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1 Introduction

In the paper we study the behavior of one-sided maximal functions, Calderén—Zygmund integrals and potentials
in LPC)(I) spaces, where I := (a,b), —oo < a < b < co. Namely, we show that if T is a bounded interval, then
these operators are bounded in LP(") (I) if p belongs to a certain class which is larger than the class of all functions
satisfying the Dini—Lipschitz (log-Ho6lder continuity) condition. From these general results we conclude that left-
sided (right-sided) operators are bounded in LP(")(I) if p is non-increasing (resp. non-decreasing). In the case
I =Ry or I = R we assume, in addition, that p satisfies the “decay condition” at infinity.

Motivation for the study of one-sided operators acting between classical Lebesgue spaces is provided in [30],
[22], [11]. Our extension of this study to the setting of variable exponent spaces is not only natural but has the
advantage that it shows that one-sided operators may be bounded under weaker conditions on the exponent than
were known for two-sided operators.

The paper is organized as follows: in Section 2 we introduce some basic notation and definitions. Sections
3 deals with one-sided maximal function, while in Sections 4 and 5 we study boundedness of the one-sided
potentials and one-sided singular integrals respectively.

Constants (often different constants in the same series of inequalities) will generally be denoted by c or C.

2 Preliminaries

Let I be an open set in R. We denote

pp =essinfp, ph =esssupp
E E

for measurable functions p : I — R and measurable sets £/ C I.
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1526 Edmunds, Kokilashvili, and Meskhi: One-sided operators

Let P_(I) be the class of all measurable functions p : I — R satisfying the conditions:

D
1<p; <plx) <pj < oo; 2.1)

2) there exists a positive constant ¢; such that fora.e. x € T anda.e.y € I with 0 < z—y < 1/2 the inequality

C1

p(z) <ply) + ) (2.2)

holds. Further, we say that p belongs to P (I) if (2.1) holds and there exists a positive constant ¢y such that for
ae x € Tandae.y € I with0 < y — z < 1/2 the inequality
c2

p(z) < ply) + n(1/(y—2))

2.3
y—2) )

holds.

It is easy to see that if p is a non-increasing function on I, then condition (2.2) is satisfied, while for non-
decreasing p condition (2.3) holds.

Let 1 < p(x) < pj < oc. For a measurable function f : I — R, we say that f € LPC)(I) (or f € LP(*)(I))
if

Sy (f) = /\f(m)|p‘“" dz < .
I

It is known that L) (T) is a Banach space with the norm
1 llzoerry = inf {2 > 0 850 (/) < 1}
For properties of PO spaces see e.g. [23], [21], [34], [35], [15], [25], [26], [27], [6], [14].
In the sequel we will use the notation that p’(-) := p(-)/(p(-) — 1) for the function p satisfying (2.1).
Theorem A [6] Let 2 be a bounded domain in R'™. Then the maximal operator
1
(Maf)(x) = sup — |f(w)ldy, =eQ,

r>0 1"
B(z,r)NQ

is bounded in LP™®)(Q) if p € P(Q), that is,
@) 1 <pg <p(z) <ph < oo;
(b) p satisfies the Dini-Lipschitz (log-Holder continuity) condition (p € DL(QY)): there exists a positive
constant A such that for all x,y € Q with 0 < |z — y| < % the inequality

A
Ip(z) — p(y)| < ———
log 7=

holds.

In the same paper, L. Diening proved the following statement:

Proposition A Let 2 be a bounded domain in R™. Then p € DL(Q) if and only if there exists a positive
constant C' such that

‘B|p—(3)*P+(B) <C

for all balls B in R™ such that |B N | > 0.

(© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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The boundedness of the Hardy-Littlewood maximal operator in P (R™) was established in [24], [5] under
the conditions that p belong to P(2) and satisfies the “decay condition” at infinity (see [6] for the case when p is
constant outside some ball). In particular the following statement holds:

Theorem B [5] Let Q be an open subset of R®. Then Mg, is bounded in LP()(Q) if
(i) p € P(Q);
(ii)

C

< e+ D ey

Ip(z) — p(y)

forall x,y € Q,
Definition A We say that p € P, (1) if (2.1) and (2.4) hold.

yl = .

In [9], [4] the boundedness of the Calderén-Zygmund singular integral was established in LP(*)(R"), while
Sobolev-type theorems for the Riesz potentials have been obtained in [26], [27], [7], [4]. Weighted inequalities
with power-type weights for the Hardy transforms, Hardy-Littlewood maximal functions, singular and fractional
integrals were established in [18], [19], [13], [29], [32], [31], [20], [12], [10] and for general-type weights in [8],
[17], [12] (see also [28], [16]).

Let

Li(z,h):=[x,c+h|NI, I_(x,h):=[z—hx]NI
I(z,h) ==z —h,z+h]NI.

Observe that either 7 (z,h) = 0 or |I(x, h)| > 0 because I is an open set. The same conclusion is true for
I_(z,h)and I(z,h).

Proposition B Let p satisfy (2.1). The following conditions are equivalent:

(a) condition (2.2) holds;

(b) there exists a positive constant Cy such that for a.e. x € I and all r with0 < r < L and I_(z,r) # 0
the inequality

PPr@n @ o o (1.2)

holds;
(c) the inequality

_ Tt
TP(QT) p[_*_(,_,’.,,) S 02

holds, for a.e. x € I and all r with 0 < r < 1/2 and I (z,r) # 0.

