Turkish Journal of Mathematics

Volume 38 | Number 1 Article 11

1-1-2014

Kernel operators on the upper half-space: boundedness and
compactness criteria

USMAN ASHRAF
MUHAMMAD ASIF

ALEXANDER MESKHI

Follow this and additional works at: https://journals.tubitak.gov.tr/math

6‘ Part of the Mathematics Commons

Recommended Citation

ASHRAF, USMAN; ASIF, MUHAMMAD; and MESKHI, ALEXANDER (2014) "Kernel operators on the upper
half-space: boundedness and compactness criteria," Turkish Journal of Mathematics: Vol. 38: No. 1,
Article 11. https://doi.org/10.3906/mat-1209-21

Available at: https://journals.tubitak.gov.tr/math/vol38/iss1/11

This Article is brought to you for free and open access by TUBITAK Academic Journals. It has been accepted for
inclusion in Turkish Journal of Mathematics by an authorized editor of TUBITAK Academic Journals. For more
information, please contact academic.publications@tubitak.gov.tr.


https://journals.tubitak.gov.tr/math
https://journals.tubitak.gov.tr/math/vol38
https://journals.tubitak.gov.tr/math/vol38/iss1
https://journals.tubitak.gov.tr/math/vol38/iss1/11
https://journals.tubitak.gov.tr/math?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol38%2Fiss1%2F11&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol38%2Fiss1%2F11&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.3906/mat-1209-21
https://journals.tubitak.gov.tr/math/vol38/iss1/11?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol38%2Fiss1%2F11&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:academic.publications@tubitak.gov.tr

Turkish Journal of Mathematics Turk J Math
(2014) 38: 119 — 135

© TUBITAK
TUBITAK Research Article doi:10.3906 /mat-1209-21

http://journals.tubitak.gov.tr/math/

Kernel operators on the upper half-space: boundedness and compactness criteria

Usman ASHRAF!Y*, Muhammad ASIF?, Alexander MESKHI?
'Department of Mathematics, COMSATS Institute of Information Technology, Abbottabad, Pakistan
2Centre for Advanced Studies in Pure and Applied Mathematics Bahauddin Zakariya University, Multan, Pakistan
3A. Razmadze Mathematical Institute of I. Javakhishvili, Tbilisi State University, Thilisi, Georgia

Received: 11.09.2012 . Accepted: 14.03.2013 . Published Online: 09.12.2013 ° Printed: 20.01.2014

Abstract: We establish necessary and sufficient conditions on a weight v governing the trace inequality
1K fllpazy < Cllfllee s,

where F is a cone on a homogeneous group, E:=Ex R4+ and Kisa positive kernel operator defined on E. Compactness

criteria for this operator are also established.

Key words: Operators with positive kernels, upper half-space, potentials, homogeneous groups, trace inequality,

boundedness, compactness, weights

1. Introduction

Our aim is to establish LP(E) — L4 (E) boundedness/compactness criteria for the generalized integral operators

K f(e.t) = / by, 0 f @)y, (x.t) € B, (1)

Er(e)

where E,. ;) and E are certain cones in a homogeneous group G, and FE:=FEx R, . Here k {(z,y) e EXE:

r(y) < r(x)} x [0,00) = Ry is a kernel and v is an almost everywhere positive function on E (i.e. weight). It
should be emphasized that the results are new even for Euclidean case G = R™.
The problems studied in this paper can be considered as a natural continuation of the investigation

carried out in [3] (see also [21], Ch. 3), where the authors derived the similar results for the operator

Kf@) = [ ey, o< E.
ET(]?)
defined on cones of homogeneous groups.
Our conditions on the kernel k are similar to those introduced in [20] (see also [5], Sec. 2.10) for one-
dimensional cases and include kernels of variable parameter fractional integrals on the half-space. In that paper

appropriate examples of kernels defined on Ri were also given.

