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1. Introduction

Recently, much attention has been paid to the study of the boundedness of various types of operators
between weighted LP-spaces playing an important role in analysis, in particular, in harmonic analysis and
its applications in partial differential equations (PDE). For this purpose the Hardy-Littlewood maximal
function defined for any f € L1 (R"™) by
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where the supremum is taken over all cubes with sides parallel to the coordinate axes, has proved to be a tool
of great importance. One of the important related operators is the so-called fractional maximal function M
(0 < A < 1) defined by

1
M = —/ dy, eR"”
af(z) sup |Q|AQ |fldy, =

1
loc

for any f € L
(0 < a < n), given by

(R™). Tt is well-known that M, is deeply connected to the Riesz potential operator I,

Iaf(x):/%dy, zr e R"
R™

(with & = n(1 — X)), which play an important role in the theory of Sobolev’s embeddings (see, e.g., [10]).

Multisublinear maximal operators appeared naturally in connection with multilinear Calderén—Zygmund
theory. A multisublinear maximal operator that acts on the product of m-Lebesgue spaces and is smaller
than the m-fold product of the Hardy—Littlewood maximal function was studied in [8]. It was used to obtain
a precise control on multilinear singular integral operators of Calderén—Zygmund type and to build a theory
of weights adapted to the multilinear setting. For the boundedness and other properties of multisublinear
fractional maximal operators in (weighted) Lebesgue spaces we refer to [11,12].

The main aim of this paper is to study more abstract multisublinear maximal operators between weighted
Banach function lattices which, in particular, generalize fractional maximal functions. We believe our results
will find further important applications in the study of multilinear Riesz potential operators, in the way
fractional maximal function did in the study of the Riesz potential operators.

We use standard definitions and notation from the theory of Banach lattices (see, e.g., [7,9]). Let (£2, X, u)
be a complete o-finite measure space and let L°(u) = L°(£2, u) denote the space of all equivalence classes of
p-a.e. finite real-valued measurable functions on {2 with the topology of convergence in measure on p-finite
sets. Let L° (11, £2) denote the space of extended real-valued measurable functions on (2. A linear subspace E
of LO(u) is said to be an ideal if f € E and |g| < |f| in L°(p), then g € E. By E, we denote the collection
of non-negative functions in E.

Let E C L°(£21,p1) be an ideal and let T: E — L°({2;, u2) be a positive operator. Suppose that there
exists a map T%: LO(£2, p2) — LO(£21, p1 )4 such that for all f € Ey and all g € LO(£2, p12) 4 we have

/(Tf)gduz = /f(TXg) dyy,
.QQ -Ql
then the linear map 7" acting from F := {g € L(2, u2); T*(|g|) € L°(21, 1)} to LO(21, 1) by T'g =
T*gt —T*g™ for g € F is called an adjoint of T. It is easy to see that T is a positive linear map such that
/(Tf)gduz = /f(T/g) dur, (f,9) € By x Fy.
.Qz -Ql

Notice that this definition is motivated by the well-known fact which we will use later: if K € L°(§25 x
D, pu X )y and E = {f € L9021, 11); fﬂl K(,t)|f(t)|dpr < oo pr-a.e.}, then it follows by Tonelli’s
theorem that for the integral operator defined by

Tf(s) ::/K(s,t)f(t)dul fEE, s€
2
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we have F' = {g € L°((2, po); f% (s,t)|g(s)| dua < oo p1- ae} and the adjoint 7" of T is the integral
operator T' : F' — L%(£21, ju1) given by the formula 7"g( frz s)dug for all g€ F, t € (2.

A Banach (function) lattice (X, || - ||x) on (£2, E,u) is an ideal of LO( ) which is complete with respect
to the norm || - || x. We also assume that the support of the space X is 2 (supp(X) = 2), that is, there is
an element v € X with u > 0 p-a.e. on (2.