Proof. Let us show that (a) is equivalent to (b). The fact (a) < (c) can be obtained in a similar way. We
follow [5]. Let (1.2) be fulfilled and let us take x,y € I so that 0 < = —y < 1/2. We choose r with
0<r/2<xz—y<r. Then

_ p(x)—p; (..
P (o —D(@) 1 = (n
Cyzri-ten Zcp( ) ;

rT—y
pT—pT
where ¢, = 2Pr P1 . Hence

P(T) <P (ary T m

Consequently, (2.2) holds.

www.mn-journal.com © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Conversely, suppose that (2.2) holds and let us take 7 so that 0 < r < 1/2 and I_(z,r) # (). Observe that if

Sr,;c = (1/2) €ss sup (p(x) _p(y)) <0,
yel_(z,r)

then p(z) < p(y) fora.e. y,y € I_(z,r). Therefore p(x) < PI_(x, and, consequently, (1.2") holds for such r
and z. Further, if S, , > 0, then we take o, z¢ € I_(x,r), so that

0 < (1/2)Sr < p(x) — p(z0).

Hence

- N 1 2(p(z)—p(z0)) 1 2¢/1In(1/(z—x0))
PP P < <C.
- r — X - T — o ~

The next statement can be proved in a similar manner; therefore we omit the proof.
Proposition B’ Suppose that p satisfies (2.1). The following conditions are equivalent:
(a) condition (2.3) holds;
(b) the inequality
T'p;+ (z,r) 7p(27) S Cl
holds for a.e. x € I and all r with0 < r < % and I (z,r) # 0;
(c) the inequality

.t
rp(x) PI_ (o) <,

holds, for all x € I and all r satisfying 0 < r < % and I_(x,7) # 0.

Remark 2.1 Let I be a bounded interval in R and let p be continuous on . Then P(I) = P_(I) N Py (I).
Proposition B implies

Proposition C
a) p € P_(I) ifand only ifp € P+ (I);
b) Let s be a positive constant. If p satisfies (2.2) (resp. (2.3)), then s - p also satisfies (2.2) (resp. (2.3)).

Let us introduce the following maximal operators:

(M) (@) = sup — / F(0)dt,

h>0 2h
I(z,h)
(M) =swp s [ 17l
I_(z,h)
1
(Mf)(@) = sup (/ el
I (x,h

where [ is an open setin R and x € I.

Let
R.(z):=(e+|z])™"; R(z):= Ry(x).

Lemma A ([5], [3]) Let r and s be nonnegative functions on a set G C R. Assume that (3 is a measurable
Sfunction on G with values in R. Suppose that

< ¢
~ log(e + |5(=)])

(© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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for a.e. x € G. Then there exists a positive constant C,. such that for every function f,

/|f(m)|7(¢) dr < Cr/|f(m)|s(w) dﬂ?—i—/R,«(ﬁ(x))Té de.
G G G

Lemma B ([3]) Let r and s be nonnegative functions on a set G C R. Suppose that for a.e. x € G,

C
|s(x) —r(z)] < Togle - 2])

Then there exists a positive constant C,. such that for every function f such that f(xz) < 1, z € G,

/ Juercies |

Definition 2.2 Let ] = R, or I = R. Suppose that p is a constant, 1 < p < co. We say that w € A;(I ) if
there exists ¢ > 0 such that

- 1/p oih 1/p'
% /w(t)dt - / =P () dt <e¢, h,x>0, h<uz,
z—h T
forI = R, and
- 1/p wih 1/p’
% / w(t) dt % / w' P (t) dt <¢ zeR, h>0,
z—h T
for I = R, where p’ = z%‘

We say that w € A7 (I) if there exists ¢ > 0 such that (M_w)(x) < cw(z) fora.e. 2 € R when I = R and
fora.e.z € R4 whenever I = R..
Further, w € A, (I) if there exists ¢ > 0 such that

a+h 1/p @ 1/p'
% / w(t) dt % / WP () dt <e¢, h,xz>0, h<uz,
z z=h
forI =R, and
z+h 1/p z 1/p
% / w(t) dt % / w' P () dt <¢ zeR, h>0,
E z=h
for I = R, where p’ = z%‘

We say that w € A7 (I) if there exists ¢ > 0 such that (M w)(z) < cw(x) fora.e.z € R when I = R and
fora.e.z € R4 whenever I = R..

It is easy to verify that Af (I) C A (I), p > 1 (see also [33] for I = R).

Let p be locally integrable a.e. positive function (weight) on an interval I. Suppose that 1 < r < co, where
7 is a constant. We denote by L7 (I) the Lebesgue space with weight p, which is the space of all measurable
functions f : I — R for which

1/r
12y = /If(fv)lrp(m) dx < .
I

The following statements can be found in [33] for R and [2] for R ..

www.mn-journal.com © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Theorem 2.3 Let I = R or I = R.. Suppose that p is a constant and that 1 < p < co. Then
(i) M is bounded in LP (I) if and only if w € A;(I);

(i) M_ is bounded in L%,(I) if and only if w € A, (I).
We shall also need
Definition 2.4 Let p and ¢ be constants such that 1 < p < 00, 1 < ¢ < co. We say thatf € A;;q (Ry) if

Q=

x x+h p’
1 1 ,
sup | — / UI(t)dt — / UTP (t)dt < o00.
o<h<az \ P h
z—h T
Further, U € A, (R4 ) if
1 1
1 x+h q 1 x o’
sup | — / Uuit)dt — / UV (t)dt < 0.
0<h<z h X
xr xr—

1

~and q = lfap. Then the Weyl

Theorem 2.3’ ([2]) Let p and o be constants. Suppose that 1 < p <
operator W, given by

W f(z) = / fOE -2 tdt, zeRy,

is bounded from L}, (Ry) to L, (Ry) if and only if U € Af, (R..). Further, the Riemann—Liouville operator

Rof(z) = / f)(@ — )2 Vdt, z € Ry,
0

is bounded from Ly, (Ry ) to L{,,(Ry) ifand only if U € A, (R).
Now we prove a one-sided version of Rubio de Francia’s extrapolation theorem for variable exponent Lebesgue
spaces. For a related statement in the two-sided case see [4].

