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Our goal is to present weighted inequalities for multilinear fractional in-
tegral operators in grand Lebesgue spaces. The theory of grand Lebesgue
spaces introduced by T. Iwaniec and C. Sbordone [14] is one of the in-
tensively developing directions of the modern analysis. It was realized the
necessity for the study of these spaces because of their rather essential role
and applications in various fields. These spaces naturally arise, for example,
in the integrability problems of the Jacobian under minimal hypothesis (see
[14] for the details).

Structural properties of grand Lebesgue spaces were investigated in the
papers [4], [2]. In [5] the authors proved that for the boundedness of the
Hardy-Littlewood maximal operator defined on [0,1] in weighted grand

Lebesgue spaces L{L)([O, 1]) it is necessary and sufficient that the weight
w satisfies the Muckenhoupt’s A, condition on the interval [0, 1].

The same phenomenon was noticed for the Hilbert transform in [22]. We
refer also to [17], [16], [28] for one-weight results regarding maximal and
singular integrals of various type in these spaces.

In [25] the boundedness criteria for fractional integral operators in weigh-
ted grand Lebesgue spaces from the one—weight viewpoint were established.
In particular, in that paper the author determined values of the second
parameter for grand Lebesgue spaces governing the boundedness of frac-
tional integral operator in these spaces, and established criterion for which
inequality (8) (see below) holds in the linear case (see also [23] for related
topics).
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In [21] trace inequality criteria for fractional integrals in grand Lebesgue
spaces defined on metric measure spaces were derived.

Multilinear fractional integrals were introduced and studied in the papers
by L. Grafakos [6], C. Kenig and E. Stein [15], L. Grafakos and N. Kalton [8].

For the boundedness and other properties of multi(sub)linear fractional
integrals in (weighted) Lebesgue spaces we refer, e.g., to [26], [27], [3], [29],
[18], [19].

Recently, in [20] the authors of this paper presented the one-weight in-
equality for the multi(sub)linear Hardy—Littlewood maximal and Calderén-
Zygmund operators defined on an SHT.

It should be stressed that the results of this paper are new even for Eu-
clidean spaces. In the most cases the derived conditions are simultaneously
necessary and sufficient for appropriate one-weight inequality in the linear
case (see, e.g., [23], [22], [21], [25]).

In the sequel the following notation will be used:

7 = (p1,--,Pm),

where p; € (0,00) for each 1 <14 < m;

7:(f15"'af7n)7

where f; are u— measurable functions defined on X;

I &1
—= Y —du(Y),  dY =dpy) - dplym);
p P
s .
Jj=1 Jj=1
Bzy = ,U,(B(if,d(l’,y ))
Let s € [1,00]. As usual we put s’ := 27 if s € (1,00) and s’ := oo for

s=1and s’ :=1 for s = oo;
Apga=4q(l/p—0a)

forl<p<g<ooand 0<a<1/p;

Let (X,d,u) be a quasi-metric measure space with quasi-metric d and
measure p. If p satisfies the well-known doubling condition, then (X,d, )
is called space of homogeneous type (SHT).

Let 1 < r < oco. We denote by L"(X, u) the Lebesgue space on X with
an exponent r.

If w is a weight (locally integrable, p-a.e. positive function on X), then
we denote the weighted Lebesgue spaces by L% (X, u), i.e., f € LT (X, u) if
[z, x.) = 1l Lr (xwdp) < 00

Let u(X) < 00, 1 < p < o0 and let ¢ be a continuous positive function
on (0, p—1) such that it is non-decreasing on (0, o) for some small positive o
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and satisfies the condition li%lJr ©(z) = 0. The generalized grand Lebesgue
z—

space LP)?(X, ;1) is the class of those f : X — R for which the norm
1/(p—e)
o =, 5w (406 [ 1@ dut) )
0<e<p—1 4

is finite. If w is a weight on X, then the weighted grand Lebesgue space with
weight w is denoted by I?) #(X,pn) and coincides with the class
LP)% (X, wdp). In this case we assume that I pme x g = I lore (X wany-

If p(z) = 2, where 6 is a positive number, then we denote LP)»%(X, 1)
; ,0
(resp., LEI(X, 1)) by LP10(X, 1) (resp. by L) (X, ).
The space LT’)’Q(X7 1) is a Banach space.
It is easy to check that the following continuous embeddings hold:

LP(X,p) s PO (X, 1) = LD (X, ) s DP (X, p),

where 0 < e <p—1and 6; < 05.