Let X be a Banach lattice. X is called minimal if the closed linear span {xa; pu(A4) < oo} is dense
in X, where y 4 is the characteristic function of a set A. It is said that X has the Fatou property (or X is
maximal) if for any f € L°, f, € X, such that f, T f a.e. and sup || fu]|x < oo, we have that f € X and
Ifnllx = |Ifllx. We say that X has the weak Fatou property whenever if f,, f € X4, f. T f a.e., then
Wullx = 1 fllx-

The Kdthe dual space X' of a Banach lattice X on (§2, X, ) is the space of all f € L%(u) such that
f(z |fg]du < oo for every g € X. It is a Banach lattice on (£2, X, u) when equipped with the norm

£l = sup / Foldu, e X

llgllx <

Let us remark that the Kothe dual X’ of X is a maximal Banach lattice on (2, 1), as for a number of
classical spaces such as Lebesgue spaces L,, 1 < p < oo, Orlicz spaces or more general Musielak-Orlicz
spaces. It is well known that a Banach lattice X is maximal if and only if X = X" := (X')’ with equality
of norms (see, e.g., [7]).

In what follows we will use the following well-known fact that the Kéthe dual X’ identified in a natural
way with a subspace of the Banach dual X* is a norming subspace, i.e.,

Q/fgdlu

if and only if X has the weak Fatou property (see [7]).

If X is a Banach lattice on (£2, X, u) and w € L%(u) is strictly positive a.e., then we define X (w) to be
the Banach lattice of all f € L°(u) such that fw € X, equipped with the norm || f|| x () = || fw||x. In what
follows we will use the following easily verified formula, which holds with equality of norms

Ifllx = sup fex,

llgllx/ <1

X(w) =X'(w™").

If T:X — Y is a bounded operator between Banach spaces, then we say that T is of strong type (or has
strong type). Let X be a Banach space and Y be a Banach lattice on (£2, ). Then a map T : X — L%(u)
is said to be of weak type (X,Y) (or has weak type (X,Y")) if there exists a constant C' > 0 such that for
all A > 0,

IX{wes Ta@s>aply < CATHzllx, =€ X.

Throughout the paper, we consider R" equipped with the Lebesgue measure denoted by p. The family
of all cubes in R™ with edges parallel to the coordinate axes is denoted by B. We denote by P the set of all
increasing functions ¢ : [0, 00) — [0, 00) with ¢(0) = 0. The maximal function M, generated by ¢ € P is
defined by

Mo f(x) = QBM‘@ /|f|d,u7 z R
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forany f € L} := L}

loc loc

(R™), where the supremum is taken over all cubes @ € B. Here, as usual, |Q] := u(Q).
Notice that in the case when ¢(t) = ¢ for all ¢ > 0, we obtain the classical Hardy-Littlewood maximal
operator M.

We denote by Q := {Q;} a countable subfamily of B satisfying the condition Q% N Q5 = 0 for i # j,
where Q° denotes the interior of a cube Q.

Given a function ¢ € P, for any subfamily @ in B, we define the averaging operator T relative to Q
and ¢ by

_f — 1 1
TQf_;(QO('QzDQ/fdM)XQH feLloc'

In the case when @ contains only one cube Q, we write T, instead of Tp.

In what follows if X is a Banach space, Y is a Banach lattice on (R™, ) and S is a map from a subspace E
of X to Y, then we put || S||x—v := sup{||Sz||y; € XNE, ||z||x < 1}.If||S]|x—y < oo and there is no mis-
understanding, we say for short that .S is a bounded operator from X to Y. Note that in the paper we consider
the case E =[]}, L},, and X = [[,-, X}, equipped with the norm ||(z1,...,Z)| x := maxi<g<m ||zk || x,,
where X1,..., X,, are Banach latices on (R", ) and S : E — L°(R", i) is a multi(sub)linear operator.

The following statement is well known (see [5]).