Theorem 2.5 Let I = Ry or I = R. Let F be a family of pairs of nonnegative functions such that for some
po and qo with 0 < pg < qo < o0 the inequality

a0 Po

/f(x)q"w(x) dz <o /g(x)p"w(ac)po/q" dx (2.5)
T

I

holds for all (f,g) € F, where w € AT (I) (resp. A7 (I)) and the positive constant co depends on the AT (I)
constant of the weight w. Given p satisfying (2.1) and also the condition py < p; < p}' < %, define a
function q by

1 11
————=———, ze€l. (2.6)

1
p(x) q@) po
If M_ (resp. M) is bounded in LO)/90)' (1), then for all (f,g) € F such that f € LIC)(I) the inequality
[l zeorry < ellgllzrercny

holds.

(© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Proof. Let us prove the theorem for I = R and w € A] (I). The proof for other cases is the same. First

notice that ¢ satisfies (2.1). Let p(z) = % and q(z) == q[(]:)
assumption, M is bounded in L@'0) (Ry),ie.,
IM-fllpoom,) < Blliflpar w,):
Let us define H on L(@'()(R_) as follows:
Ho(x) = —orgk
k=0
where,
MP =M oM oo M_: M9 =14

k

From the definition it follows that
(a) if ¢ > 0, then ¢(z) < (’Hd)) (x);
(b)

"ol Lo myy < 219l om, )
()
M_(H¢)(x) < 2B Ho(x)

forevery x € R

. Observe that 1 < (¢'); < ()] < oo. By

The last implies that H¢ € A (R,) with an A (R) constant independent of ¢.
Further, by the definition and elementary properties of LP(") spaces (see e.g. [21]) we have

19180y =P oy < sup [ 1@ i) da,
Ry

where the supremum is taken over all nonnegative h € L@ ()(R..) with [l L@ m,y = 1. Let us fix such an

h. We will show that

[ 1) de < clol g
Ry

where ¢ is independent of h and f € L) (R). By (a), (b) and Holder’s inequality for LP() spaces (see e.g. [21])

we have

[1smn@yde < [ 1510 700)

Ry Ry

<2 || |f|qOHL5(R+)||HhHL(é)’(R+)

< 2| F1%, e Il poror ey

=2c ||f||%0q<-)(R+)

< 00.

Using the fact that the A} (I) constant of Hh is bounded by 2B, applying (2.5) and Hélder’s inequality with

respect to p we find that

www.mn-journal.com
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< c|‘gp0||Lp(R+)H Hh ||L<p> (Ry)

= CHg|%OP(*)(R+)|| (Hh) _HL<p)’(R )

Taking into account these estimates, it remains to show that

H(Hh _||L(z>) (Ry) — C
where c is independent of h. From (2.6) we have
_ p(z) g q(z) o,
0 (@) = AT = 2 LB = Dgy)

p(x) —po  po q(x) —qo  po
for x € R . Hence by (b) we conclude that

IR |2 gy = 1B oy < €l ooy =

where ¢ does not depend on h. o

3 One-sided maximal functions

In this section we establish the boundedness of one-sided maximal functions in LP(*) spaces. According to the
next statement, a jumping exponent p implies the failure of the boundedness for the operator M in LP()(I) but
one of the one-sided maximal operators is bounded in the same space. In particular, we have
Proposition 3.1 Let I = [0, b] be a bounded interval. Then
(a) there exists a discontinuous function p on I such that M _ is bounded in LP(") (I) but M is not bounded
in LPC)(I).
(b) there exists a discontinuous function p on I such that M, is bounded in LP)(I) but M is not bounded
in LPC)(I).

Proof. Let p; and ps be constants such that 1 < py < p; < oo and let
p k) x G 0’ /6 )
plx) =< (0,41
D2, VS (67 b]7

where 0 < 8 < b.
It is easy to see that the operator M (and consequently M) is not bounded in LP()(I). Indeed, let f(x) =

(z — B)"YP1x(5.4)(2). Then f (#) dz < oo, while f (M+f)p(z)(x) dx = oo since
Mif@@) = sup  F(h)=F((8—2)p)=c(8—z)"""
B—x<h<b—z

for « € (0, 3], where the positive constant ¢ depends only on p;.
We shall now show that M _ is bounded in LP()(I). Let [lfllLrcr(ry < 1 and let us represent f as follows:
f = f1+ f2, where f1(x) = x(0,5/(2)f(x), fo(x) = f(z) — f1(x). Then we have

b B b
/ (M_f)" (@) dz < /(M_fl)pl(m)da:+/(M_f1)p2(x)dx
0 0 B
B b
+ M f pl d.]?—f— M f 102 dx
Jucarime

= CZIZ
i=1

(© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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By the boundedness of M, on LP*(I), we have

b b b
I < / (M_f1)" (x) da <c/|f(ac)|p1 dx Sc/|f(ac)|p(z) dx < c.
0 0 0

— /4 /
Further, it is easy to check that (M_f1)(z) < sup,_g<p<, % = c(x —B)"YP1 when z € (,D).
Consequently, since pa < p1, we have Iy < oco.

