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We show that the Hardy operator

T

@) = [

0

from Lgl’zw(I) to qu)’a(f), 0<p<oo,0>0,1=(0,1), is bounded if and only if the
weight w belongs to the well-known class B, restricted to the interval I. This result
is applied to derive a similar assertion for the Riemann—Liouville fractional integral
operator and to establish criteria for the boundedness of the Hardy—Littlewood mazximal
operator in the weighted grand Lorentz space Azfu) 0 Bibliography: 23 titles.

Introduction

The paper is devoted to one weight criteria in grand Lebesgue spaces for the Hardy transform
on the cone of nonincreasing functions. In particular, we show that the operator

(@) =, [ rw
0

from Lg)eﬁw(f) to Lﬁ,)’e(f) (0<p<oo0,0>0,1=(0,1)) is bounded if and only if the weight w
belongs to the well-known B, class defined on the interval I. The proof of this result is based
on the extrapolation for B, weights. As a consequence, we derive a similar statement for the
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Riemann-Liouville transform

(Rof)() =~ [ (xf(%dt, D<a<l
0

The one weight result for the operator H is applied to establish criteria for the boundedness
of the Hardy—Littlewood maximal operator

]' n
M f(x) —Zg@!f(y)dy, z € R",

where the supremum is taken over all cubes @ containing x, in the weighted grand Lorentz
space Aﬁ,) .

In the last decade, the theory of grand Lebesgue spaces introduced by Iwaniec and Sbordone
[1] is one of the intensively developing directions of the modern analysis. The necessity to
investigate these spaces emerged from their rather essential role in various fields, in particular,
in the integrability problem of Jacobian under minimal hypothesis (cf. [1] for details).

As was proved in [2], the Hardy—Littlewood maximal operator is bounded in the weighted
grand Lebesgue spaces LIJJ) if and only if the weight w belongs to the Muckenhoupt class A,. The
same phenomena was noticed in [3] for the Hilbert transform. We refer to [4, 5] for one-weight
results regarding maximal and singular integrals of various type in these spaces. In [6], the
author studied the boundedness of the fractional integral operator in weighted grand Lebesgue
spaces from the one weight viewpoint.

For the weight theory of Hardy type transforms and fractional integrals in classical Lebesgue
spaces we refer, for example, to [7]-[11] and the references therein. The one weight problem from
nonincreasing functions viewpoint for the kernel operators involving Hardy type transforms was
studied, in particular, in [12]-[14].

The paper is organized as follows. In Section 1, we give definitions and some well-known
properties of Hardy transforms, Hardy-Littlewood maximal functions, and grand Lebesgue
spaces. In Section 2, we prove the one weight inequality of general type for pairs of decreasing
functions in grand Lebesgue spaces. Section 3 deals with one weight criteria for the operators
H for nondecreasing functions in grand Lebesgue spaces. In Section 4, we apply the result of
Section 3 to derive one weight criteria for the operator R, for nonincreasing functions in grand
Lebesgue spaces and to establish necessary and sufficient conditions for the boundedness of M
in weighted grand Lorentz spaces A{? 0 (I).

Finally, we point out that constants (often different constants in the same series of inequal-
ities) are generally denoted by c or C. The expression f(z) ~ g(x) means that ¢; f(x) < g(z) <
caf(x), where the positive constants ¢; and ¢y are independent of z.

1 Preliminaries

Let 0 < p < oo and let § > 0. Throughout the paper, we use the notation I := (0,1).
Suppose that w is integrable a.e. nonnegative function (i.e., a weight) on 7. We assume that

r

/w(m)dm>0 Vrel.
0
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We denote by Lﬁ,) o (I) the generalized grand Lebesgue space. This is the class of all measur-
able functions f : I — R for which

1

||f”Lp)’9([) ‘= sup ( /f |p fw dt) < 00,
w 0<e<en

where eg =p—1if p>1and ey € (0,p) if 0 <p < 1.

If w = const, then we have unweighted space LP)?(I).

It is easy to check that
~ 0
o = 502 P fl e

for some small positive number oy.

It turns out that the generalized grand Lebesgue spaces LP)? are appropriate for solving the
existence, uniqueness, and regularity problems for various nonlinear partial differential equations.
The space LP)? (defined on domains in R™) for arbitrary positive § was introduced in the
paper [15], where the existence and uniqueness of the inhomogeneous n-harmonic equation
div A(z, Vu) = p was studied.

If = 1, then L)Y coincides with the Iwaniec-Sbordone space, denoted by LP) (I).

For structural properties of grand Lebesgue spaces we refer, for example, to [16, 17].

