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SOME FUNDAMENTAL INEQUALITIES FOR
TRIGONOMETRIC POLYNOMIALS AND IMBEDDINGS

OF GRAND BESOV SPACES

V. KOKILASHVILI AND A. MESKHI

Abstract. We establish Bernstein-Zygmund and Nikolsky type
inequalities for trigonometric polynomials in the framework of
grand Lebesgue spaces. It is revealed an influence of second
parameter θ from the definition of grand Lebesgue spaces on
the derived estimates.

Then we introduce grand Besov spaces and prove imbedding
theorems for different metrics and different dimensions.

ÒÄÆÉÖÌÄ. ÍÀÛÒÏÌÛÉ ÃÀÌÔÊÉÝÄÁÖËÉÀ ÁÄÒÍÛÔÄÉÍ-ÆÉÂÌÖÍÃÉ-
ÓÀ ÃÀ ÍÉÊÏËÓÊÉÓ ÔÉÐÉÓ ÖÔÏËÏÁÄÁÉ ÔÒÉÂÏÍÏÌÄÔÒÉÖËÉ
ÐÏËÉÍÏÌÄÁÉÓÀÈÅÉÓ ÂÒÀÍÃ ËÄÁÄÂÉÓ ÓÉÅÒÝÄÄÁÛÉ. ÌÉÙÄÁÖË
ÖÔÏËÏÁÄÁÛÉ ÂÀÌÏÊÅÄÈÉËÉÀ ÂÒÀÍÃ ËÄÁÄÂÉÓ ÓÉÅÒÝÄÈÀ ÌÄÏ-
ÒÄ θ ÐÀÒÀÌÄÔÒÉÓ ÂÀÅËÄÍÀ. ÛÄÌÏÙÄÁÖËÉÀ ÂÒÀÍÃ ÁÄÓÏÅÉÓ
ÓÉÅÒÝÄÄÁÉ ÃÀ ÀÌ ÓÉÅÒÝÄÄÁÛÉ ÃÀÌÔÊÉÝÄÁÖËÉÀ ÜÀÒÈÅÉÓ ÈÄÏ-
ÒÄÌÄÁÉ ÂÀÍÓáÅÀÅÄÁÖËÉ ÌÄÔÒÉÊÄÁÉÓÀ ÃÀ ÂÀÍÆÏÌÉËÄÁÄÁÉÓÀ-
ÈÅÉÓ.

1. Introduction

In this paper we prove Bernstein and Nikolsky type inequalities for trigono-
metric polynomials in grand Lebesgue spaces. Then on the base of certain
subspace of grand Lebesgue space we introduce the periodic Besov type
space and prove imbedding theorems of different metrics and different di-
mensions.

Let Td = (−π, π)d and 1 < p < ∞, θ > 0. The grand Lebesgue space
Lp),θ(Td) of 2π-periodic functions in each variable separately f : Td → R1

is defined as a set of measurable functions for which

∥f∥p),θ = sup
0<ϵ<p−1

(
εθ

∫
Td

|f(x)|p−ϵdx

)1/p−ϵ

<∞.
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The grand Lebesgue spaces were introduced by T. Iwaniec and C. Sbor-
done [1] for θ = 1, and by L. Greco, T. Iwaniec and C. Sbordone [2] for
θ > 0. It is known that these spaces are non-reflexive and non-separable
Banach function spaces. The following continuous imbeddings

Lp ↪→ Lp),θ ↪→ Lp−ϵ, 0 < ϵ < p− 1,

hold.
The closure [Lp] of Lp by the norm of Lp),θ does not coincide with the

latter space. For example the function | sinx|−
1
p ∈ [Lp] but | sinx|−

1
p /∈

Lp),θ.
We denote the above-mentioned closure by L̇p),θ. As is known [3] L̇p),θ

is a subspace of the space Lp),θ of functions satisfying the condition

lim
ϵ→0

∫
Td

|f(x)|p−ϵdx = 0.