It is also obvious that Is = 0, while due to the boundedness of M _ in LP2(T), we see that

b b
Iy < / (M_f2)P(z) da < c/ |f(z)|P? dx < c.
Analogously we can prove part (b). O

Proposition 3.1 motivates us to establish the boundedness of one-sided maximal function under a condition on
p(+) which is weaker than the log-Hélder condition.

Theorem 3.2 Let I be a bounded interval and let p € P_(I). Then M_ is bounded in LP")(I).

Proof. We use the arguments from [6]. For simplicity let us assume that I = (0,b). First we show the
inequality

Mot P@ <cw |5 [ 1reriasL]. o<h<a, G.)
I_(z,h)
holds for all f with || f|| ,») < 1, where
1
MeaD@i= 3 [ 11wy

I_(z,h)

and the positive constant C'(p) depends only on p.
If h > 1, then

p(x)

M@ =5 [ 1l

I_(z,h)

[F)PY dy +1
I (@m0l f121)

IN

1

h
p(x)

1

- VO

I_(z,h)

(24 1)P@

< 3Pf

IN

IN

which proves (3.1) for this case.

www.mn-journal.com © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Let h < 1/2. Then using Holder’s inequality we have

p(x)

PI_(x,h)
T 1 _
(M*,hf)p( )(Z) < E / |f(y)|p17(w,h> dy
I_(z,h)
p(x)
1 PI_(x.h)
<l [f ()@ dy + 1
I (z,h)n{|f|>1}
_p@
p(x) p?,(m,h)

<h TEm / [f()["Y dy + h

I_(z,h)

b
Since [ |f(z)[P®) dx <1and0 <h < i, wehavethat: [ |f(y)P®Wdy+ih<1.

0 I_(x,h)
Consequently, taking into account the last estimate and the condition p € P_(I) we find that

p(z)
Ty 1 1
(M )P () < Ch Mo | / If(y)l”(y)dy+§h)

I_(z,h)

Py (z,h) —p(x)

o 1
—cn e |5 [ Py
I_(z,h)

< C(M_pn(IfPO) (@) +1).

Thus (3.1) has been proved. Inequality (3.1) immediately implies

(M- (@) < Co)[(M=(1F1P) (@) +1]. (3.2)

Suppose now that ¢(x) = % Then using the fact ¢ € P_(I), inequality (3.2) and the boundedness of M,
in LP- (I) we find that

b

b b
/ 2))"" da <c/ (1199 @) d:c+C§C/|f(:c)|”(”) dr+C < C.
0 0 0 O

The next theorem follows analogously. Therefore we omit the proof.
Theorem 3.3 Let I be a bounded interval and let p € Py (I). Then My is bounded in LPC)(I).

Now we investigate the boundedness of one-sided maximal functions in LP(*) spaces defined on unbounded
intervals.

We have the following one-sided version of Theorem 4.1 of [3] (see also Lemmas 2.3 and 2.5 of [5] for the
two-sided case).

Proposition 3.4 Let I be an open subset of R. Suppose that p € P (I) N P (I). Suppose also that
Sp(y(f) < 1. Then there exists a positive constant C' such that

(M f (@) < C(My (IFOPOPT) (@) + S(x) (3.3)
fora.e. x € I, where S € L'(R).

(© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Proof. We use the arguments of Lemmas 2.3 and 2.5 in [5] and Theorem 4.1 in [3].
Let f > 0. We shall see that there exists a positive constant C' such that fora.e. x € [ and all b > 0,

p(w) Pr
o] fwa| <ol [ gorora] +se),
I+ x,h) Ly (z,h)
Let us denote
My nf(z / f(t)
1+ x,h)

We divide the proof into two parts:

(@ f(zx)>1lor f(x)=0,z€l;

(b) f(z)<lonl.

Proof of (a). Casel (h < |z|/4). Denote p(x) = p(x)/p; . Then it is obvious that p € P4 (I) N Poc(I).
It is also clear that p(z) > 1 a.e. on I. Further, let us see that for a.e. t € I, (z, h),

C

<plt)—p; P — 3.4
O_p(t) p]Jr(z’h) = 10g(€+|t|) ( )

Indeed, if z € I (z, h)
p(t) = p(z) < C/log(e +[t]) (3.5)

On the other hand, if |z| < |t| we observe that

[t] < h+|z| <5(z| —3h) < 5]z
Hence |z| > |t|/5. Consequently, by the condition p € Puo (1),
p(t) — p(z) < C/log(e + |2]) < C/ log(e + [¢])-

Taking the infimum in (3.5) with respect to z we will find that (3.4) holds.
Further, Hélder’s inequality and Lemma A yield (here r(-) = D1, (ah) s(t) =p(t), B(t) =t,r=1)

P@/BE oy

. 1 b
(Menf@)" < | / (£ dt
Ii(z,h)
P@)/PT, (o)
< % / (f(t)>ﬁ<t>dt+% / R(t)"+ dt
It (z,h) 11 (2,h)
P(f)/ﬁ;+(x,;L)
< % / (F(£)P® dt + C(R(z))Prem
Ii(z,h)
P@)/PT, (o)
<o|f / (F)"0 dt + C(R(2))".