Let us denote by D the class of all nonnegative nonincreasing functions on I. We denote by
)’ (I) the intersection 2 A D.

dec,w
Note that Lﬁlgw( I) # Ldecw( ). Indeed, for example, if w = const, then the function
f(x) = 2= /7 belongs to v (I), but does not belong to L (I).
Let us mention the following continuous embeddings of grand Lebesgue spaces:

dec
LE(I) < LI (1) < LIV (1) < LE-5(1),

where 0 < e <p—1 and 6, < 6s.
For the following statement we refer to [18] (cf. also [9]).

Theorem A. Let 0 < p < 0o, and let w be nonnegative function on Ry. Then the following
inequality holds:

oo [e.o]

[ 5@yt < ¢ [G@prui
0 0

for all nonnegative and nonincreasing functions f on Ry if and only if w € By, i.e., there is a
positive constant B such that for all r >0

rp/w(x)dac < B/w(m)dm.
xP
r 0
Let (cf. [19])
Hw\BP:inf{C>O:/w(t)dt—|—r / C/w Dt VT>O}
0 r 0
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Note that ||w|/p, > 1.
The class B, possesses the following remarkable properties (cf. [18, 9]):
(i) if p < ¢, then w € B, = w € By,

(ii) if w € By, then there exists € > 0 such that w € B,_.; moreover,

Collw| B,

(1.1)

|wls, . < 1—corllw]s,’

where Cy and a (0 < o < 1) are universal constants and ¢ < —————.
a?|[w||,

Proposition A ([18]). Let 1 < p < co. Suppose that w is decreasing on Ry. Then w € B,
if and only if
1 r 1/p
sup — [/w(m)daz] [/wl_p/(x)dx
t>0 T ,

The classical Lorentz space AL, is defined as the set of functions g on R™ such that

o0

lalsg, = [ /

1/p
[g*(w)]pw(x)dx] < 0,
0

where g* is the decreasing rearrangement of g:
g (t) =inf{\ : [{x e R" : |g(x)] > A}| < t}.

The following statement provides a solution of the one weight problem for the operator M
in weighted Lorentz spaces AL, defined on R™ (cf. [18], [9]).

Theorem B. Let 0 < p < oo, and let w be a nonnegative function on Ry.. Then the operator
M s bounded in A, if and only if w € B,.

Let supp w C I. Together with grand Lebesgue spaces, we are interested in the space AIZU) 0
defined as follows:

) 1/(p—¢)
AP = {g: 9]l \py.o := sup (69/[9*($)}p_6w($)dx>
w 0<e<eo

1 1/(p—¢)
= sup (59/[9*($)]p_6w(3:)dx> < oo},
0<e<eg 5

whereeg=p—1lifp>land O<ey<pifp<1.

It is easy to see that if w = const on I, then AZJ) ¥ is the generalized grand Lebesgue space

LP)Y(Q), where || = 1.
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Remark. The grand Lorentz—Karamata spaces EZ)’p , introduced in [20, 21], are defined by

the quasinorm (we suppose that Eg)’p is defined on I)

L 1/p
— 1/p p/(q—0) N
1Fll oy = sup o (/t @mfw]t>,

0<o<ogp
0

where 0 < p,q < oo and b is a positive continuous function defined on R and slowly varying in
the sense of Karamata. In particular, if p = ¢, then Eg)’p (I) is the grand Lebesgue-Karamata
space defined by the quasinorm (cf. [21])

1 - 1/(p—e)
_ _ 1 *
Hﬂ@mm—hﬂwm—-wp5”</ﬁ®f®} —) .

0<e<og t
0

It is clear that, in general, the spaces EZZ) and Aﬁ)) are different.

Let ¢ be a nonnegative nonincreasing locally integrable function on R. Suppose that

Let S, be the Hardy type transform given by

(o1 / (1.2)
0

Lemma A (cf. [14, 19]). Let 0 < p < 00, and let w be a nonnegative function on Ry. Then
the inequality

1S fllze sy < AlfllLery)

holds for all nonnegative and nondecreasing functions f if and only if

O/Tw(x)dx—HI)(r)pT/oogEgdx < Apjw(w)dx.

The following extrapolation theorem is taken from [19].

Theorem C. Suppose that 0 < p < oco. Let 1 be a nonnegative nondecreasing function
on Ry, and let w be a nonnegative function on R. Assume that (f,g) is a pair of nonnegative
nonincreasing functions on Ry. Assume also that for every w € B,

[e.o]

/ﬁ%<w\w&0/¢w

0
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Then for every p >0 and w € B,

o0 o0
/ Pw < P(lwlls,) / P,
0 0

where the function Q,Z is defined as follows:

i Cot
= inf e () 1.3
w( ) O<algtpap ¥ ( 15 ) 1— gtp%ap’ ( )

Co and a are universal constants defined in (1.1).

