note that by Holder’s inequality we have

1 1
<p(e)< f | reo)b du(X)) "< go(e)( ][ |75 dM(x)> ’
X X

where g fdx = ﬁ Ik g J dx stands for the integral average of the function f in E, and we
are done. 0O

Remark 3.5. The left inclusion in (2) can be strict depending on the measure space. For example,

1
on the interval [0, 1], the function f(x) =x_» € LP»%([0, 1]) (with ¢ defined in (1)) but does
not belong to L? ([0, 1]).

Theorem 3.6. The space LD (X, u, B) is complete.

Proof. Let (f,)nen be a Cauchy sequence in L (X, i, B). Then for fixed n and arbitrary
e € (0, p — 1), exists N(n) such that, whenever n, m > N (n) we have

1
¢(8)< / | fo ) = |5 dM(X)) )
X

Therefore (f,)nen is a Cauchy sequence in LP~¢(X, u, B) for arbitrary € € (0, p — 1), as aresult
we define foo as its limit in LP~¢(X, u, B) for every € € (0, p — 1) (suppose the contrary that
there are €] and &7, &1 < &7, such that f, converges to f] in L”7¢! and f, converges to f, in
LP~%2 If fi # f», then we have that f,, has two different limits in L”~¢2 because LP ¢! «—>
LP~#2). Taking n > N (n) and using the definition of the supremum, there exists positive gy(n)
less than p — 1 such that

I foo = fullLmox u.B)

1
_ p—gop(n)
ACD), ( / | foo ) — fulx) |0 dM(X)> +n/3.
X
We also have that there exists N € N such that for m > N| we have

1
w(eo(n))< / | foo@) = fn o) | 5770 du(x)) T B,
X



V. Kokilashvili et al. / Journal of Functional Analysis 266 (2014) 2125-2136 2129

Collecting the previous results, we get

I foo = fullLro(x 1. B)

<¢(eo(m) (/“ Fa) = fr ()| 57500 du(x)) e /3
X

1
+€0(80(n))( / | foo) = fno) [ " du(x)) <
X

for n > M and m > Nj. From this we obtain the desired result. O

Theorem 3.7. Let S(X, u, B) =: S be the set of simple functions (see Definition 2.1). Its closure
[S]LP)»‘/’(X,;L,B) consists of functions f € L”)""(X, uw, B) such that

tim o) [ 0157 dut =o. 3
X

Proof. Taking an element from the closure, there exists a sequence (s,) of functions belonging
to S(X, i, B) such that || f — sull .r.e(x ., 8) = 0 when n — oo. Then, for fixed § > 0, we can
choose n(8) for which || f — s, ||Lp>,¢(x,ﬂ’3) < §/2. By Holder’s inequality we have that

= 7
<p(8)( ][ Isn |5 ° du(x)> S <p(8)( f Isn) ) |5 du(X)) -0
X X

when ¢ — 0. We can now take an &g > 0 such that, whenever 0 < & < g9 we have
e
p—e pe
w(S)( ][ sy 0|2 dM(X)) <5/
X
1
Defining I := (p(e)(fx ||f(x)||§_‘g du(x))7—¢ and gathering all, we have

1 1
I< </)(8)< ][ | £ @) = suipy O] 5 dM(X)> e (7[ n5y O] 5° dM(X)> ’
X X

<If =su@llppox By +6/2
<

when 0 < ¢ < gg, obtaining the result. O
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Remark 3.8. The previous theorem has been proved by L. Greco in [14] for the case of finite
measurable sets in R”, see also M. Carozza and C. Sbordone [5]. In this case it is possible to
prove that the closure of simple functions is not dense, for example, in L??([0, 1]) with ¢ as

in (1). Let us take the functlon f(x) =x 1’ in LP>9[(0, 1)] and we obtain that f € LP>?\[S] [S1im,
since (sfolf(t)|p 8dt)1> e —pP ¢ »0ase— 0.

3.1. Associate space

By [X]' we denote the associate space of X understood in the sense of Banach function space
theory, see [ 1] for the notion of associate space.

It is a well-known fact that the associate space for L? space is isometrically isomorphic to
L', where p’ is the conjugate exponent. The same is also true in the more general case when
L? = LP(X, o/, u, B) represents the Lebesgue space of the functions with the values in the
separable B-space and LY =rLr (X, o/, u, B*) is the Lebesgue space of the functions with the
values in the separable space B* dual with B.