By Eν1,ν2,...,νn(f) we denote the best approximation by trigonometric
polynomials of f ∈ L̇p),θ(Td)

Eν1,ν2,...,νn(f) = inf ∥f − T∥p),θ,

where the infimum is taken over all polynomials of degree not greater than
νi with respect to the variable xi (i = 1, 2, . . . , n).

For f ∈ L̇p),θ(Td), we have

lim
νi→0
1≤i≤n

Eν1,ν2,...,νn(f) = 0.

In the sequel we assume that x = (x1, . . . , xd) is an element of Td.

2. Bernstein and Nikolsky Type Inequalities in Grand
Lebesgue Spaces

In this section first of all we prove the Bernstein and Nikolsky type
inequalities. In the approximation theory the following inequalities for
trigonometric polynomials are well-known:∥∥∥∥∂Tν1,ν2,...,νd

∂xi

∥∥∥∥
Lp

≤ νi

∥∥∥∥Tν1,ν2,...,νd

∥∥∥∥
Lp
, (1)

∥∥∥∥Tν1,ν2,...,νd

∥∥∥∥
Lq

≤ 2d
( d∏

k=1

νk

) 1
p−

1
q
∥∥∥∥Tν1,ν2,...,νd

∥∥∥∥
Lp
, 1 ≤ p ≤ q ≤ ∞ (2)
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and ∥∥∥∥∂Tν1,ν2,...,νd

∥∥∥∥
Lp(Tm)

≤

≤ 2d−m

( d∏
i=m+1

νi

) 1
d
∥∥∥∥Tν1,ν2,...,νd

∥∥∥∥
Lp(Td)

, 1 ≤ m ≤ d. (3)

The first inequality is the Bernstein-Zygmund inequality and two others
were proved by S. M. Nikolsky (see e. g. [4], Chapter IV).

Theorem 2.1 (Bernstein-Zygmund inequality). Let 1 < p < ∞ and
θ > 0. Then for arbitrary trigonometric polynomial Tν1,ν2,...,νd the following
inequality holds∥∥∥∥∂Tν1,ν2,...,νd

∂xi

∥∥∥∥
Lp),θ(Td)

≤ νi

∥∥∥∥Tν1,ν2,...,νd

∥∥∥∥
Lp),θ(Td)

.

Proof. is a direct consequence of (1). Indeed,∥∥∥∥∂Tν1,ν2,...,νd

∂xi

∥∥∥∥
Lp),θ

=

= sup
0<ϵ<p−1

(
εθ

∫
Td

∣∣∣∣∂Tν1,ν2,...,νd

∂xi

∣∣∣∣p−ϵ

dx

) 1
p−ϵ

, x = (x1, . . . , xd).

Applying (1) we obtain∥∥∥∥∂Tν1,ν2,...,νd

∂xi

∥∥∥∥
Lp),θ

≤ νi sup
0<ϵ<p−1

(
ϵθ

∫
Td

|Tν1,ν2,...,νd(x)|p−ϵdx

) 1
p−ϵ

=

= νi∥Tν1,ν2,...,νd∥Lp),θ . �

Theorem 2.2 (Nikolsky type inequality). Let 1 < p < ∞ and θ > 0.
Then there is a constant cp such that for arbitrary polynomial Tν of order
ν = ν1, ν2, . . . , νd we have

∥Tν(x1, . . . , xm, xm+1, . . . , xd)∥Lp),θ(Tm) ≤

≤ cp,d,m2d−m

( d∏
j=m+1

νj

) 1
p

∥Tν(x1, . . . , xd)∥Lp),θ(Td).

Proof. First observe that the norm ∥f∥Lp),θ(Tm) is equivalent to

sup
0<ε<p−1

ε
θ
p

( ∫
Tm

|f(x)|p−ϵdx1 · · · dxm
) 1
p−ϵ

since ϵ
1
p−ϵ ∼ ϵ

1
p as ε→ 0.