*Correspondence: gondalusman@yahoo.com
2010 AMS Mathematics Subject Classification: Primary 26A33, 42B25; Secondary 43A15, 46B50, 47B10, 47B34.
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We point out that the trace inequality

Mo f]

rixry) < Ollfller), 1<p<g<oo,

where €2 C R™ is a domain and

/\x—y|+ T f(y)dy, 0<a<mn,
Q

was characterized by Adams [1] (see also [8] for a more general case).

A complete description of a weight pair (v,w) ensuring the 2-weight inequality for I, in the case
1 < p < ¢ < oo was established in [7]. Sawyer-type necessary and sufficient conditions governing the 2-
weight boundedness of I, and corresponding Hormander-type maximal operator were obtained in [26]. In
[12] necessary and sufficient conditions governing the trace inequality /compactness were derived for truncated
potentials defined on R™ x R, .

Such fractional integral operators defined on the half-space arise in the study of boundary value problems
in PDEs, particularly in polyharmonic differential equations. Some applications of the operator I, in weighted

estimates for gradients were presented in [30], p. 923.

The LP — L% (p < q) boundedness/compactness criteria for one-sided potentials

were found in [18] (see also [24]). That result was generalized in [20] for kernel operators involving, for example,
Riemann—Liouville, power-logarithmic, Erdelyi-Kober, and Hadamard kernels (see also monograph [5], Ch.2).
In [19] the third author of this paper derived trace inequality criteria for one-sided potential operators

defined on the upper half-plane

dy, (z,t) € R2.
/$*y+tlay (1) € Ry
0

We refer also to [5], Chapters 9 and 10, for these and more general results.

The 2-weight problem for higher-dimensional Hardy-type operators defined on cones in R™ involving the
kernels from [4] and [22] was studied in [9] and [29]. A similar problem for Hardy-type transforms on star-shaped
regions was investigated in [27]. It should be emphasized that the results of [20] were generalized in [16] for
kernel operators defined on star-shaped regions.

Finally, we point out that 2-weight theory for positive kernel operators involving Hardy-type transforms
and fractional integrals was delivered in the following well-known monographs: [11], [15], [17], [23], [25], [5],
[13], etc.

2. Preliminaries

We begin this section with the definition of a homogeneous group.
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A homogeneous group G is a simply connected nilpotent Lie group G on which Lie algebra g is given
a one-parameter group of transformations 0; = exp(Alogt), ¢ > 0, where A is a diagonalized linear operator

on G with positive eigenvalues. For G the mappings expo d; oexp™!, ¢ > 0, are automorphisms on G, which
will be denoted by §;. The number @ = trA is called homogeneous dimension of G. The symbol e will stand
for the neutral element in G.

It is possible to equip G with a homogeneous norm r : G — [0, 00), which is a continuous function on G

and smooth on G\ {e}, satisfying the following conditions:
(i) r(z)=r(z7?) for every z € G;

(ii) r(0px) =t-r(x) for every z € G and t > 0;

(iii) r(z) =0 if and only if x = e;
(

iv) there exists ¢y > 1 such that
r(zy) < co(r(z) +r(y), »yed.
A ball in G, centered at x and of radius p, is defined as
Bz,p) ={y € G:r(zy™") < p}.

It can be observed that 6,B(e,1) = B(e, p).

Let us fix a Haar measure |-| in G so that |B(e,1)| = 1. Then |6;F| = t?|E|; in particular, |B(z, s)| = s%
for x € G, s>0.

Examples of homogeneous groups are Euclidean n-dimensional space, Heisenberg groups, upper triangu-
lar groups, etc (see [6] for the definition and basic properties of homogeneous groups).

Let S be the unit sphere in G, i.e. S:={x € G:r(x) =1}. The next statement is useful for us.

Proposition A ([6], p. 14) Let G be a homogeneous group. There is a (unique) Radan measure o on S

such that for all u € L*(Q),
/u(w)dm = //u(ésy)sQ_lda(g)ds.
G 05

Furthermore, let A be a measurable subset of S with positive measure. We denote by E a measurable

cone in G:
E={zeG:2=0:T,0<s<00,T €A}

We denote
E,:={ye E:r(y) <t}

Now we define the kernel operator given by (1), where k(z,y,t) is a nonnegative function defined on
E:={(z,y) e ExE:r(y) <r(z)} x R,.