Proposition 1.1. Let (X (w),Y (v)) be a pair of weighted Banach lattices on (R™, u). Then for any p € P the
following statement is true:

A = sup{|ITq |l x (w) >y (v); Q€ B} <0
if and only if (w,v) € Ay(X,Y), i.e.,

1 _
Co(p,w,v) := Sé% mHUXQHYHw 1XQHX’ < 0.

Moreover we have A = Cy(p,v,w).

We need the following definition: A pair (X,Y") of Banach lattices on (R™, u) is said to have the property
G(B) ((X,Y) € G(B) for short) if there is a constant C; = C1(B, X,Y) such that

Z ||xXQi

3

xllyxe:lly < Cillzllxllyllyr,  (z,y) € X x Y

for any family {Q;; Q; € B} of disjoint cubes. If the above inequality holds for any family {Q;} of pairwise
disjoint Lebesgue measurable sets, then we write (X,Y) € G.
The following result is due to Berezhnoi [1].

Theorem 1.1. Let w and v be weights on R™ and let (X,Y) be a pair of mazimal Banach lattices in G(B).
If o € P, then supg |15 || x (w) -y (v) < 00 if and only if (w,v) € Ay(X,Y). Moreover we have

sup ”TQ HX(w)—>Y(U) < CO(SDa w, U)Cl (B; X, Y)
Q



660 V. Kokilashvili et al. / J. Math. Anal. Appl. 421 (2015) 656-668

2. Multilinear case

Motivated by the results mentioned in the previous section, we aim to study the boundedness of the
natural variants of multilinear averaging and maximal operators from the product of weighted Banach
lattices to a weighted Banach lattice.

We begin with a brief discussion and definitions. For an m tuple @ := (¢1,...,¢m) € P™ and subfamily
Q = {Q;} in B, we define the multilinear averaging operator T, o and the maximal operator Mg, respectively,
by

T,f = %j(II e /fmw>X@7

respectively,

m
—

Mgfla) =

reR"

Qx5 Pk

for all f = (fis--osfm) € [Ty Li,.- Note that if ¢;(t) =t for every ¢ > 0 and each 1 < j < m, we obtain
the multisublinear Hardy—Littlewood maximal operator studied in [8].

We need to define also a mutlilinear variant of G(B)-property. Let X1,..., X,,, Y be Banach lattices on
(R™, i1). We write (X1,..., X, Y) € GU)(B) if there exists a constant Cy = Co(B, X1, ..., X, Y) such
that for any family {Q;; Q; € B} of disjoint cubes,

Z ||‘r1XQi X1
%

holds for all z; € X; (1 <j<m)andyeY’.

If the above estimate holds for any family {Q;} of pairwise disjoint Lebesgue measurable sets, then
we write (X1,...,X,Y) € GU™. For example, if X; = LP,...,X,, = LP» and Y = L" with 1 <
PlyeeesPm,T < 00, then (X1,...,X,,,Y) € G provided that 1/p; 4+ --- + 1/py + 1/ > 1, where
1/r+1/r =1.

It is easy to see that if X5,...,X,, and Y are Banach lattices on (R", ) such that (Xj,,..., Xk
G (B) with 1 < k; < m for 1 < j <n, then (X1,...,X,,,Y) € G (B).

In what follows we will work with a variant of Morrey spaces. For a given ¢ € P we denote by M, the
space of all f € L°(R™, 1) such that

e xQillx, lyxe: vy < Cllerllx, - [|emllx,, lylly

Y) e

n?