Further we take σ, 0 < σ < p− 1, which will be chosen later.
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By Hölder’s inequality we have
I := ∥Tν(x1, . . . , xm, xm+1, . . . , xd)∥Lp),θ(Tm) ≤

≤ sup
σ≤ϵ<p−1

ϵ
θ
p

( ∫
Tm

|Tν(x)|p−ϵdx1, . . . , dxm

) 1
p−ϵ

+

+ sup
0<ϵ<σ

ϵ
θ
p

( ∫
Tm

|Tν(x)|p−ϵdx1, . . . , dxm

) 1
p−ϵ

≤

≤ c

(
sup

0<ϵ<p−1
ϵ
θ
p

)
· σ− θ

pσ
θ
p

( ∫
Tm

|Tν(x)|p−σdx1, . . . , dxm

) 1
p−σ

+

+ sup
0<ϵ<σ

ϵ
θ
p

( ∫
Tm

|Tν(x)|p−ϵdx1, . . . , dxm

) 1
p−ϵ

≤

≤ c1 max
(
(p− 1)

θ
pσ− θ

p , 1

)
sup

0<ϵ≤σ
ϵ
θ
p

( ∫
Tm

|Tν(x)|p−ϵdx1 · · · dxm
) 1
p−ϵ

.

Then applying inequality (2) we get

I ≤ c2

( d∏
j=m+1

νj

) 1
p

∥Tν∥Lp),θ(Td)

with a constant c2 independent of Tν .
Here we used the fact that( d∏

j=m+1

νj

) 1
p−ϵ

≤ 2

( d∏
j=m+1

νj

) 1
p

for 0 < ϵ ≤ σ, where σ is sufficiently small.
Therefore

∥Tν(x1, . . . , xm, xm+1, . . . , xd)∥Lp),θ(Tm) ≤

≤ c3

( d∏
j=m+1

νj

) 1
p

∥Tν(x1, . . . , xd)∥Lp),θ(Td),

where the constant c3 depends only on p, m and d. �

In the sequel we prove Nikolsky type inequality for different metrics. Let
φ(x) be a continuous function on [0, p − 1], φ(0) = 0, φ(x) > 0 for x > 0.
Let Lp),φ(·) be a set of measurable functions for which

∥f∥Lp),φ(·) = sup
0<ϵ<p−1

(
φ(ϵ)

∫
Td

|f(x)|p−ϵdx

) 1
p−ϵ
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It is clear that when φ(x) = xθ, θ > 0, then Lp),φ(·) = Lp),θ.
Introduce the notation:

1

p
− 1

q
= A, 1 < p ≤ q <∞.

Let

φ(x) :=

[
x− q

1−A(x− q)
+ p

]1−(x−q)A

Using the L′Hôpital rule we see that

lim
x→0

[
x− q

1−A(x− q)
+ p

]
x−1 =

(
p

q

)2

.

Consequently,
φ(x) ∼ x

q
p as x→ 0.

Let
ψ(x) := φ(xθ), θ > 0.

Hence
ψ(x) ∼ xθ

q
p as x→ 0

The following theorem is true:

Theorem 2.3 (Nikolsky type inequality for different metrics). Let 1 <
p < q <∞ and θ > 0. Then

∥Tν∥
L
q,θ

q
p (Td)

≤ c

( d∏
j=1

νj

) 1
p−

1
q

∥Tν∥Lp),θ(Td) (4)

with a constant independent of Tν .