In the sequel we will also use the notation:

Sy = r(x)/2co>s F, = r(zx) \ST7

.Z%Z:.FX[O,OO)7 )\/ =
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where the constant cy is from the triangle inequality for the homogeneous norm r, F' is a measurable subset
of G, and X is a number satisfying the condition A € (1, 00).

Let Q be a measurable subset of G and let w be an almost everywhere positive function (i.e. weight) on
Q. Denote by LP (Q2) (0 < p < 0o) the weighted Lebesgue space, which is the space of all measurable functions
f:Q — C with the finite norm (quasi-norm if 0 < p < 1):

1/p
£z = | [Pt
Q
If w=1, then we denote L? (Q) by LP(f).
Now we introduce a class of kernels defined on E.
Definition 1 We say that the kernel ke VA, 1< A< oo, if
(i) there are positive constant ¢; and co such that
]%(:E,y,t) < Clk(xvél/@co)x»t) (2)
for all z,y € E with 0 < r(y) <r(x)/(2¢p) and t > 0;
]%('rayat) > CQk(I751/(200)I7t) (3)

forall x,y € E with 0 < r(x)/(2¢o) < r(y) <r(z) and t > 0;

(ii) there exists a positive constant cs such that for oll x € E and t > 0

/];‘A/ (l‘,y,t)dy <ecs (r(x))QI%X (xaél/(2c0)$7t)' (4)
Fy

Such conditions for kernel operators defined on the semi-axis first appeared in [20].
Remark 1 It can be checked easily that if k € Vy, then vk € Vy, where v is a weight on E.

Example 1 Let G = R™ and let X be a number greater than 1. Suppose that r(z) = ||, 6z = tx, k(z,y,t) =
(le—y[+1)

Indeed, first observe that in this case co = 1. It is easy to check that (2) and (3) are satisfied for k. Let
us verify that (4) holds. Denote

a(x)_", where a(-) is a measurable function satisfying the condition n/A < a(x) < n. Then keVy.

a(z)—n)\
I(z) := / (|x—y|+t)( (@)=n) dy.
Bz \E|z|/2

(i) Let t > |x|. Then we have
(a(z)—n)N |, .|n (e(@)=n)N' | p Iy n
I(z) <ct 2" < c(t + |z|) |z|™ < ck? (z,2/2,t)|x|".
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(ii) Let now t < |x|. Then

I(z) < / |z — y|(a(m)_n)’\ldy < c|x|(°‘(x)‘")’\,+”
Eya|
S C(t + ‘I|)(Q(I)7n))\,+n S C]%)\/ (I7x/2,t)|x|n
Finally we see that (4) holds. -

Let
Hi(x) = / J)dy, @€ B,
E,(a)

be the Hardy—type transform defined on a cone E.

Proposition B ([3]) Let 1 < p < g < oo. Suppose that E is a cone in a homogeneous group G. Then the
operator H is bounded from LP(E) to Li(E) if and only if

1/q

A :=sup / u(z)dz s@ < .
s>0
g E\E,

For the next statements we refer to [17] (see Sec. 1.3.2) in the case of 1 < ¢ < p < o0, and [28] for
O0<g<l<p<oo.

Proposition C Let 0 < g <p < oo and let p > 1. Suppose that w=?" s locally integrable on Ry . Then the
inequality

1/p

oo @ q 1/q o
O/ o(e) / AR EY: / frayw@)ds | f=0

holds if and only if

o0 oo ¢ g—177/(P—a) (r—a)/(pa)
/ /11(36)0391j /wl_p/(x)dac w' P (t)dt < 00
0 t 0

The next lemma is well known (see [2] and [14], Sections 5.3 and 5.4), which is formulated here for the

special case.

Proposition D Let 0 < g < oo, 1 <p < oo, and ¢ < p. Suppose that v and w are almost everywhere positive
functions defined on E and FE, respectively. If the kernel operator

Apf(e.t) = / a(e, .0 f W)y, (2,0) € E

E
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is bounded from LP(E) to Li(E), then Ag is compact.