I (xz,h)

www.mn-journal.com © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Moreover, by Holder’s inequality and the condition S,,.y(f) < 1 we have
(96)/171+(3r R (I)/PI+(x h) ~PI
1 5 1 5
- (f(£))" dt =% )" dt (f(£))"" dt
I (x,h) I+(x h) I+(ac h)
(p(z) /PI+(I ny~Pr)/Pr pr
1 1 5
I+(x h) Iy (z,h)

Now observe that

) [ ] e [P

(z) Pr,(z,n) p(x)pu(z,h)

3
~

Hence
A(x h) = hf(p(x)/ﬁ;#(w’h)*p;)/p; <1
for h > 1, while by Proposition B,
Az, h) < h(pljr(m,h)*p(r))p}“/(pf)2 <C
when ~ < 1. In addition,
(P(2)/PT, 2,0y ~P1)/PT

(f(£))P® dt <1

I+ (z,h)
because Sy(.)(f) < Land (p(x)/py, (, y) — Py = 0. Consequently,

P@)/BT, (0 P7

= O <cly [ oy

h
I (xz,h) I (xz,h)
and the desired inequality follows.
Case2 (|z| < 1andr > |z|/4). In this case, it is easy to check that

C
0<p(t)—p;. <pf-p; <———
—p( ) pI+(;c,}z) =>Pr br = log(e+ |:C|),
where t € I (z,h), because |z| < 1.
Consequently, Holder’s inequality and Lemma A yield (with r(-) = DI, (w.a+h) s(-) = p(+), B(-) = x and
r= 1)

P@/BE oy

x 1 _
(M+,hf(ﬂf))p()§ 7 (f(t) "+ @m dt
Ly (z,h)
P(@) /P, (x.n)
= % (f(t))ﬁ(t)dtJr% / R(z)P+@m dt
T I (2
P(&)/P7, (o
1 _
Iy (z,h)
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Now using the arguments from Case 1 we obtain the desired estimate.
Case3 (|z| > 1and h > |2|/4). By the conditions S,.y(f), f > 1 or f = 0, we have

p(z)
(M+,hf(x))p(x) < pP@) / (f()P® dy < hP@) < Olz| 7@ < CR(z)P™.
L (z,h)

Proof of (b). The proof is the same as in the previous argument except for Case 3 because the condition
f > 1or f =0 was used only in this case. Assume that |z| > 1 and b > |z|/4. We have

p(z) p(z)

flt)dt +C % ft)dt =L +1s.

Iy (x,h)NI(0,|z]|) It (2,h)\I(0,]z])

T ].
(M+,hf(fﬂ))p( ) <C 7
Let E := I (z,h) \ I(0, |z|). By the condition p € Po.(I) we find that

C

Ip(t) — p(2)| < |p(t) — p(x)| + |p(2) — p(x)| < Tog(e 112

when ¢, z € E because in this case |z| < |y| and |z| < |z|. Hence

C
0<p(t) —pp < ———
PO P6 = oy )
for all t € E. Consequently, by Holder’s inequality and Lemma A with r(-) = pg, s(-) = p(-), 5(-) = = and
r = 1 we find that
p(z) p(z)/Pg
1 1 _
- <[z P
P [rwa] < (g [u@yE
E E
P(2)/Pp
¢ A(t) 1 o
(S [ewroas L [may:a
E E
p(x)/Pg
1 - .
<cli [ wwyrod + C(R()y®
I+(z,h)
= S(x,h) + C(R(x))"™).
Notice that p(x) > pj, fora.e. x € E. Now we use arguments from Case 1. We have
pr (p(=)/pg)—pPr
1 . 1 _
sem=|5 [ goroal | [ oo
I+(£7h) [+(l‘,h)
(p(2)/Pp)—Pr Py
_ j~(@)/pp) -1 / (F(1)P® dt % / (F())® dt
I (z,h) I (xz,h)

Observe that since — (p(z) /pg) + p; < 0 we have
h~(P@)/PE)trr < 1.
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Indeed, for h with h > 1, the inequality is obvious, while for & < 1, using Proposition B’, we find that
W= e@)/PE)+rr — 7 /P —p(@) < pP1/PDEL =P @) o o

Consequently,

R<C|p [ G| +om@pre.
Ly (z,h)

To estimate I;, we denote F' := I(0,|z|) N I+ (x, h). Using again the condition p € P, (I) we see that

C

Ip(z) —p(t)| < m7

because if t € F, then |¢t| < |z|. Applying Holder’s inequality and Lemma B with () = p(z), s(t) = p(t) and
r = 1, we see that

p(z) p(z)/p(z)

1 1 .

i [roa) <5 [eore

h h

F F
Pr
C . 1 S
5 Juaraasy [ @erea
F 1(0,]])
Py Pr
1 _ 1 _
<c(; fuorva) voly [ @ora
F 1(0,|z])
pr Pr
1 20 ! 20
|7 [ vorval vo|g [ @orea
Iy (x,h) 1(0,|z])
because h > |z|/4, F C I+ (z,h)and F' C I(0, |z]).
Further, let us take 7 so that 1 < r < p; . Then by Holder’s inequality,

Py pr /T

1 _ - _

m [ @or@a| <[ werer

x

1(0,]z) [ (0,]z)

Now observe that p(x)r > p; r > 1 and R(t) < 1. Therefore simple estimates give us

(R(t))P@r dt < / (R(t))Pr"dt < C.
1(0,]z]) 1(0,]z])
Further, since |z| > 1 we see that
2 7777 < e+ la) T /T = CR, -, (a).
Since the last function is in L*(R), we finally have the desired result. (]
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Proposition 3.5 Let I be an open subset of R. Suppose that p € P_(I) N Px(I). Suppose also that
Sp(y(f) < 1. Then there exists a positive constant C' such that

(M_f (@)™ < C(M_(IfC)POPTY @)™ + S(x)

fora.e. x € I, where S € L'(R).