Proof. Let us take some σ, 0 < σ < p − 1, which will be chosen later. We
have

∥Tν∥Lq),ψ = sup
0<ϵ<q−1

(
ψ(ϵ)

∫
Td

|Tν(x)|q−ϵdx

) 1
q−ϵ

=

= max(B1, B2),

where

B1 := sup
0<ϵ≤σ

ψ
1
q−ϵ (ϵ)

(∫
Td

|Tν(x)|q−ϵdx

) 1
q−ϵ

,

B2 := sup
0<ϵ≤q−1

ψ
1
q−ϵ (ϵ)

(∫
Td

|Tν(x)|q−ϵdx

) 1
q−ϵ

.
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We have

B2 = sup
σ<ϵ≤q−1

ψ
1
q−ϵ (ϵ)ψ− 1

q−σ (σ)ψ
1

q−σ (σ)

(∫
Td

|Tν(x)|q−ϵdx

) 1
q−ϵ

. (5)

By Hölder’s inequality we obtain(∫
Td

|Tν(x)|q−ϵdx

) 1
q−ϵ

≤
(∫

Td

|Tν(x)|q−σdx

) 1
q−σ

· |Td|
ϵ−σ

(q−ϵ)(q−σ) ≤

≤ cq

(∫
Td

|Tν(x)|q−σdx

) 1
q−σ

.

Thus by (5)

B2 ≤ cq · (q − 1)θ
q
pσ−θ q

p(q−σ) sup
0<ϵ≤σ

ψ
1
q−ϵ (ϵ)

(∫
Td

|Tν(x)|q−ϵdx

) 1
q−ϵ

.

Consequently,
∥Tν∥Lq),ψ(·) ≤

≤ max
(
cq(q − 1)θ

q
pσ−θ q

p(q−σ) , 1
)

sup
0<ϵ≤σ

ψ
1
q−ϵ (ϵ)

(∫
Td

|Tν(x)|q−ϵdx

) 1
q−ϵ

. (6)

Now for a given ε, 0 < ε ≤ q − 1 we choose η so that
1

p− η
− 1

q − ϵ
=

1

p
− 1

q
.

It is obvious that ε→ 0 is equivalent to η → 0. If 0 < ϵ < σ for some small
σ, then 0 < η ≤ σ0 < p− 1 for some small σ0.

Let us prove that

[ψ(ϵ)]
1
q−ϵ ≈ η

θ
p−η as ε→ 0. (7)

Since by definition ψ(x) = φ(xθ), it is enough to show that

[φ(ϵ)]
1
q−ϵ ≈ η

1
p−η

Indeed, if this is correct, then we get

ψ(ϵ) = φ(ϵθ) ≈ ϵθ
q
p ≈ (φ(ϵ))θ = η

θ(q−ϵ)
p−η .

It remains to show (7). We have

η = p− q − ϵ

A(q − ϵ) + 1
.
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Then

η
1

p−η =

[
p− q − ϵ

A(q − ϵ) + 1

]A(q−ϵ)+1
q−ϵ

=

=

[
ϵ− q

1−A(ϵ− q)

]A(q−ϵ)+1
q−ϵ

= [φ(ϵ)]
1
q−ϵ .

Consequently, by (6), (2) and (7) we obtain

∥Tν∥Lq),ψ(·) ≤ cp,q sup
0<ϵ≤σ

ψ
1
q−ϵ (ϵ)

(∫
Td

|Tν(x)|q−ϵdx

) 1
q−ϵ

≤

≤ c′p,q sup
0<η≤σ0

η
θ

p−η

( d∏
j=1

νj

) 1
p−η−

1
q−ϵ

(∫
Td

|Tν(x)|p−ηdx

) 1
p−η

=

= c′′p,q

( d∏
j=1

νj

) 1
p−

1
q

∥Tν∥Lp),θ .

Therefore we have (4). �

3. Grand Besov Spaces. Imbedding for Different Matrices and
Different Dimensions

Let 1 < p < ∞ and θ > 0. Suppose that r > 0 and s > 0. The grand
Besov space is defined as

Ḃp),θ
r,s (Td) =

{
f ∈ L̇p),θ(Td) : ∥f∥

Ḃ
p),θ
r,s

<∞
}
,

where

∥f∥
Ḃ
p),θ
r,s

= ∥f∥Lp),θ +
( ∞∑

k=0

2rskEs
k(f)Lp),θ

)1/s

, (8)

Ek(f)Lp),θ = E2k,...,2k(f)Lp),θ .