Now we prove the next statement.

Lemma 1 Let 1 <p<q< oo, v be a weight on E. Then the 2-weight inequality

I m( [ o) dxdt)”zc( /W(x»pdx)”p, i,
7 E

E 7(L)

holds if and only if

N 1/q
sup( / /v(a:,t)dtdx) 597 < 0. (5)
>0

E\E, 0

Proof Necessity follows immediately by taking test functions f(y) = xg,(y) in the weighted inequality.

Let us denote

o

V(z) = /v(x,t)dt.

0

For sufficiency, observe that (5) together with Proposition B implies

sy = | / <vatdt>< [ 0 dy)qdﬁr/q

Er(x)

vl ] ra)s]”

Er ()

o /W)dm)””

E

IN

The next statement can be found, for example, in [10] (see Ch. 11, Section 4).

Lemma 2 Let 1 <p,q < oo and let (X,u) and (Y,v) be o-finite measure spaces. If
H||a(x7y)||Lﬁ’(X)”L3(Y) < 00,

then the operator

Af(x) = / oz, ) (v)du

X

is compact from LF(X) to LE(Y).
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3. The main results

We begin this section with the boundedness result.

Theorem 1 Let 1 <p < g < oo and let ke Vp. The following statements are then equivalent:

(1) K is bounded from LP(E) to LI(E);

® 1/q
ii B :=sup v(x, t)k4(x, 01 /(2¢,) 2, t)dtdx sQ/P" < oo
/(2¢0)
5>0 BVE, 0

7 1/q
(iil) Bj := sup( / /v(x,t)kq(x,51/(260)x,t)dtd$) 2kQ/P < .
keZ
Eyk+1\Eox 0

Proof Taking Remark 1 into account, without loss of generality we can assume that v = 1. First we show
that (ii) = (i). Let f > 0. We have

R R q
By = o f (Mo 0swa) dod
E

x

+c/ (/k(x,y,t)f(y)dy)qudt

B F

= CIl +CIQ.

Lemma 1 and the condition & € Vp yield that

. q
c/kq(z,él/(QCO)x,t)< / f(y)dy> dxdt

E Er(a)
Bq(/f ( )d )Q/P
c P(y)dy .

E

Applying Holder’s inequality and the condition ke Vp, we find that

I, < /(/fp(y)dy>Q/p(/l%p/(x,y,t)dy)q/p/da;dt

E P Fy

. , q/p
< e / kq(o:,51/<zco>x7t>(r<:c>)Qq“”( / fp(y)dy) dadt

E E.(x)

I

IN

IN
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< cZ( / /l%q(x,(;l/(QCO)x,t)dxdt)
REZ Vg By 0
q/p
(] ) e
Eyk+1\Eqk
<

B 1% .

Now we prove that (i) = (iii). Let fi(z) = x&,.,, (z). Then || filrr(z) = c2F@/P | where ¢ does not

depend on k. Furthermore, by the condition k € VP (in particular, by (3)), we have

< q
KA, 5 2 / /(/k(%.%t)dy) dtdz
0 F,

Eykt1\Eyk «
> ¢ / /kq(x,zﬁ/(ko)azt) (r(x))qutdx
Eykt1 \Ezk 0
<

c( / /kq(a?,él/(QCD)x,t)dtdx> 2kQa

Eyki1\Ey O

Hence, we conclude that (i) implies (iii).

To prove the implication (iii) = (ii), we take s > 0. Then s € [2™,2™*1) for some integer m. Then

(//k‘q(x,51/(2C0)x,t)dtdm>qu/’)/

E\E, 0
)

SC( / /kq(x’61/(200)17;t)dtd3:)2qu/p’
E\Eym 0

e Z ( / /kq(x»‘sl/(zco)x,t)dtdx) omQa/p’

k=m g 1 \Ey 0

< CB;Qqu/p/ Z 9—kQq/p’ < eBY.

k=m

Hence, B < Bj. O

The compactness result reads as follows:
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Theorem 2 Let 1 <p < q < oo and let ke Vp. Then the following statements are equivalent.