/ku<m

QeB ©(

It is easy to verify that M, is a Banach lattice on (R™, 1) with the Fatou property when equipped with the
norm

11, = (@D/Ulu

Proposition 2.1. Let ¢ = (p1,92) € P x P be such that t — pa(t)/t is a non-increasing function. Assume
that X (w) and Y (v) are weighted Banach lattices on (R™, ). If the mazimal operator Mg is bounded from
X(w) x My, toY(v), then (w,v) € Ay, (X,Y).
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Proof. Our hypothesis on the boundedness of Mz implies that there exists a constant C' > 0 such that

1= |Me(£.9) vy < Cllflxcllgllar,, . (f.9) € X(w) x M,

Fix @Q € B and take g = I(K\Q‘ Xq- Since t — mt( ) is a non-increasing function, it is easily to see that
€ My, with ||g|[ar,, < 1. Hence, we conclude that for all f in the unit ball of X (w) we have

> (m Q/ Ifldu><¢2JQ) Q/ Igldu>|v><czlly
_ (ﬁ Q/ |f|du)||v><@||y,

and so this gives the desired statement that (w,v) € A,,(X,Y). O

Now under some conditions we give a characterization of the boundedness of the multilinear averaging
operator Tj from the product of weighted Banach lattices to weighted Banach lattices.

Theorem 2.1. Let X1 (wy),..., Xm(wm), Y (v) be weighted Banach lattices on (R™,u) such that (Xq,...,
Xm,Y) € Gm (B). Suppose that Y has the weak Fatou property. Then the multilinear averaging operator
T generated by @ = (p1,...,pm) € P™ is uniformly bounded with respect to a subfamily Q=1{Q;} of B
from X1(wy) X -+ X X (wy) to Y(v), i.e., the inequality

sup HTQ||X1(w1)X"'XXm(w'm)*Y(U) <0
Q

holds if and only if (wi,...,wm,v) € Ag(X1,..., X, Y), ie.,

m
1
Cy = [T —~rlwit , :
| gté%llvm\lyk:l %(|QDH% xellx, <o

Proof. Necessity follows in the same way as in the linear case by using the obvious inequality supg ||T5 || >
supgeg [Tl and choosing appropriate test functions.

To prove sufficiency assume that C; < oo. Fix g € Y (v)’ with |[gv=t ||y~ < 1. Applying Holder’s inequality
and G(™) property for (X1,...,X,,Y) we conclude that for any f = (fi,..., fm) € [T Xe(wk),

/TQ( g dp = Z(ﬁ mg/i(fkwk)wgl du) (Q/i(gvl)v du)

R™ [ k=1

g?llw«ﬁly(l} |Q| )

m
X (H [ frwrxo )@)Hgv_l
k=1
< CLOB, X1, X, Y) [ el (-

k=1
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Since g was arbitrary, it follows from the weak Fatou property of Y (v) that T} is uniformly bounded as an
operator from the product X (wq) X « -+ X X, (W) to Y (v) with

sup [Tl < C1O(B, X1,..., X, Y). O
Q

Following [1], we show general examples of Banach lattices X7, ..., X,,, Y such that (Xy,...,X,,,Y) €
G™)(B). To do this we recall that a Banach lattice X on ({2, ) is said to be p-convez (1 < p < o0),
respectively, ¢-concave (1 < g < 00), if there exists a constant C' > 0 such that

1/p n 1/p
H(ZWI”) < C(ZII»’%II’;}) :
X k=1

respectively,
n 1/(1 n 1/q
(i) <l (S]]
k=1 k=1 X
for any choice of elements z1,...,x, in X and n € N. If in the above definitions elements x1,...,x, are

pairwise disjoint, then X is said to satisfy an upper p-estimate and lower g-estimate, respectively. Clearly,
p-convexity implies upper p-estimate, and g-concavity implies lower g-estimate of a Banach lattice X. More
properties may be found in the book [9].

It is easy to check that if X satisfies a lower p-estimate, then the Kothe dual X' satisfies an upper
p’-estimate. This immediately gives the following observation: if Xi,...,X,,, Y are Banach lattices on
(R™, 1) such that X satisfies a lower py for each 1 < k < m and Y satisfies an upper g-estimate with
1/pi+--+1/pm+1/¢ > 1, then (X1,...,X,,,Y) € G (B).