For the Besov spaces see e. g. [5], [6].
The space Ḃp),θ

r,s is a Banach function space.
In the sequel by Tν1,...,νd we denote the best approximation polynomial

for a given f ∈ L̇p),θ:

Eν1,...,νd(f)Lp),θ = ∥f − Tν1,...,νd∥Lp),θ .

Since
lim

νi→∞
1≤νi≤d

Eν1,...,νd(f) = 0
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for arbitrary f ∈ L̇p),θ(Td), we have

f(x) = T1,...,1(x) +
∞∑
k=1

(
T2k,...,2k(x)− T2k−1,...,2k−1(x)

)
x = (x1, . . . , xd),

by the norm of Lp),θ(Td). It is easy to see that
∥f − T1,...,1∥Lp),θ = E0(f)p),θ ≤ ∥f∥Lp),θ .

Therefore,
∥T1,...,1∥Lp),θ ≤ 2∥f∥Lp),θ . (9)

The derivative
∂λ

∂xλ1
1 · · · ∂xλdd

, λ =
n∑

i=1

λi

is assumed to be the generalized Sobolev derivative.

Theorem 3.1. Let 1 < p ≤ q <∞, θ > 0, 1 ≤ m ≤ d, s > 0, s1 ≥ s.
Let

κ = 1−
(
1

p
− 1

q

)
m

r
− 1

p

d−m

r
− λ

r
> 0. (10)

Then for f(x1, . . . , xd) ∈ Ḃ
p),θ
r,s (Td), we have

h(x1, x2, . . . , xm) =
∂λ

∂xλ1
1 · · · ∂xλdd

f(x1, x2, . . . , xm, x
0
m+1, . . . , x

0
n)

belongs to the space Ḃq),θ qp
ρ,s1 (Tm) for arbitrary x0m+1, . . . , x

0
n, where ρ = κr.

Moreover, the following inequality
∥h∥

Ḃ
q),θ

q
p

r,s1
(Tm)

≤ c∥f∥
Ḃ
p),θ
r,s (Td) (11)

holds with a constant c independent of f .

Proof. For the simplicity let us assume that x0m+1 = x0m+2 = · · · = x0d = 0.
As it was mentioned above

f(x) =

∞∑
k=0

tk(x),

where t0(x) = T1,...,1(x) and tk(x) = T2k,...,2k(x)− T2k−1,...,2k−1(x).
Then

h(x1, . . . , xm) =
∞∑
k=0

∂λ

∂xλ1
1 · · · ∂xλdd

tk(x1, . . . , xm, 0, . . . , 0). (12)

According to the definition of the grand Besov space it is enough to show
that

∥h∥
L
q), θ

q
p
(Tm)

≤ c

(
∥f∥Lp),θ +

( ∞∑
k=0

2rksEs
k(f)Lp),θ(Td)

)1/s)
(13)
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and( ∞∑
k=0

2rκs1kEs1
k (h)

L
q),θ

q
p (Tm)

)1/s1

≤ c

( ∞∑
k=0

2rksEs
k(f)Lp),θ(Td)

)1/s

. (14)

Applying the Nikolsky and Bernstein type inequalities for k = 1, 2, . . . we
obtain ∥∥∥∥ ∂λ

∂xλ1
1 · · · ∂xλdd

tk(x1, . . . , xm, 0, . . . , 0)

∥∥∥∥
L
q),θ

q
p (Tm)

≤

≤ c2mk( 1
p−

1
q )
∥∥∥∥ ∂λ

∂xλ1
1 · · · ∂xλdd

tk(x1, . . . , xm, 0, . . . , 0)

∥∥∥∥
Lp),θ(Tm)