Our aim is to extend these results to the grand Lebesgue space framework. To deal with the
associate space for grand Bochner-Lebesgue spaces, we first introduce the auxiliary Banach
space L 9(X, w, B*).

Definition 3.9. Let (X, <7, 1) be a finite measure spaceand 1 < p <ocoand¢: (0, p—1) - R,
be a non-decreasing function with lim;_,¢¢(#) = 0. By L(l’/“/’(X, u, B*) we denote the set of
all functions g € Mo(X, i, B*) as the set of all B*-valued p-measurable functions for which
the || - ||g«-value is finite a.e. in X which can be represented in the form g(x) = Z,fil gr(x)
(convergence a.e.) and such that the following norm

8=D k1 8k

00 _1
. p &) (p—e)
gl Lorox.upn = _J0f {ZO<8<£ Lo(e )( dM(X)> }

is finite.

If f:X— Bandg:X— B*, we define (f, g)(x) on X by

(fre)x) =g@)(f(x), forxeX (4)

With the previous definition taken into account, we note that a Holder type inequality is valid,
namely

Theorem 3.10 (Holder’s type inequality). Let f € LP¢(X, u, B) and g € LP"9(X, u, B*), then

/ 2 AR < L s ixty 181 o e 0- 5)

Proof. Let us take a decomposition of g =Y ;| g. For each k and foreach 0 <& < p — 1 we
have
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‘ / (g (0 du()| < / I(f. g0 ()] duex)
X X

< [1relglal s o
X

_1
< ( [lrels” du(x)>p ( / |
X
<<p(s)(/Hf(x)H’];_s dM(X)) . — )(
X

<l Lrrecx o) e )</||gk(x)|

1
>(p &)
1

Md())w

(p*s)/
(X

l

) ||f||Lp)w(xu]3)

which entails

/(f gk) () dp(x) < l(p( )(/Hgk(X)|

X

from which we get

du(x)
B*

/ (. 8)(x) du(x) < / | rolg
X

X

> )

k=1

< Z/”f(x)HBHgk(x)HB* dp(x)
k=1 X

l
p 24 du(x)) I F e X, u.B)

<kz()<e<p 1o(e )<

and we obtain (5). O
We can obtain the following inclusions
LP*8(X, 11, B) € L¥"9(X, 1, B) C L (X, 1, B)
for all € > 0, giving in particular that L*°(X, u, B) C L(P/""(X, uw, B).
After introducing the auxiliary function space L(pl"/’(X, u, B), we introduce the notion of

small Bochner—Lebesgue spaces, namely

Definition 3.11 (Small Bochner—Lebesgue spaces). The small Bochner—Lebesgue space is de-
fined by
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LP#(X, w,B) = {g €My | IIgIIpr,w(X,M,B) < OO}

where

&l pyex = sup 1l o .
4 (X,u,B) L2 (X, 1, B)
<y lis<ligls
YeL? ¥ (X,u,B)

The next theorem follows from Theorem 3.10

Theorem 3.12. Let 1 < p < oo. The following Holder inequality holds

/ |2 8)@)| A ) ) < I o m 1811 7w (x B
X

forall f € LM¥(X, 1, B) and g € LP" ¥ (X, u, B¥).

Proof. For f € LP-¢(X, i, B) and any g € Mo(X, 11, B*) we have

/ |(f. )| () du(x) = sup / (fs ) (x) dpa(x)
O<||¥llp=<llglp*
%S YeL>®(X,u, B¥)

< sup /(f, ¥ (x) dpe(x)
O<ll¥lip=<liglip=
YeL 9 (X, 11, B¥)

< sup ”f”LP%‘P(X,M,B)”w”L(P’«ﬂ(x,M,B*)

0<Il¥ Il <ligllBs
YeLP ¥ (X, u,B*)

< ”f”LI’)v(ﬂ(X’p”B)||g||Lp)/,¢(X7M,B*)

and we have (6). O

(6)

We will first show that LP),""(X, w, B*) is isometrically contained in the space [L?#(X,
w, B)] and then we will show that they coincide whenever we impose a certain restriction on B*.

Theorem 3.13. For 1 < p < 0o we have that Ll’)/"/’(X, w, B*) is isometrically contained in

[LP¢(X, 1, B)].