Applying the well-known results on p-convex and g-concave Orlicz spaces (see, e.g., [9]) or the Lorentz
spaces (see [6]), based on the above remark we obtain concrete general examples of Banach lattices for which
we have (X1,..., X, Y) € G (B).

2.1. Weak type inequality

Below we state and prove a theorem which gives a characterization of the generalized weak type inequality
for the maximal multisublinear operator M from the product of weighted Banach lattices to the weighted
Banach lattice satisfying the G(™) property. In what follows if Ei, ..., E,, are Banach spaces and F is
a Banach lattice on (£2,v), then a mapping T : Ey X -+ x E,, — L) is said to be of weak type
(Er,...,En, F)if

iu%AHX{weQ; IT(@1,zn) @) > S l2alle, - 2mll g,
>
for all (x1,...,2m) € By X -+ X Epy,.

Theorem 2.2. Let X1 (wy),..., Xm(wn), Y (v) be weighted Banach lattices on (R™,u) such that (Xq,...,
X, Y) € GU(B). Then the multisublinear operator My generated by @ = (¢1,...,pm) € P™ is of weak
type (X1(w1), ..., X (wm), Y (v)) if and only if (wi,..., wm,v) € Ag (X1,...,Xn,Y).

Proof. Necessity is a direct consequence of Theorem 2.1, the pointwise estimate Mg f >Tg f which holds
for any m-tuple f = (f1,..., fm) = 0 of locally integrable functions on R" and subfamily Q of B.
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To prove sufficiency we use Besicovitch covering lemma (see [2, pp. 2-3]). Thus for a fixed 0 < f=
(f1y-oy fm) € X1(wy) X -+ X X, (w,y,) we can assume that

{z e R M,zf(x) >} C Usz',

where the first index j € {1,...,4™ + 1}, Q5 NQ5; = (0 for each ¢ # k and

- 1
_— d .
11 sok<|Qﬁ>Q/ T =

This implies

Jedp ) xXq,: > AXq,:
(H (1Qj:1) / Q7 A

and hence we obtain the following estimates with Q; := {Qi;};

||X{z€lR"; Mﬁf(m)>>\}||Y(v) < IIxu Qiilly(w) = Yo
SN Sy
MG i elQal) Y (o)
1 4™ 41 n
<32 |5 f )
=117 \k 190’C Y (v)
4”+1

C m
=3 Z l Q,f||Y <5 H | frll X1 (i)

which completes the proof. O
2.2. Strong type estimate

In the remaining part of the paper, we investigate the boundedness of a bisublinear maximal operator M.
We need some definitions. If ¢ € P is such that there exists C' > 1 with

(s +1) < C (p(s) +¢(t)), s,t>0, (2.1)

then we write ¢ € P. Note that the condition (2.1) implies that ¢(t)/t < Cip(s)/s for all 0 < s < t. Since ¢
is non-decreasing, the function @ given by @(t) := infsso(1 +t/s)¢(s) for t > 0 and $(0) = 0 is concave on
[0,00) and satisfies C~1p(t) < p(t) < 2¢(t) for all t > 0 and so, in particular, @ is a quasi-concave function
on [0,00), i.e., p € P and t — t/@(¢) is a non-decreasing function on (0, c0).

In what follows we will use the following simple observation (see [1]): for any ¢ € P, then there exist
v,a € (0,1) such that for all s,¢ >0

(s
0

S

<~ implies <a. (2.2)

S
—~
| ®
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Theorem 2.3. Let G = (¢1,p2) € P x P and let X1 and Y be minimal Banach lattices on (R™, 1), where
Y has the Fatou property. Let (X1,Y) € G(B). Suppose that the Hardy—Littlewood mazimal operator M is
bounded in the weighted Banach lattice X1(w1). Then the My is bounded from Xi(w1) x My, to Y (v) if
and only if (wi,v) € Ay, (X1,Y).