≤

≤ c2mk( 1
p−

1
q ) · 2(d−m) 1

p

∥∥∥∥ ∂λ

∂xλ1
1 · · · ∂xλdd

tk(x1, . . . , xm, 0, . . . , 0)

∥∥∥∥
Lp),θ(Td)

≤

≤ c2mk( 1
p−

1
q ) · 2(d−m) 1

p ·
d∏

k=1

2kλi∥tk∥Lp),θ(Td) =

= c2k(1−κ)r∥tk∥Lp),θ(Td) ≤ c2k(1−κ)rEk−1(f)Lp),θ(Td). (15)
By Hölder’s inequality

∞∑
k=0

2−rkκ · 2krEk(f)Lp),θ ≤
( ∞∑

k=0

2−kκrs′
)1/s′( ∞∑

k=0

2rksEs
k(f)Lp),θ

)1/s

≤

≤ c

( ∞∑
k=0

2rksEs
k(f)Lp),θ

)1/s

, (16)

where s′ = s
s−1 .

On the other hand, by Bernstein and Nikolsky type inequalities, and (9)∥∥∥∥ ∂λ

∂xλ1
1 · · · ∂xλdd

t0(x1, . . . , xm, 0, . . . , 0)

∥∥∥∥
L
q),

θq
p (Tm)

≤

≤ c∥t0(x1, . . . , xm, 0, . . . , 0)∥Lp),θ(Tm) = c∥T1,...,1(x1, . . . , xd)∥Lp),θ(Td) ≤
≤ c∥f∥Lp),θ(Td). (17)

Therefore by (15) and (17) we conclude that

∥h∥
L
q),θ

q
p (Tm)

≤
∥∥∥∥ ∂λ

∂xλ1
1 · · · ∂xλdd

t0(x1, . . . , xm, 0, . . . , 0)

∥∥∥∥
L
q),θ

q
p (Tm)

+

+
∞∑
k=1

∥∥∥∥ ∂λ

∂xλ1
1 · · · ∂xλdd

tk(x1, . . . , xm, 0, . . . , 0)

∥∥∥∥
L
q),θ

q
p (Tm)

≤

≤ c

(
∥f∥Lp),θ(Td) +

∞∑
k=1

2rk(1−κ)Ek−1(f)Lp),θ(Td)

)
≤
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≤ c

(
∥f∥Lp),θ(Td) +

( ∞∑
k=1

2rksEs
k(f)Lp),θ(Td)

)1/s)
.

Thus (13) is proved. Then we have( ∞∑
k=0

2rκs1kEs
k(h)Lq),θ

q
p (Tm)

)s/s1

≤
∞∑
k=0

2rκskEs
k(h)Lq),θ

q
p (Tm)

≤

≤
∞∑
k=0

2rκsk

( ∞∑
µ=k+1

∥∥∥∥∂λtµ(x1, . . . , xm, 0, . . . , 0)∂xλ1
1 . . . ∂xλdd

∥∥∥∥
L
q),

θq
p (Tm)

)s

.

Let 0 < δ < κ. Then using (15) and Hölder’s inequality we get the following
chain of inequalities:( ∞∑

k=0

2rκs1kEs1
k (h)

L
q),θ

q
p (Tm)

) s
s1

≤c
∞∑
k=0

2rκsk

( ∞∑
µ=k

2µr(1−κ)Eµ(f)Lp),θ(Td)

)s

=

= c
∞∑
k=0

2rκsk

( ∞∑
µ=k

2−rµ(κ−δ) · 2rµ(1−δ)Eµ(f)Lp),θ(Td)

)s

≤

≤ c
∞∑
k=0

2rκsk · 2−rk(κ−δ)s

( ∞∑
µ=k

2rµ(1−δ)sEs
µ(f)Lp),θ(Td)

)
=

= c
∞∑
k=0

µ∑
k=0

2rκsk · 2−rk(κ−δ)s · 2rµ(1−δ)sEs
µ(f)Lp),θ(Td) =

= c
∞∑

µ=0

2rµ(1−δ)sEs
µ(f)Lp),θ(Td)

µ∑
µ=0

2rκsk2−rk(κ−δ)s ≤

≤ c

∞∑
µ=0

2rµ(1−δ)s2rµδsEs
µ(f)Lp),θ(Td) = c

∞∑
µ=0

2rµsEs
µ(f)Lp),θ(Td).