2 General Type Theorem

In this section, we prove the general type theorem for couples of nonincreasing functions in
weighted grand Lebesgue spaces Lﬁ,) ’G(I ), where w is a weight on I. We need the following slight
modification of Theorem C for the interval I.

Definition. Let 0 < p < co. We say that a nonnegative integrable function w on I belongs
to the class B, (1) if there is a positive constant B such that for all 0 < r <1

r

rpj# /w(t)dt.

We use the following notation:

1
HwHBp(I) ::inf{C>0 / t)dt +rP /wt% C’/w t)ydt Y0 <r< 1}

_ {w(x), rvel,

w(x) == .
0, x> 1.

It is clear that ||wl|p, ) > 1.
The proof of the following lemma can be checked immediately.

Lemma 2.1. Let 0 < p < oo, and let w € By(I). Then w € By,. Moreover,

lwll g,y = llwlls,-

Corollary 2.1. Let 0 < p < co. Suppose that w € By(I). Then there is a positive number
e such that w € B,_.(I). Moreover,

CollwllB,(n)

(2.1)

lwllp, . < 1 —car||wlp, )’

where the constants Cy and o are the same as in (1.1).
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It is also clear that if p < ¢, then w € By,(I) implies w € B,([).

The following statement is a restricted version of Lemma 2.3 in [19]. For the sake of com-
pleteness, we give the proof.

Lemma 2.2. Let 0 < py < oo, and let Y be a nondecreasing function on I. Suppose that
(f,9) is a pair of nonincreasing functions on I. Suppose that for every w € By, (I)

1 1
fo <y(lwls,,m) | gw- (2.2)
[ /

Then for every 0 < e < pg and everyt € 1

t

/f(T)TpOlEdT < 1/1(%) /g(T)TpOlEdT. (2.3)
0

0

Proof. We take w(t) = v(t)t?o~17¢ where v is a nonnegative nonincreasing function on I.
Then

1 1 r

/ t)dt + 7 / = / (t)dt + 1P / tl(Jert / w(t)dt + e~ Lo(r)rPoe

0 r 0

|

Consequently, w € By, (I); moreover,

r

poe_ € o(r) /tpofldt <2 [ w(tat.

9
0

Dbo
lwllB,, () < —

Taking v(t) = X(0,5)(t) (t € I) and using (2.2), we obtain (2.3). O

Lemma 2.3. Let 0 < p < co. Suppose that S, is defined by (1.2). Then the inequality

1S fllze oy < Allfllee

holds for all nonnegative and nondecreasing functions f if and only if

r 1 r

/ w(z)dz + B(r)? / %dm < AP / w(z)da.
0

0 r
The proof of this statement follows immediately if we take the weight function w instead of

w in Lemma A and extend f by 0 outside I.

The following statement is a restricted version of Theorem C on I.
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Lemma 2.4. Let 1) be a nonnegative and nondecreasing function on I. Assume that (f,g)
is a pair of nonnegative nonincreasing functions on I. Let 0 < pg < co. Suppose that for every

w € By, (I)

gPow.

o —

1
/ mw < p(llwll s, m)
0

Then for every p > 0 and w € By(I)

1

1
/ Pw < B(lwls,m) / #w,
0

0

where the function Q,Z is defined by (1.3).

Proof. Let w € By([), and let 0 < € < p. Suppose that
o(t) := tPo—17e,
Using Lemma 2.2 and the fact that f is decreasing, we see that

L L ¢ p/po
[ rowna< | (p;—‘ / fp°(8)8p°‘1‘€ds> wlt)dt
0

0 0

1 B t P/Po
<wmipfe) [ (i‘;o_f / gm(s)sm—l—fds) w(t)dt

0 0

1
:¢p/po(p0/€)/(SwgPO(t))p/pOw(t)dt.
0

On the other hand, by Lemma 2.3, it suffices to compute a constant A such that

r 1 r

(pg—¢)p _ (po—e)p
/w(w)d:r—i—r »o /w(x):n ro dxr < A/w(m)d:p. (2.4)

0 r 0

Note that (2.4) is equivalent to the condition w € B(p,—c)p/p, (1) with A = [lw|B, ., .. ().