Proof. Necessity is a consequence of Proposition 2.1. Now we prove sufficiency. As we noticed, ¢ is equivalent
to ¢ for any ¢ € P. Now since @ is quasi-concave, without loss of generality we can assume that both
and ¢, are quasi-concave functions on [0, 00) by the relation Mg, ,)f ~ My, . f forall f e Lj,.. Then
© := p1p2 is also quasi-concave and so it satisfies the inequality (2.1) with C' = 1. We fix ¢t > 0 so that

p(2") (2.3)

> :
K t

where v is given in described fact for 7 (see (2.2)) and p € P is a submuliplicatve function (i.e., p(st) <
p(s)p(t) for all s,¢ > 0) defined by

p(s) = sup{e(st)/p(t); t >0}, s>0.

Let B = D, i.e., let it be the family of all dyadic cubes in R™ with the side length less than or equal
to 2%, Let f = (f1,..., fm) > 0 and let

O = {s €R"; Myf(s) >t"}, kel

It is easy to see similarly as in the case M that (2, is the union of certain family Sy := {Qx:; ¢ € I} of
cubes in D (see [1] for details).

For each k € Z, in the family S;, we choose a maximal subfamily S}, := {Qri; i € 1, .} so that every cube
in S, is not contained in any other cube of Sj. Since the side length of dyadic cubes in D is bounded by 2%°,
we have that

QZingj:Q)v iajejka Z7é.77

U @ri= U @Qn-

S Zefk
For each k € Z and i € I}, we let Ej; := Qki \ 2%+1. We claim that
|Ekil > (1= @)|Quil, (2.4)

where «a is defined by (2.2). Indeed, if J; := {j € Txi1; Qr+1; C Qri} then by the maximality of the family
S'k we have

i1 (271 Quil) 222 Quil) = ( / fldu)( / fodn )

> 3 o ey ([ na)( [ s

7€k k415 Qrt1;5

> MY " (0102) (|Qkr15]) = 9 (0109 <Z IQ;@HJI)

JE€Jk jeJk
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This gives

(192) (2"|Qkil) > te102) (|Qri N 2p11)
and so

(0192)(|1Qnri N 2y1])
(p192)(|Qki) .

Combining (2.2) and (2.3) we conclude that (2.4) holds.
Now we prove that Mz(f1, f2) € Y (v),

t7'p(2") 2

HMsa(fl’fZ)HY(u) = Ztk+1xnk\9k+1
keZ Y (v)
| £ (ot [ )t [ 59
< —= 1 —=— 2 Ej;
o \en@ul) ) wlQuD ) Voo

= t|To(f1, £2)ly (0

where

Do f) = Y (mc/ fldu) (WQ/ fgdu)mj.

kEZ, jEI}

Here we have used the obvious estimate for all x € 2 \ 2541, k € Z

Qg%l}léﬁ(ﬁ!fldﬂ) <m(9/fzdu) < To(f1, f2)(x).

Now we prove that T is bounded as an operator from X;(w) x X3 to Y (v). For this we will need to show
that the operator TO(W) defined by

(1) ¢ _ 1
L > <¢1<|ij|>Q/_ LD

kEZ, jeI},

is bounded from X;(w) to Y (v) whenever (wy,v) € Ay, (X,Y). Following [1] let us define on L} . two
operators Tl(%), TQ(%) by

(91) 5 _ 1
T = Y <|ij/fdu>xEkj,

kE€Z jel) ks

) — <71 d) , L.
2 f Z ()01(|ij|) E/f /‘L XEk]? fe loc

kEZ jeI},

It is easy to see that the adjoints of these operators are given by

(15" 9= > (W/gdu) XQu;

kEZ, jEI} i
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/ 1

keZ jely, Eg;

(TQ(““))/ _ T2(s01).

Since (Tém))' is a positive linear operator, to prove the boundedness of Té%) from X5 (wq) to Y(v) it is
enough to show that (TO(W))’ maps Y (v) to X (w)’.