It turns out that in the theory of PDEs the generalized grand Lebesgue
spaces are appropriate to the solutions of existence and uniqueness, and,
also, the regularity problems for various nonlinear differential equations.
The space LP)? (defined on bounded domains in R™) for arbitrary positive
6 was introduced in the paper [12], where the authors studied the nonhomo-
geneous n-harmonic equation div A(z, Vu) = p. If 6 = 1, then LP)¥(X, )
coincides with the Iwaniec-Shordone space, which we denote by LP) (X, u).
The grand Lebesgue space is non-reflexive, non-separable and, in general,
is non-rearrangement invariant (see, e.g., [4]).

We define the class H;n:l LP)%(X, 11;) of vector functions 7 as follows:
T eI, £r)9(X. ) it

P\F T
Pl et = 22 {(5) T} =
j=1

1<r<p

m

p o
= sup { (p(P) Pj IfjHLp-?'/T(X#j)} < 0.
j=1

1<r<p

The expression H7”H"’ can be rewritten as follows:
j=

1 £pj)'w(X7Nj)

[

p D

m 1
0 AT T 2=
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It is easy to check that

m

1279 (X, ) = T £7%(X, 1),

j=1 j=1

in particular,

H?Hn;fgl e (X ) S H7HH;":1 LPI (X )"

This follows from the fact that if pf;n =L j=1,...,m, thenn <n;

) m Pi—n;

because 5 = 2 ie s
When we deal with grand Lebesgue spaces we assume that p(X) < oco.
Let 1 < r < co. We say that a weight function w belongs to the Muck-

enhoupt class A,.(X) if

wimap i o) i f )

]

Let us recall the definition of the vector Muckenhoupt condition (see [24]
for Euclidean spaces and [9] for metric measure spaces).

Definition A. Let 1 <p; < ocoforeach1 <j<m, and 0 <p < oo. We
say that o satisfies the A+ (X) condition (W e Ap) if

Blay o= s (i [ vaaldnto))
B

x ﬂ (i [ @ du<x>)p/p; <o,

B

where the supremum is taken over all balls B in X. For p; = 1, the expres-

sion (ﬁgw;_p/(x)du(x))l/pé is understood as (infp w;)~!.

The expression ||| A s called A4 characteristic of .

It is known (see [24]) that if W satisfies the condition A5 (R™), then
the boundedness of the multi(sub)linear Hardy-Littlewood and Calderén-
Zygmund operators defined on R" from []., L (R™) to LE, _ (R™) holds,
where1<pj<ooforeach1§j§m,and%:Z;.n:lpij.

In the linear case (m = 1) the class A3 coincides with the well-known
Muckenhoupt class A,,.

Definition B (vector Muckenhoupt-Wheeden condition). Let (X, d, u)
be a metric measure space, 1 < p; < oo for i = 1,...,m. Suppose that
p < qg < oo. Let wy,...,w, be a weight functions on X. We say that
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(w1, ..., wn) satisfies A5 ,(X) condition (W e Ag (X)) if

, i
1/qg m 1 . 1/p;
su w;) d — [w,""d < 00,
Bp< /(H ) u) H(MB/ ﬂ)
= B
where the supremum is taken over all balls B in X. For p; = 1, the expres-
sion ( ) fwl 4 )dﬂ(m))l/pj is understood as (infp w;) ™.
Theorem A ([26]). Let 1 < py,

s Pm <00, 0 <a<mn
Suppose that q is an exponent satisfying the condition

1 n
tion L =1 ,—n&,<SZp;0§e
q n
that w; are a.e. positive functions on R™ such that w?" are weights. Then
the inequality
m q 1/q

([ (@@ Lwt) i)
R g

) 1/pi
<C H(/ | filyi) lwi) ldyz-) :
=1
holds, where

To( (@) = /( A1) Fn(ym)

]Rn
dy,
|z =y 4o [z =y )
(Rn)nl
holds, if and only if @ € Az ,(R™)

The next statement characterizes those weights v on R™ for which the
Zo : [Ij2, LP7(R™) — LE(R™) holds, where p < ¢ < o0

Theorem B ([18]).