(i) K is compact from LP(E) to L1(E);
(il) B< oo and lir% B(s) = lim B(s) = 0, where B is defined in Theorem 1 and
S—> S o0

I 1/q
B(s) := ( / /v(x,t)kq(x,él/@%)x,t)dtdx) 597

E\E, 0

(iii) By < oo and klim Bi(k) = lim Bj(k) =0, where By is defined in Theorem 1 and
——00

k—+4oco

n 1/q
By (k) = ( / /v(m,t)kq(x,él/(gcg)m,t)dtdx) 2kQ/P"
E,kt1\Ey O
Proof Due to Remark 1 we assume that v = 1. Let us first we show that (ii) = (i). Denoting E; = E; x R,

we have that
Kf(z,t) = xp, (@)K f(@,0) + xp\ 5, (. 0) K f(2,1)
X, (@ DR (FX g, o, ) (@0 + X, (@ DK (X0, ) (@0 1)
= K\ f(x,t) + Kof(z,t) + Ksf (z,t) + K4 f (x,1),

where 0 < a < b < 0o. It is obvious that

K2f($7t) = /k*(:my,t)f(y)dy,

E

where k*(z,y,t) = Xp,\ g, (T, )X E, ., (¥)k(2,y,t). Now observe that the condition k €V, yields

/ </ (k*(x’y’t))pldl»’)q/pldxdt
B / (/(]%@’y’t))pldy)q/p/dxdt

E)\E, Er

S

. , a/v’
< c/ < / (k;(x,y,t))pdy) dxdt
ENE, Er@y/2
. N7
+c/ < / (k(a:,y,t))pdy> dxdt
EN\E,  Er@)\Er(a)/2
2q Qa/v’
< ¢ / k(x751/(200)x,t)(r(x)) dxdt
Ey\E,
< cpQulv / l%q(x,(sl/(gm):c,t)dxdt < 00.

Eb\Ea
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Hence S < oo and, consequently, by Lemma 2 we have that K is compact for every a and b. In a

similar manner we conclude that K3 is also compact. Furthermore, taking into account arguments used in the
proof of Theorem 1, we find that

1/q
|K,]| < eB@ .= csup( / kq(x,él/(gc()):r,t)dxdt> s@/P
s<a
T BJ\E.
1/q
A ~ 1/p
|Ksll < cBgy:= czg;;( / kq(x,(Sl/(gCO)x,t)dxdt) (SQ — bQ) v

E\E,
Hence,
1K — K1 — Ka|| < |[Ka|| + | K5l < (B + Bgy) =0
as a — 0 and b — oo because lim B(t) = lim B(t) = 0.
t—0 t—ro0
The implication (iii) = (ii) follows in the same way as in the case of the implication (iii) = (ii) in the
proof of Theorem 1; therefore, we omit the details.

Now we prove that (i) = (iii). Let us take f;(y) = XE,, i \E (y)2779/P. Then for ¢ € LP(E), we

20=1/¢cq

have

[ nwewal< ([ |¢><y>1”dy)l/p/—>o
E

Eojt1\Eyj—1 ¢,

as j — —oo or j — +0o. On the other hand, condition (3) implies

1/q
& fill sy > ( / (Kfj(m,t))qdmdt)
Epji1\Ey;
. q 1/q
> C{ / kq(x,51/(200)$7t)(/fj(y)dy> dl’dt]
Eyir1\Ey; Fo
. ) , 0 1/q
> C< / kq(£,51/(2c0)x,t)23Q‘I/p (r(x)) qudt)
E2j+1\E21
~ /g
> C< / kq($751/(2c0)$,t)) 2/94/P — ¢B(j).
Eyit1\Eyj

By virtue of the fact that the compact operator maps weakly convergent sequence into a strongly convergent
one, we conclude that (i) implies (iii). O

Let us now consider the case ¢ < p.

Theorem 3 Let 0 < ¢ < p < oo and let p > 1. Suppose that k € VP. Then the following statements are

equivalent.