Since w € By (I), there is a positive number 7 such that w € B,_,(I). Now, we choose € so
small that
~ (po—e)p
p—m=——"-
Po
Then n = ep/po. By (2.1), we have

Cllwl B, 1)
1—elar|w|p, i

A=|lwlp,_,a <
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Summarizing the above—derived inequalities and taking into account that n can be taken suffi-
ciently small, we conclude that

1 1
Cllwll g, n
P(w(t)dt < P/Po (20 > /)ptwtdt
O/f() (Hdt < v (5)1_5%ap||w”3p(1)0 g (wlt)

for every
Po ]

0<e<< —————.
pa®||w| B, 1)

Now, we are ready to prove the main result of this section.

Theorem 2.1. Suppose that 6 > 0 and v is a nonnegative nonincreasing function on I.
Assume that 0 < py < co. Let (f,g) be a pair of nonnegative nonincreasing functions on I, and
let for every w € By, (1)

1

1
[ o< vuls, o) [ oo
0

0
Then for every p >0 and w € By(I)
||fHLﬁ,)’9(I) < CHgHLfU)’G([)a

where the positive constant ¢ depends only on p, 6, and w.

Proof. We prove the theorem for 1 < p < co. The proof for the case 0 < p < 1 is similar.
Let w € Bp(I). Then there is a positive number o such that w € B,_,(I). Hence w € By,_.(I)
for all 0 < ¢ < 0. We can assume that o < p — 1. Further, if ¢ € (o,p — 1], then, by the Holder
inequality,

1 %U -
1Al poe ) < < / fq_”(a:)w(m)d:r:> w(I) T2

0

p—o\ p-o
p—e) e—o

Further, the conditions 0 <p—1and o0 < e <p—1 yield

because

eE—o0 p—1—o0
oo poo 25
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Simple calculations, (2.5), Lemma 2.4 and the fact that w is integrable on I yield that

_6 _0
|qugﬁu)=lnax{(gggoewfufnmreuygsgg1ewfufnmyqn}

o 0 __e—o
<anax{ sup F Sl s 5 gD |
0<e<o w o<e<p—1 w

0 0 c—o _0_
<max{1, sup EEO'_P__U’LU(I)(P“’)(?_E)} sup 7= || fll oz )

o<le<p—1 O0<e<o
o] _ o p=l-c
<max<{1l,| sup er=|o o (1+w(l)) 7~
o<le<p—1

— 0
X Oigga 77Z)e(HwHBpfs(I)){':p_‘E ||9||Lg)—5([0,1])

< [el.0.w.0) s Tellwlls,.o)]loll o) =t Dl gyeqs,

where

—1—0
c(p,0,w,0) := max{l, [ sup 61’0;5:| U_P*L‘T(l +w(I))pp*J }

o<le<p—1

and the function . is defined by

=, ot e (P

P _ p—¢ —€
0<n< T eyaP=F n nt > aP

Here Cj and « are universal constant defined in (1.1).

Observe now that since [|w||p,__ (1) < [[wlB,_, (1), the following estimate holds:

Collw =
D < ¢(p,0,,0,w) inf w% (£> [1 + OH_ s, ) } . (2.6)
O<n<WB(I) n 1- 77ap UHwHBp—a(I)
p—o

3 Hardy Transforms

In this section, we derive criteria for the one weight inequality for the Hardy transform H
in grand Lebesgue spaces qu) ’Q(I ) for decreasing functions.

Our main result is the following statement.

Theorem 3.1. Let 0 < p < oo, and let 8 > 0. Suppose that w is a weight on I. Then the
inequality
||Hf||Lﬁ,)’0([) g CHfHLg)ef,w(I) (31)

holds if and only if w € By,(I).
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Proof. Sufficiency. Since (Hf, f) is a pair of nonnegative and nonincreasing functions,
where f is nonnegative and nonincreasing, the result follows from Theorem 2.1. By Lemma 2.3
(taking ¢(z) = 1) and (2.6), the following inequality holds for the best possible constant ¢ in
(3.1):

P\ Collwlls, .y |77
¢ < c(p,0,,0,w)inf (—) 1 —
n L —na?=7||w|,_, (1)

where the infimum is taken over 7 such that 0 < n < , the positive constant

P~ vl B,_, 1
¢(p,0,0,w) depends only on p, 6, o, w, and o is a small positive number taken in such a way

that w € By_,(I).

Necessity. We consider the case 1 < p < co. The proof of the case 0 < p < 1 is the same.
Suppose that (3.1) holds. Since

0</w(:r)d;v vV r >0,
0

there is a number ¢, € (0,p — 1] such that

r 1 r 1

p—¢ p—er

sup <se/w(:c)dx> (5?/w(m)dm> .
0<e<p—1 9

Hence, taking f.(z) = x(o,)(7), we have

0

On the other hand, for f,. we have

1

p=o o
p(i? dx) > reker <

S

8

O0<o<p—1

1
_0
WH oy = | sup row(/
’

Taking (3.1) into account, we find

where the positive constant ¢ is independent of 7.