The proof of this statement is similar to that of Proposition 3.4. In this case we need Proposition B instead of
Proposition B’. The proof is omitted.

Proposition 3.6 Let I be an open set in R. Suppose that p € Py (I) N\ Poo(I). Then the operator M is
bounded in L") (R).

Proof. By inequality (3.3) and the boundedness of the operator M in the Lebesgue space with constant
exponent p, we have the desired result. O

In a similar way there follows

Proposition 3.7 Let I be an open set in R. Suppose that p € P_(I) N\ Poo(I). Then the operator M_
bounded in L") (R.).

Theorem 3.8 Let I = R Suppose that p € P4 (I). Assume also that there is a positive number a such that
p € Poo((a,00)). Then M is bounded in LPC) (R).

Proof. Since M is positive and sublinear, it is sufficient to show that [ M, f|| o) () < o0 if || fll ey (m) <

oo. Let fi(x) = Xjo,a)() f (), fa(x) = f(x) — f1(z). Then we have

/M 5" @ydr < e /(M £1)" @) dx+/ (Mo f1)" (@) da
0

a

+/M £2)7 da:+/ )" () da

0

= CZ Ik
k=1

Since f |f1(z)[P®) da < f |f(2)|P®) dx < oo and p € P ([0, a]), using Theorem 3.3 we have that I; < c.

Itis obv1ous that Io = 0.
z+h
Let us evaluate I3. Notice thatif 0 < h < a — z, then f | f2(¢)] dt = 0, while for h > a —x > 0, we have

1 z+h z+h 1 z+h
i [ nla=g [l s —— [170ld < (M),

() < oo a.e. on every finite interval. Thus we can take a so
that (M f)(a) < oo. Hence (M fo)(z) < (M4 f)(a) < oo when z € [0,a] and, consequently, I3 <
a(/\/l+f)p_([0’a)( ) < oo if (M4 f)(a) <1313 < a(My f)p+([0’a])( ) < oo if (M4 f)(a) > 1.

The boundedness of M, in LP()((a, o)) (see Proposition 3.6) yields

Due to Theorem 3.3 we have that (M+ )

Iy = / (/\/l+f2)p(x)(x) dx < oo.
a O
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Corollary 3.9 Let I = R. Suppose that p satisfies condition (2.1) and is non-decreasing on I. Suppose also
that there exists a positive number a such that
C

p(z) <ply) + log(e + 7))’

a<y<uzx.

Then M is bounded in L**)(R.,).
This follows from Theorem 3.8 and the fact that for non-decreasing p the condition (2.2) is satisfied.
Theorem 3.10 Ler I = R and let p € P_(I). Suppose that p € P ((a,00)) for some positive a. Then
M_ is bounded in LP")(I).

Proof. Keeping the notation of Theorem 3.8 we have (we assume that Il e myy < 0)

/ M fp(x) dm<cl21k1
0
It is obvious that I; < ¢ because of Theorem 3.2. Further,
0o 0o z p(z) 2a oo
12:/(Mff1)p(z)(w)dw:/ sup_ b7 / | f1(y)| dy dx:/+/:: Ip; + L.
a a - z—h a  2a

Notice that for = € [a, 2a,

rz—a<h<zx rz—a<h<zx

sup R [ |f(y)ldy= sup KTt [ [f(y)|dy < (M_f)(a).
J J

By Theorem 3.2 we can assume that (M_f)(a) < co. Consequently, In; < a(M-_ f) (a:20] (a) < oo if
(M_f)(a) < land Iy < a(M_f)" .20 H(a) < o0 if (M_f)(a) > 1

Let us now estimate I55. Assume that ¢ > 1. Then for x — a < h < x we have
1/ 1
7 / |f1] < EHfHLP(')(R+)HX(l‘—h,a)(')||LP'('>(R+) < Ca'/?1 /(x — a).

Hence, since a > 1, we have

oo oo
122§c/(:cfa)*pf_d:c:c/:c*pf_d:c<oo.
2a a

Further, it is clear that I3 = 0, while Proposition 3.7 yields

o

I < / (M_£2)"?(2) dz < 0.

a

O
Corollary 3.11 Let I = R. Suppose that p satisfies condition (2.1) and is non-increasing on 1. Suppose
also that there exists a positive number a such that

C

p(z) < p(y) + log(e + o)

, a<x<y.

Then M _ is bounded in LP*)(R ).
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Theorem 3.12 Let I = R and let p € P, (I). Suppose that there is a positive number a such that p €
Poo(R\ [—a,a]). Then My is bounded in LP)(I).

Proof. Let || f|lLrc)(m) < 00. We have

/ (M F(@))P) do < ¢ / (My o)) (2) dir + ¢ / (Mg fo)?®) () dc
R Za “a
e / (M )P (2) da + ¢ / (M f2)P@) () dar
R\[_ava] R\[_ava]
4
ECZIk
k=1

where f1 = fX[—a,a]’ fa= fXR\[—a,a]'
It is easy to see that by the definition of M we have

a

I, - / (M (F X0 (@)

—a

—a

T, = / (M (f2 ()@ da

— 00

To evaluate Io, observe that when = € (—a, a),

z+r z+r
1 1
(Mef)@) = swp [ If@lar< s~ [ 170]d < (M) (@) < o

Further, (M+f) (a) < oo because we can always choose such an a.
Hence

This implies that Iz < oo.