Let 1 < p; < oo foreach 1l <i<m. Let p <gq
Then J, is bounded from H;n:1 j

L7 (R™) to L1(R™) if and only if
1/q
sup (/v(x)(x) dx) Q| < o0
N Q
is satisfied, where the supremum is taken over all cubes @ in R™

This statement remains valid if we replace R™ by an interval in R, and
Ja by potential operator on an interval

/ i .
Let 1 < p < o0,0 < a< 1/pand g be the Hardy-Littlewood—Sobolev
exponent, i.e., ¢ = 17pap. i

It is known (see [25]) that the operator J, and
consequently, appropriate fractional maximal operator

1
(Maf)(a:):ggm“él/ﬁ(tﬂdt, 0<a<l, z€l0,1]

—h——dt, 0<a <1, zel0,1]

(2)
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is bounded from LP-%1([0,1]) to L9:%([0,1]) if , > L. However, this

boundedness fails if 5 < q%. Moreover, it was shown that the one-weight
inequality
HT (fw®) HL‘I) 04/ (10,1]) < CHf”LP)*" [0,1])

where Ty, is J, orMa,1<p<f,q—
w € Apyysy (0.1)).

The next statement gives D. Adams type (see [1]) trace inequality charac-
terization for the fractional integrals and corresponding fractional maximal
functions defined by

(%f)(f)—/u(éfjj))l_adu(y), reX, 0<a<l,

Mo f)(z) = %gguBlaB/f y)|du(y), 0<a<l,

where the supremum is taken over all balls B C X containing x.

Theorem C ([21]). Let 1 <p < g < oo and let 0 < a < 1/p. Suppose
that (X,d,p) is an SHT and v is an another finite measure on X. Let
0 > 0. Then the following conditions are equivalent:

(i) the operator T, is bounded from LP)?(X, ) to L9-9/P(X v);

(ii) the operator M, is bounded from LP)%(X, u) to L999/P(X v);

(iii) there is a positive constant C such that for all balls B in X the
inequality

v(B) < C(u(B))" (3)
holds, where

Ap g = q(}% — a). (4)

1. THE MAIN RESULTS

In this section we the main results.

1.1. Unboundedness of Multilinear Fractional Integrals. Let
(X,d, ) be an SHT and let

Mo(F)(@ SupH i a/m/lfz yi)ldu(yi), 0<a<m

Baxi 1 :u

_ fl(yl) : "fm(ym)
Ia(?)(x) XZ (Bg;yl + o + Bwym)nL—a d:“‘(?)a

defined, generally speaking, on an ST H in the classical Lebesgue spaces.
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The following statement shows the range of the second parameter for
which the boundedness of the operator M, (resp. Z,) from the product
space to grand Lebesgue space fails (for linear fractional integrals on an
interval see [25] and linear potentials on an SHT we refer to [21]).

Proposition 1. Let (X,d,p) be an SHT with u(X) < oco. Suppose that
1<pj < oo, %:Z}n:lp%. and 1 <p < q<oo. Let

}Ligg)iggV(B)u(B)A”‘* # 0,
where Ap q.o s defined by (4). If 0 < 0y < 0;7‘1, then the operator N,
where Ny, is either M, or I, is not bounded from H;":l Lo (X, 1) to
LD92(X, v).
Corollary 1. Let (X,d,u) be an SHT. Suppose that 0 < a < 1,

1 <pj <oo foreachl<j<m, %:ijli and 1/m < p <1/a. We set
J
q= 1—pap' Suppose that 0 < 0y < Q;Tq. Then the operator Ny, is not bounded

from TT7Ly £P)0N (X, ) to L902(X, ), where Ny is Mo or L.

Let (X,d,p) be an SHT. To formulate the next statement we need to
introduce the class M3 (X, v, pi1, .. pim) (pj, ¢ > 1,1 <5 <m) of m+1-
tuple of finite measures (v, y1, ..., fiy,) defined on X.

Definition C. Let (X, d, 1) bean SHT and let py, .. ., fim, v be measures
on X. A multilinear operator T" belongs to the class M3 (X, p1, - - -, fm, )
if T is bounded from []7, L (X, 1) to LY(X,v).

If du; = w;dp for every 1 < j < m, dv = vdp for some weight functions
Wy, .., W, v then we denote M (X, pi1,. .. fim,v) by M3 (X, wi, ...,

Wn, V).