Proof. Letge L ”)/’w(X, wu, B*) and (g,) be a sequence of simple functions in L ”)/"p(X, uw, B®)
converging a.e. to g. Taking (f, g)(x) asin (4) and f € LP¢(X, i, B) we have that (f, g,)(x)
is measurable for each »n and also that lim,, { f, g, )(x) = (f, g)(x), which shows that { f, g)(x) is

measurable, see [7]. By Holder’s type inequality (6), we get that

/| (f, g)(X)| du(x)(x) < ”f”LP)Jﬂ(X,M,B) ”g”Lp)/"V’(X,/L,B*)’
X
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showing that the function g belongs to [LP-¥(X, u,B)]’ whose norm is not greater than

||g||L/’)’=‘/’(X,M,B*)'
We will show that the reverse inequality is true (I|gll;z ».¢(x, ., B)y = ||g||Lp)/1w(X u B*))' Let

& > 0 and suppose first that g(-) = Zi>1 xF () xE; (), where (x]°) is a sequence in B* and (E;) is
a countable partition of X by elements of .7 with w(E;) > 0 for all i.
We choose & >0 in LP-?(X, i, R) such that 0 < Al Lp o x.umy < 1 and such

&l pyecx puBr) —€/2 < /||g(X) | P () dpa (). )
X

We will now take x; € B with ||x;||g = 1 and such that

*
7|

gr — &/21Ihl < x] (x;). (8)

Taking f as f(-) = Y o0, xihxg, (-) we have that f € LP¢(X, u, B) with L mecx By =
1721l Lpro(x k) < 1. We now have

/(f,g>(x)dM(X)=/h(X)ZX§"(xi)XE,~(X)dM(X)

X X i=1

> /h(x)Z(”xi* lg- — ﬁ)xa(x)du(x)
X i=1

h(x)d
>/h<x>||g<x)||3* duw) — £ xM0 )

2 Al
X
=2 ”g”Ll’)’J/’(X,M,B*) —é
where we took (7) and (8) into account. Therefore [Igll{1 ».¢(x, ., B)y = 181l pr.o X, , B¥) when

gelL Pe(X, w, B¥) is countably-valued. By a limiting argument we get the result for general
geLP *(X, u,B¥) (see [7,p.98]). O

We now deal with the associate space of grand Bochner—Lebesgue space, namely

Theorem 3.14. Let (X, <7, 1) be a finite measure space, 1 < p < oo and B be a Banach space.
Then [LP»¢ (X, u, B)] = L -¢(X, u, B®), if and only if B* has the Radon—Nikodym property
with respect to .

We would like to stress that the condition on B* in Theorem 3.14 steams from the fact that
Radon—Nikodym property fails, in general, for the Bochner integral.

Proof of Theorem 3.14. Sufficiency. We have LP)/""(X, w, B*) c [LP¢(X, u, B)] isometri-
cally. We now assume that B* has the Radon—-Nikodym property. For F € [L?¢(X, i, B)]' we
define G : &/ — B* by
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G(E)(x) = F(xxE)

for E € <.

Since |FCexe) < IFIIXXEN oo x5y = IF I8 IXE] e (x.3) We have that G is
countably additive and has its values in B*. To see that |G|(X) < oo, let {E],..., E,} be a
partition and xp, ..., x, be in the closed unit ball of B. Then

i)

ZG(E )(xi)

n
<IFI| D xixe
i=1 LP-¢(X,11,B)
n
<IFI| D X . since x| <1
i=1 LP(X,11,B)
<IFIM

where M = (1 4 (X)) - supg., -1 o(e). It follows that G is of bounded variation after taking
appropriate suprema.

Since B* has the Radon—-Nikodym property, there is a Bochner integrable function g : X — B*
such that G(E) = ngdM(x) for all E € o7 If f € LP?(X, u, B) is a simple function, then
F(f)= fx(f, g)(x)du(x). Take an expanding sequence (E,) in <7 such that | J, E, = X and
such that g is bounded on each E,,. Fix ng and note that f Eny (-, g)(x)du(x) is a bounded linear

functional on L% (X, 1, B) which agrees with F on all simple functions supported on E,,. We
have that

F(F i) = [ 185,040

X

forall f € LP#(X, i, B). Moreover, since §XE,, is bounded, one has g xr, € LP"9(X, n, B¥)
and ||ngno (7 0 (X. 1. B%) < || F|l. By the fact that this last inequality is obtained for each ng, the

Monotone Convergence Theorem guarantees that g € L p)/*‘p(X, u, B*). With the above consid-
erations and the Holder inequality, we have that

FOP =tim [ (Fx,. )0t = [ (.00 duce)
X X

forall f € LP¢(X, i, B). Therefore the space [L?-¢ (X, i, B)]' coincides with L p)/"p(X, uw, B
proving the sufficiency.