Further,
—2a —a
I < / (Mo fr(@)P@ da + / (M fr(@)P® da =15 + 1.
—00 —2a

By Holder’s inequality and simple calculations we have (we can assume that a > 1)

—2q p(x)

1) < / (—a— 2)@ / F@lde)  de

—00

—2a

< / (—a— x)p; HX(*a,a)f‘ i(;,;i)) HX(*G,G)‘ I[)‘(paf?) dx

—00
o
dt
<c —
tPr
a

< C < o0,

www.mn-journal.com © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



1542 Edmunds, Kokilashvili, and Meskhi: One-sided operators

where the positive constant C' depends on a, f and p.
Notice that

a

I < / (M fi ()@ dz < o0

—2a

because || f1 < oo and p € Py ([—2a,d]).

||LP(‘)([—2a,a])
Finally, Theorem 3.3 and Proposition 3.6 yield respectively

11<OO; Iy < oo. O

Theorem 3.13 Let I = R and let p € P_(I). Suppose that there exists a positive number a such that
p € Poo(R\ [—a, a]). Then M_ is bounded in LP)(I).

The proof of this statement is similar to that of Theorem 3.12 and is therefore omitted.

4 One-sided potentials

In this section we assume that I = [0, b), where 0 < b < oo and let

b

(Ia(,)f)(m):/f(t)|x—t|“(”)_1dt, € (0,b),
0

(R f) (@) = / F)@ — 2@ dr, x e (0.),
Ob

WaerP)@) = [ 10 =@ dt, < 0.)

where 0 < a(z) < 1.
If a(x) := o = const, then we denote Z,,(.y, Ra(.y» Wa(.) by Za, Ra and W, respectively.
We analyze these operators in much the same way as the maximal operators were handled earlier.

Proposition 4.1 Let I = [0, b] be a bounded interval and let o € (0, 1) be a constant. Then

(a) there exists a discontinuous function p on I such that R, is bounded from LP")(I) to LY)(I) and T, is

not bounded from LPC)(I) to L) (I), where q(x) = l_p(if)zx) and0 < a < 1/p};

(b) there exists a discontinuous function p on I such that W, is bounded from LP)(I) to L) (I) and I, is

not bounded from LPC)(I) to L) (I), where q(x) = 1})0(4;29:) and0 < a < 1/p}.

Proof. We prove part (a). The proof of (b) is similar; therefore it is omitted.

Let
b1, 0 =T = a,
p(z) =
p2, a<zT < ba
where p; and po are constants, a € I, g2 < py and ¢; = 22—, i =1,2.

1—ap;’
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It is clear that ps < g2 < p1. Let f > 0 and let HfHLp(»)([O,bD < 1. We have

b z i) q(x)
t
/ /(m—t)l— dt dx
0 \o
a x q1 a x q1
f1(t) Ja(t)
=¢ Z O/(xt)la dt dm+!(0 (x—t)lm‘dt da
Fone N (] en )
1 t 2 t
+a/ /(x_ - dt d:c+a/ O/(ac—t)l— dt dxr
4
=c Zlk],
k=1

where f1 = fX(0,q0) and f2 = fX[a,0)-
It is obvious that I; < ¢ because [(f1(t))P* dt < 1 and consequently, R, is bounded from L' ([0, a]) to
0

L% ([0, a]). It is also clear that Io = 0. Now let x € (a, b). Then
[ A
0
Hence by the boundedness of M _ in LP2(I) and Holder’s inequality we have

P2
b b pP1

Iy < cbore / (M_fi)* () de < ¢ /(f(t))p(t) i <e

0 0

Using the boundedness of R, from L2 ([a, b]) to L% ([a, b]) (see e.g. [30]), where

(Ra) () = / fO)(@ — 2V dt, z € (a,b),

b b
we have Iy < oo because [(fa(t))P2 dt < f(f(t))p(t) dt < 1.
0

Let us now prove that W, is not bounded from LP()(I) to L4C)(I). Let f(x) = X[ab) (%) (z — a)*, where
A=—a— qil. Then{b(f(:c))p(“’) dx < oo, because —a — qil = 71%1 > ,p%_

On the other hand, it is easy to see that, for z € (0,a), we have (Waf)(z) > c(a — x)*"*. Hence
HWaf”LP(‘)(I) = 00.

Finally we conclude that W, is not bounded from LP()([0,b]) to L4)([0,b]) and, consequently, Z,, is not
bounded from LP() ([0, b]) to L) ([0, b]). O

Theorem 4.2 Let I = Ry and let p € P, (I). Suppose that there exists a positive constant a such that
p € Poo((a,00)). Suppose that o is a constant on I, 0 < o < p% and q(z) = —2E~ Then W, is bounded
I

1—ap(z)
from LPC)(I) to L) (T).

Proof. By Proposition C we have that the condition p € Py (I) implies ¢ € P_(I), where §(z) = qgf)

: = 1 _ 1 - 1 _ 1 _

and qp is a constant such that 1 < ¢qo < g; . Let us choose py so that = ” O a. Then
+ 1 _ _Ppoqo : __ _ 9 qr —

Pr <5 = Gocpo It is clear that pg = aq0 Tl < pyer] =p;.-
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It remains to apply Theorems 2.3’, 2.5 and 3.10 together with the fact that p € AT (I) = p € Al o (Ry)
(see Section 2). O
p(z)
1—ap(z)*

Suppose that p € Poo((a, 00)) for some positive number a. Then R, is boundedfrom ot )(I) to LIO)(I).

Theorem 4.3 Let [ =R andletp € Py(I). Letabe a constanton I, 0 < a < + and let q(x) =

The proof of this theorem is similar to that of the previous one.