Consequently,
1 1 1 r
rp/ _w(x)dx = pPerter / 710(:6) dr < rp_aT/ w(z) dx < c/w(x)d:v.
xp xp_5r+ar 1'p_57“
r r r 0
Finally, we conclude that w € By (). O
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To prove the following statement we need some lemmas.

Lemma 3.1. Let 1 < p < oo, and let w be a weight on I. Then the following conditions are
equivalent:

(i) the inequality
1

w({xel:Hf(x)>\}) < %/fp(t)w(t)dt
0
holds for all nonnegative f;

(i) the inequality

1 1
[y <c [ e
0 0
holds for all nonnegative f;
(iii) the condition
/v’

s /pp T 1
1 / / 1-p/ / p
su — | w(z)dx w P (z)dx <o0o,p = —, 3.2
0<r<§<1 Lp (@) ] [0 () ] P p—1 3:2)

T

is satisfied.

The proof of this lemma can be found in [22] in the case R, but the arguments remain also
valid for I. We omit details.

Lemma 3.2. Let 1 < p < co. Suppose that w is decreasing on I. Then w € By(I) if and

only if y Uy
r ppoT P
sup ! /w(w)da: /wl_p/(:c)dm <oo,p = P (3.3)
o<r<1 T ; p—1

0

Proof. Sufficiency. First of all, we note that (3.3) implies (3.2). Now Lemma 3.1 completes
the proof of Sufficiency.

Necessity. Let us now show that if w is decreasing on I, then the condition w € By ([) implies
(3.3). For this purpose it suffices to show that the boundedness of H in Lﬁec’w(I ) yields (3.3).
We follow the proof of Theorem 1.10 in [18]. Suppose that

Far (@) = w0, P (@)X (0, (@),

where
w(x),w(x) > 1/n,
wp(z) ==
1/n, w(z)<1/n
Since fy, is nonincreasing, it follows that Hf,, is nonincreasing. Hence, by using the
boundedness of H in L (I) we find that

dec,w

F/Tw}l—p'(x)dxr/rw(x)dx < /T(anm(x))pw(x)da: < c/rw,ll_pl(x)dx.

r
0 0 0 0

633



Consequently,
T p—1 T
Tip!/w}@_pl(ﬁ)dx] /w(x)dx <C.
0
Passing now to the limit as n — co we have the desired result. O

Corollary 3.1. Let 1 < p < o0, and let w be a decreasing weight on I. Then the inequality
(3.1) holds if and only if (3.3) is satisfied.

4 Applications to Fractional Integrals
and Maximal Functions

In this section, we apply the main result of Section 3 to derive criteria for the boundedness

of Ry from LP? (I) to L) ’0(1 ) and to establish necessary and sufficient conditions for the

dec,w
boundedness of M in weighted grand Lorentz spaces Aﬁ)) 2

Theorem 4.1. Assume that 0 < p < oo, 8§ >0, and 0 < a < 1. Suppose that w is a weight
on I. Then the inequality

1Rafllgoqy < OMlino
holds if and only if w € By(I).

Proof. The proof of this theorem is based on Theorem 3.1 and the pointwise estimates

cillof(z) <Hf(z) < caRaf(x), [, f20, (4.1)

where the positive constants ¢; and ¢ are independent of x and f.

For the sake of completeness, we prove (4.1). The left-hand side estimate in (4.1) follows
from the inequalities

/2 T
(Rof)(x) = z® / %dt—l—xa / %dt
0 z/2

x/2
<2 [ fnar+ 25w/ < C(Hf(:v) L f@/2) / dt) < CHf(x),
0

X
0

where the positive constant C' depends only on a.
The right-hand side estimate in (4.1) can be checked immediately since (x — )*~!

for 0 <t < z. In fact, cg = 1. O

Theorem 4.2. Let 0 < p < co. Suppose that w is a nonnegative function on Ry such that
supp w C I and w € L(I). Then the operator M is bounded in Aﬁ,)’e if and only if w € By(I).

634



Proof. Sufficiency follows from the pointwise inequality (cf., for example, [23, P. 122]):
(Mg)*(x) < An(Hg")(z), x>0,

and Theorem 3.1.

Necessity follows from Theorem 3.1 and the fact that if f is a nonincreasing function on R,
then
(Mg)*(t) > 4™"A - Hf(t), t>0,

for g(z) = f(A|z|™), x € R"™, where A is the volume of the unit sphere in R™ (cf., for example,
[18] for details). O
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