Necessity. Suppose that [LP¢(X, u,B)] = LP)/’V’(X,/L,B*) and let G : &/ — B* be a
p-continuous vector measure of bounded variation. We shall show that if E¢ € </ has posi-
tive u-measure, then G has a Bochner integrable Radon—Nikodym derivative on a set D € <7,
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D C E( with (D) > 0. Invoking the Exhaustion Lemma 2.5 will then complete the proof. Thus
let Eg € < have positive u-measure. Applying the Hahn decomposition theorem to the scalar
measures |G| and ku for a sufficiently large positive integer k produces a subset D of Ey, D € <7,
w(D) > 0 such that |G|(E) < ku(E) for all E € o with E C D. Define for a simple function
f=>i_xixe,wherex; €B,Ej€«/,and E;NE; =V fori # j,

F(f)=)_G(E; N D)(x).

i=1
Then

n

Z G(E; N B)
u(E; N B)

> G(E;ND)(xi)| =

i=1

|F(H)]= (L(E; N D)x;)

i=1

n
< k| u(Ei 0 Dyxi | <KI£IL

i=1

< kC(l + M(X))“f”LPW(X,M,B)’

where the last inequality comes from Holder’s inequality and the definition of grand spaces,
where we can take C = 1/¢((p — 1)/2) < 4o00.

Since F is linear on the simple functions in L”)*‘/’(X, 1, B), this shows that F is continuous
on the simple functions in L?"¥#(X, 1, B) and therefore has a bounded linear extension to all of
LP-¢(X, u, B). By hypothesis, there is g € L p)/"/’(X, u, B*) such that

F(f)=/(f,g>(X)du(x), forall f € LP?(X, . B).
X
Butone has G(END)(x) = F(xxg) = fE(x, g)(x)du(x) forall x € B and E € /. Since each

gelL P)/*‘/’(X, ., B*) is Bochner integrable, we get

G(END)(x)= (/gd,u(x))(x), forallx e Band E € /.
E

Asaresult, G(END) = [pgdu(x),forall E€c &/. O
Acknowledgments

V.K. and A.M. were partially supported by the Shota Rustaveli National Science Foundation
Grant (Contract Numbers: D/13-23 and 31/47). H.R. was partially supported by Pontificia Uni-
versidad Javeriana, under the research project Study of Grand Bochner spaces. The authors wish
to express their gratitude to the referee for his/her valuable comments and suggestions.



2136 V. Kokilashvili et al. / Journal of Functional Analysis 266 (2014) 2125-2136

References

[1] C. Bennett, R.C. Sharpley, Interpolation of Operators, Academic Press, 1988.

[2] S. Bochner, Integration von Funktionen, deren Werte die Elemente eines Vektorraumes sind, Fund. Math. 20 (1933)
262-276.

[3] C. Capone, A. Fiorenza, On small Lebesgue spaces, J. Funct. Spaces Appl. 3 (2005) 73-89.

[4] C. Capone, M.R. Formica, R. Giova, Grand Lebesgue spaces with respect to measurable functions, Nonlinear Anal.
85(7) (2013) 125-131.

[5]1 M. Carozza, C. Sbordone, The distance to L° in some function spaces and applications, Differential Integral
Equations 10 (4) (1997) 599-607.

[6] G. Di Fratta, A. Fiorenza, A direct approach to the duality of grand and small Lebesgue spaces, Nonlinear Anal.
70 (7) (2009) 2582-2592.

[7] J. Diestel, J.J. Uhl, Vector Measures, American Mathematical Society, Providence, RI, 1977.

[8] N. Dunford, Integration in general analysis, Trans. Amer. Math. Soc. 37 (1935) 441-453.

[9] A. Fiorenza, Duality and reflexivity in grand Lebesgue spaces, Collect. Math. 51 (2) (2000) 131-148.

[10] A. Fiorenza, B. Gupta, P. Jain, The maximal theorem in weighted grand Lebesgue spaces, Studia Math. 188 (2)
(2008) 123-133.

[11] A. Fiorenza, G.E. Karadzhov, Grand and small Lebesgue spaces and their analogs, Z. Anal. Anwend. 23 (4) (2004)
657-681.

[12] A. Fiorenza, J.M. Rakotoson, Petits espaces de Lebesgue et leurs applications, C. R. Math. Acad. Sci. Paris 333
(2001) 23-26.