Thus (14) and, consequently, the theorem is proved. �
In one dimensional case N. K. Bari established Bernstein-Zygmund and

Nikolsky type inequalities for arbitrary intervals [a, b] ⊂ (−π, π). In the
sequel we present the similar results for the spaces Lp),θ, 1 < p <∞, θ > 0.

Theorem 3.2. Let 1 < p <∞ and θ > 0. Then for arbitrary trigonomet-
ric polynomial Tn(x) and arbitrary interval (a, b) ⊂ (−π, π), the inequality

∥T ′
n∥Lp),θ(a,b) ≤ c(a, b)n2∥Tn∥Lp),θ(a,b) (18)

holds.

Theorem 3.3. Let 1 < p < ∞ and θ > 0. Then for arbitrary [a, b] ⊂
(−π, π), (a′, b′) ⊂ (a, b) and arbitrary trigonometric polynomial Tn we have

∥T ′
n∥Lp),θ(a′,b′) ≤ c(a, b, a′, b′)n∥Tn∥Lp),θ(a,b). (19)
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Theorem 3.4. Let 1 < p < q < ∞ and θ > 0. Then for arbitrary
interval (a, b) ⊂ (−π, π) and arbitrary polynomial Tn we have the inequality

∥Tn∥
L
q),θ

q
p (a,b)

≤ c(a, b, a′, b′, p, q)n2(
1
p−

1
q )∥Tn∥Lp),θ(a,b) (20)

holds.

Theorem 3.5. Let 1 < p < q < ∞ and θ > 0. Then for arbitrary
[a, b] ⊂ (−π, π), (a′, b′) ⊂ (a, b) and arbitrary polynomial Tn we have

∥Tn∥
L
q),θ

q
p (a′,b′)

≤ c(a, b, a′, b′, p, q)n(
1
p−

1
q )∥Tn∥Lp),θ(a,b). (21)

The proofs of Theorems 3.2–3.5 are based on the Bari’s inequalities and
are similar to the proofs of Theorems 2.1 and 2.3 therefore we omit them.

In the sequel by En(f)Lp),θ(a,b) denote
En(f)Lp),θ(a,b) = inf ∥f − Tk∥Lp),θ(a,b)

where the infimum is taken over all trigonometric polynomials Tk with order
not greater than n.

The definition of the space Ḃ
p),θ
r,s (a, b) is similar to that of the space

Ḃ
p),θ
r,s (T).

Theorem 3.6. Let 1 < p < q < ∞, θ > 0, r > 0, s1 ≥ s > 0. Suppose
that

κ = 1−
(
1

p
− 1

q

)
2

r
− 2λ

r
> 0.

Then for arbitrary [a, b] ⊂ (−π, π) the following continuous embedding

Ḃp),θ
r,s (a, b) ↪→ Ḃ

q),θ qp
ρ,s1 (a, b), ρ = κr,

holds.

Theorem 3.7. Let 1 < p < q < ∞, θ > 0, r > 0, s1 ≥ s > 0. Suppose
that

κ = 1−
(
1

p
− 1

q

)
1

r
− λ

r
> 0.

Then for arbitrary [a′, b′] ⊂ (a, b), [a, b] ⊂ (−π, π) the following continuous
embedding

Ḃp),θ
r,s (a, b) ↪→ Ḃ

q),θ qp
ρ,s1 (a′, b′), ρ = κr

holds.

The proofs are similar to that of Theorem 3.1. It is enough to apply
Theorems 3.2–3.5 instead of Theorems 2.1 and 2.3.
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