Let 0 < g. Then applying the estimate |Ey;| > (1 — a)|Qg;| for each k € Z and i € I, proved above, we
obtain

(T7) = > <m /gdu>><%

keZ, jely,

|ka ( ) )
Z(|Ekj¢1 (1Qk; D Q;1 / /gdu dpt | X Qg

kEZ,jEl}

1 1 1
=i-a Z_<mE/_(m 2 @D /gd“> XE*"”“)”’”

kezZ, jeI, €Z, nel,

mn

- Py

Observe that |T1(Lp1)| < M, where M is the Hardy-Littlewood maximal operator. Since M is bounded in
X1 (wy), (Tl("’l))' is bounded in X (w;)" and so

H(TO(LPI ) gHXl (w1)" — (1 - a - |’T((pl)Hxl(wl)‘>Xl(wl H (Lpl)gHX1(’UJ1)I.

Since TQ(%) is the averaging operator generated by the family { Ey;}, we conclude that (see also [1]) TZ(W)
is bounded from X;(wq) to Y (v) if (w1, v) € Ay, (X1,Y) and (X1,Y) € G(B). Hence

H(TO ) HY (v) =X (w) — (1 - Oé) CO((phw17v)||M||X1(w1)—>X1(w1)'

We also have

HTO(fl’f2)Hy(v) <

2 <<P1 (1Qk;1) /fl du) (mm/j fzd“) XEx;

kEZ, jEI}
<75 flly o 1 212

< (1= ) 'Colep1, w1, V) IM || x, (1) X1 () 11 L o) 1 2]l x4 -

Y (v)

Combining with the previously shown inequality

||Ms3(f1’f2)||y(v) < ||T0(flvf2)||y(u)’

we complete the proof for the dyadic maximal operator.

Now let MEZ"’Z ) f be the bisublinear maximal function of f = (f1, f2) constructed with respect to cubes
with side length less than or equal to 2% and dyadic cubes Q — t. Then it is easy to see that the theorem
is true for MEZOI’ZQ)f Taking now into account that Mgl;ol’fz?)f 0 M(;o Zz)f (as ko — 00), the assumption
that X; and Y are minimal and that Y satisfies the Fatou property, we see that the theorem is true for
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the operator MEz’gz)fWith bound independent of ¢. Since (p1p2)(2"t) < C(p1p2)(t) for all t > 0, we can

conclude that the theorem holds for the maximal operator defined with respect to any cubes. O

We finish the paper with some corollaries. First we introduce the definition: if 1 < p < oo and ¢ € P,
then MY denotes the Banach lattice of all f € L°(R™) equipped with the norm

1/p 1/p
1z = sup 19 ( / | fpdu> .
Q

Qes »(1Q))

The following corollary is a consequence of Theorem 2.3, (X71,Y) € G(B) and the continuous inclusion
ME < M, with norm equal to 1, which follows from Hélder’s inequality.

Corollary 2.1. Let @ = (p1,¢2) € P x P. Suppose that X1 = LP* (R"), Xy = MPE2 and Y = LY(R"), where
1<p <q¢g<oo, 1< ps <oo. Then the inequality

[oMa(fr, £2)|| 1o < llwifillzes | f2llagmes  (f1, f2) € Xox X
holds if

1

ek (IQI)““XQHL«walXQHm < o0,

QeB ¥1
where 1/p; +1/p) = 1.
In the case when ¢ (t) =t for all ¢ > 0, we obtain the following corollary:

Corollary 2.2. Let 1 < p; < q < o0, 7,p2 € (1,00). Suppose that ¢1(t) = t*, a € (0,1), and @o(t) = t1/7>
for all t > 0, where 1/py + 1/ph. If

1
g lovalus [0 vel s <o

then the operator My, o) is bounded from LP*(w1) x M, to L9(v).

We conclude the paper with the following remark that some weighted estimates for multilinear fractional
integrals in Morrey spaces were derived in the papers [3,4].
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