Let 1 < ¢ < 00, g9 € (0,g — 1) and 19 € (0,a), where a is sufficiently
small positive number. Ne denote

o qeo(p — no)x
@) = =) p—2) + s2o(p—7)’ ®)
U(z) :=(g(z))7 o=, (6)

with @ € R(0,0), where R(0,0) is the class of those increasing functions ¢
an interval (0, 0), with small positive o, such that lir% o(x) =0.
r—r

Theorem 1. Let (X,d,p) be an SHT. Let 1 < p; < oo for each
1<j<m. Letl<q< occ. Weset%:Z;nzlpij, Let ¥ € R(0,0)
and VU is defined by (6). Suppose that a multilinear operator T satisfies
the condition T € M o(X, g, -« oy s v) O M3y q/6(Xs i1, - ooy fimm, v) for

some r,s > 1. Then T is bounded from H;n:1 LrY (X, py) to LD* (X, v).



150

Now we reformulate the one-weight result for 7, and M,, where X =
[0,1] and dp = dx is the Lebesgue measure (cf. Theorem A).

Let w; are weights on [0,1] for 1 < j < m. In what follows we assume
that

Na,ﬂ? = No(frwft, ..o, frwim),
where N, is Z,, or M,. We put aj = L ? for each 1 < j < m and
J

Taking the version of Theorem B for bounded interval into account we
find that the next statement holds:

1 1
Gy " (7)

SR
R

Proposition B. Let 1 < p; < oo for each 1 < j < m, and % <p< é,

where % = Z;nzl i We set ¢ = 1_pap. Let for weight functions wj, 1 <

Jsm,
m
Vg = H w?/qj.
=1

Then the inequality

m

HN(X,B?HLgﬁ([O,I]) = C]l;[l Hfj”Lij].([O’l])

holds if and only if W € Al(ﬂs([O7 1)), where l(p,q) == 1+ ¢1/p}, ..., 1+
Gm /D), i-€.

sup } s () da I/qﬁ } w; " (@) da v < o0,
<| | | \

where the supremum is taken over all subintervals I of [0, 1].

Theorem 2. Let 1/m < p < o0, p; = mp for each 1 < i < m. We set

q= 17”04). Let q%_ = p%_ — 2 > 0. Suppose that 6 > 0. Then the condition

W e AZ(p,qS([O7 1]), where l(p,q) = (1 + q1/p, ..., 1 4 qm/D},) guarantees
the following one-weight inequality

Voo gssongony < O iy e ®)

" 0.1y’
where Ny, is I, or Mg, and o are defined by (7), j=1,...,m

Now we formulate another type of one-weight inequality which is new
even in the linear (m = 1) case.
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Theorem 3. Let 1/m < p < oo, p; = mp for each 1 < i < m. We

set ¢ = 1_pap. Let q%_ = p%_ — o > 0. Suppose that 0 > 0. Let for weight

Junctions w;, 1 <j <m,

m
~ . a/q;
vy ._ij .
j=1

Then the condition W € A ,([0,1]) implies the one-weight inequality

H(Na7)gﬂ3“m>w9q/v([o,1]) <C H HfjijLPﬁﬂ([o,l])’
j=1

where Ny is o, or My and the positive constant C' is independent of f;,
1<j<m.

In the linear case the latter statement is formulated as follows:

Corollary 2. Letm =1 and let 1 < p < oo. We set q = 17’%&1). Suppose
that > 0. Let J, be the fractional integral operator defined by (1). If
the condition w € Ay ,([0,1]) is satisfied, then the following one-weight
inequality holds

|| (Jaf)wHLQ),Gq/D([(),l]) < CwaHLp)ﬁ([o’l])
with the positive constant C independent of f.

1.2. Trace type inequality. Now we give necessary and sufficient condi-
tion governing the boundedness of AN, from H;nzl L£ri0([0,1]) to
L9:94/p(]0,1],v), where T, is J, or M, and v is another measure on [0, 1].
Here J, or M, are defined by (1), (2) respectively.

Theorem 4. Let 1 < p; < oo for every 1 < j < m and let 0 > 0. Let
L =5 L. Suppose that 0 < a < 2 and p < g < co. Then the following
P J=1 p; P
conditions are equivalent:

i) the operator J, is bounded from []’", £79)-9(]0,1]) to LZ)"’W 0,1]);
j=1

(ii) the operator J, is bounded from H;”Zl £ri:9([0,1]) to Lg)""”p([o, 1]);
(iii) there is a positive constant C' such that

v(I) < C[I|Ara, (9)
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