[13] A. Fiorenza, C. Sbordone, Existence and uniqueness results for solutions of nonlinear equations with right hand
side in L!, Studia Math. 127 (3) (1998) 223-231.

[14] L. Greco, A remark on the equality det Df = Det Df, Differential Integral Equations 6 (5) (1993) 1089-1100.

[15] L. Greco, T. Iwaniec, C. Sbordone, Inverting the p-harmonic operator, Manuscripta Math. 92 (1997) 249-258.

[16] T.H. Hildebrandt, Integration in abstract spaces, Bull. Amer. Math. Soc. 59 (1953) 111-139.

[17] T. Iwaniec, C. Sbordone, On the integrability of the Jacobian under minimal hypotheses, Arch. Ration. Mech. Anal.
119 (1992) 129-143.

[18] V. Kokilashvili, Weighted problems for operators of harmonic analysis in some Banach function spaces, in: Lecture
Course of Summer School and Workshop “Harmonic Analysis and Related Topics” (HART2010), Lisbon, June
21-25,2010.

[19] V. Kokilashvili, A. Meskhi, H. Rafeiro, Boundedness of commutators of singular and potential operators in gener-
alized grand Morrey spaces and some applications, Studia Math. 217 (2013) 159-178.

[20] V. Kokilashvili, A. Meskhi, H. Rafeiro, Estimates for nondivergence elliptic equations with VMO coefficients in
generalized grand Morrey spaces, Complex Var. Elliptic Equ. (2013), http://dx.doi.org/10.1080/17476933.2013.
831844.

[21] V. Kokilashvili, A. Meskhi, H. Rafeiro, Riesz type potential operators in generalized grand Morrey spaces, Georgian
Math. J. 20 (1) (2013) 43-64.

[22] E. Liflyand, E. Ostrovsky, L. Sirota, Structural properties of bilateral grand Lebesgue spaces, Turkish J. Math. 34
(2010) 207-219.

[23] A. Meskhi, Maximal functions, potentials and singular integrals in grand Morrey spaces, Complex Var. Elliptic Equ.
56 (10-11) (2011) 1003-1019.

[24] H. Rafeiro, A note on boundedness of operators in grand grand Morrey spaces, in: A. Almeida, L. Castro, F.-O.
Speck (Eds.), Advances in Harmonic Analysis and Operator Theory, The Stefan Samko Anniversary Volume, in:
Oper. Theory Adv. Appl., vol. 229, Birkhéuser, 2013, pp. 343-350.

[25] S.G. Samko, S.M. Umarkhadzhiev, On Iwaniec—Sbordone spaces on sets which may have infinite measure, Azerb.
J. Math. 1 (1) (2010) 67-84.


http://refhub.elsevier.com/S0022-1236(13)00425-4/bib62656E6E657474s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib626F63s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib626F63s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6361706F6E655F66696Fs1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6361706F6E65s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6361706F6E65s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6361726F7A7A61s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6361726F7A7A61s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6672617474615F66696Fs1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6672617474615F66696Fs1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib564Ds1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib64756Es1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib66696F323030s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib66696F5F677570745F6A61696Es1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib66696F5F677570745F6A61696Es1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib66696F5F6B617261s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib66696F5F6B617261s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib66696F5F72616B6Fs1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib66696F5F72616B6Fs1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib66696F73626F72646F6E65s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib66696F73626F72646F6E65s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib477265636Fs1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib677265636Fs1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib68696Cs1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6977615F73626F7231393932s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6977615F73626F7231393932s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6B6F6B5F32303130s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6B6F6B5F32303130s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6B6F6B5F32303130s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6B6F6B6D657372616631s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6B6F6B6D657372616631s1
http://dx.doi.org/10.1080/17476933.2013.831844
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6B6F6B6D657372616633s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6B6F6B6D657372616633s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib3335376164s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib3335376164s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6D65736B686931s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib6D65736B686931s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib7261666569726F32303132s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib7261666569726F32303132s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib7261666569726F32303132s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib73616D6B6F5F756D6172s1
http://refhub.elsevier.com/S0022-1236(13)00425-4/bib73616D6B6F5F756D6172s1
http://dx.doi.org/10.1080/17476933.2013.831844

	Grand Bochner-Lebesgue space and its associate space
	1 Introduction
	2 Preliminaries
	2.1 Bochner integral

	3 Grand and small Bochner-Lebesgue spaces
	3.1 Associate space

	Acknowledgments
	References