Theorem 4.4 Let I := [0,b] be a bounded interval, p € P+(I), 0 < « and let (ap)] < 1. Suppose that
q(z) = W Then W,y is bounded from LP")(I) to L) (I).

Remark 4.5 Notice that if p € P ([0,b]), then there exists a positive constant ¢ such that for a.e. z € [0, b]
and all r with 0 < r < 1/2 and I (z,r) # (), the inequality

1 1

_ 7P/ (=)
r Pry(e,r) <ec

holds.
To prove Theorem 4.4 we need
Lemma 4.6 Let I = [0,b] be bounded and let || f|| »() () < 1. Suppose thatp € P+ (I), 0 < o < p% and
I

q(z) = %. Then there exists a positive constant ¢ depending only on p and o such that

p(x)

Way (IfD(@) < e[(Myf)(@)] @, zel.

Proof. For the sake of simplicity we assume that b = 1, i.e., I = [0, 1]. We have
Lf(®)]
Way ([ (z) < / m dt
0<t—z<1
2(t—x)
<c / [f(t)] / r @ =2 | dt

0<t—z<1 t—x

- C/rau)fz / \F()]dt | dr
0 0<t—z<min{r,1}
1=

c/<->+c/2<->

0 €
=C Il +12),

where e will be chosen later (if € > 2 we assume that I = 0). It is easy to check that

g

11:/7"0‘(“3)’1 % / |F(t)| dt | dr.

0 [z,z+7]N(0,1)

Further, if x + r < 1, then

T4r
1
L[ ol [ < M)
[z,z+7]N(0,1) x
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if ¢ +7r > 1, then

r

s [ vwlas = 1@< Mof),

[z,z4+7r]N(0,1)
So, forall 0 < r < 2 we have

! / POl dt < M f(x).

r
[z,z+7]N(0,1)

Taking into account the latter we find that

< ca My f(x)e @,

I < My f(z)5

a(z)

Now by Hélder’s inequality for variable Lebesgue spaces (see e.g. [21]) and elementary properties of LP(") spaces
together with Remark 4.5 we find that

2
I < 2/ra(x)_QHX[%ﬂ«’”}fHLp(‘)([o,l])HX[WEH}HLP/<‘>([0,1]) dr
€
1

_ - 7
(@) =2, @ o)) g

— 1
r‘)‘(w) 2+p/(w) dr

Taking ¢ = (M4 f(z)) (") we have

(x

Wa) ([fD)(@) < ap[(Myf)(z)] .

'S

O

b

Proof of Theorem 4.4. Let || f| 1oc)(j0,4) < 1 which is equivalent to say that [ |f(z)[P®) da < 1.
0

By Lemma 4.6 and Theorem 3.3 we have

b

b
/|Wa(.)f(x)|q(x) dz < c/ (M+f(ac))p(z) dx < c.
0

0
The theorem has been proved. |

The next statement follows analogously.

Theorem 4.7 Let I = [0,b] be a bounded interval and let p € P_(I). Suppose that 0 < a_. Assume also
that (ap)} < 1 and q(z) = %. Then R .y is bounded from LP)(I) to L1 ().

5 Calderon-Zygmund operators

We begin this section with the following definition:

Definition 5.1 We say that a function & in L], (R \ {0}) is a Calderén-Zygmund kernel if the following
properties are satisfied:
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(a) there exists a finite constant 37 such that

k(z)dx| < By
e<|z|<N
for all € and all V, with 0 < € < N, and furthermore
e<|z|<N
exists;
(b) there exists a positive constant By such that

B
|k(z)| < ﬁ z # 0

(c) there exists a positive constant B3 such that for all « and y with |z| > 2]y| > 0 the inequality

lk(z — ) — k(z)| < B%

holds.

It is known (see [22], [1]) that conditions (a)—(c) are sufficient for the boundedness of the operators:
T* f(z) = sup |T. f (x)
e>0

Tf(z)= 8liHn})Tgf(ac),

b

where

i@ = [ k=) dy,
|[z—y|>e
inL"(R),1 <r < oo.
Itis clear that 7' f (x) < T* f(x).
The following example shows that there exists a nontrivial Calderén—Zygmund kernel with support contained
in (0, 400).
Example 5.2 The function

1 sin(lnz)
k‘ = - —
(I) - Inz X (0,4-00) (.17)
is a Calderén—Zygmund kernel (for details see e.g. [22], [1]).

There exists also a nontrivial Calder6n—Zygmund kernel supported in (—o0, 0).
The next results are well-known (see [22], [1]).

Theorem 5.3 Let p be a constant, 1 < p < oo, and let k be a Calderén—Zygmund kernel with support in
(=00, 0). Then the condition w € A (R) implies the inequality

/|T*f(x)‘pw(x) dx < c/ ‘f(x)‘pw(ac) dz, feLl(R).
R R

Theorem 5.4 Let k be a Calderén—Zygmund kernel with support in (0, 4+00) and let p be a constant, 1 < p <
oo. Ifw € Aj (R), then it follows that T* is bounded in L%, (R).

Theorems 2.5, 3.12, 3.13, 5.2, 5.3 and Proposition D yield our main results of this section:

Theorem 5.5 Let I = R and let p € P (I). Suppose that p € Poo (R \ [—a, a]) for some positive number a.
Then T*, with kernel k supported in (—o0,0), is bounded in LP")(I).

Theorem 5.6 Let I = R and let p € P_(I). Assume that p € P (R \ [—a, a]) for some positive number a.
Then T*, with kernel k supported in (0, 400), is bounded in LP")(I).
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