128



ASHRATF et al./Turk J Math

(i) K is bounded from LP(E) to Li(E);
(i) K is compact from LP(E) to Li(E);
(i)
=] R, s
D = [/( / U(y,t)kq(y,él/(gco)y,t)dydt> (r(x)) P=1 dx < 00.
B B\B.)

Proof Due to Remark 1, without loss of generality we assume that v = 1. Let us prove that the implication

(iii) = (i) holds. Let f > 0. Keeping the notation of the proof of Theorem 1 and taking Proposition A into

q
KUz, 01 )(200)Ts t (/f dy) dx

/
= c/ </l%q(x,§1/(260)x7t)dt) </f(y)dy)qu
/

account, we see that

I

IN

- ofral fro)e

Sa
s/2co

— /SQ 1[/ (6,%)do (T H / TQ—1</f(6Ty)da(y)>dT]qu

0 A 0 A

oo

c / @(s)( 0 F(T)dT)qu,

0

IN

where

o0

/I%q(z761/(200)x3t)dt;

0

El
8
N~—
Il

B(s) = sQ-1 / (0,7)do (T);

A

F(r) = 797" [ f(6:9)do(y).
/

Now observe that

o0

7 p/(p—a) (p—a)/(pa)
UQ1< //kq(yﬁl/(zco)y,t)dtdy) SQ”(“)/(”q)dS}

0 E\E, 0

oo p/(p—q) (p—a)/(ra)
= {/st(q—l)/(p—q)'f'Q—l( / U(y)dy> ds}
0

E\E,

D

v
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x s p/(p—a) 7(—a)/(pa)
- [/SQp(q—l)/(P—q)-s-Q—l(/5(8)(15) ds]
0 s
<, x p/(p—q) ; ) pla—1)/(p—q)
= c{/ (/6(3)d$> (/T(Q_l)(l_p)(l_p)dT)
0 0

S

, (r—q)/(rq)
« $(@-D(-p)(1-p )ds] .

Consequently, Proposition C, Holder’s inequality, and Proposition A imply

i a/p
I < c(/s(Ql)(lp)(F(s))pds>

0

[e%s) P q/p
_ C[ S(Ql)(lp)+(Ql)P( f((ssx)dg(x)> ds}

/ /

i -1 P(5.%)do (T sq/p
c[o/sQ (A/f(és)d()>d}

= el -

IN

Furthermore, due to Holder’s inequality and the condition ke Vp we find that

alp ;o a/p’
I, < /(F/fp(y)dy) </k (g:,y,t)dy> dadt

x x

E
qa/p ,
< ¢ ( fp(y)dy> ffq(ﬂﬁ,51/(200)$,t)(7“(x))QQ/p dxdt
/ P{

E

< CZ ( / //Acq(:m(51/(2c0)a:,t)(r(x))QQ/p/dtdx>
K€L g I\E,. 0
a/p
([ row)
Eort1\Eyk—1,,
q/p
< JX [ rww

k€lp N\

2k—=1/¢q
Qa/v’ p/(p—q)7 (p—q)/p
X [Z ( / o(z)(r(z)) ur da:) }
keZ Eys i\ By

=: C”fH%p(E)(E)qa
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where

5. {Z < / U(JI)(T(,I))Qq/pldl‘> p/(p—q)} (P—Q)/Pq'

KEZ N | \B,.

Furthermore, it is clear that

(ﬁ)Pq/(P—Q)

IN

p/(P—q)
ngkczq(p—l)/(p—m( / v(x)dx>

Z
ke Eykt1\Eyk

p/(p—q)

CZ / (T(y))ka(ql)/(pQ)< / v(ac)dx) dy

FELE  \Eyk E\E,

r(y)
_ / (r(y)) *@P D/ =0

E

7 p/(p—a)
X ( / /kq(x, 01/(2¢0) s t)dtda:) dy

E\Er(y) 0

IN

_ cDPY (=9 ~

Now we show that (i) = (iii). Let n € Z, n > 2, and let

(/ﬁi T, 01/(2¢0)T t)dt>XE,L\E1/,,( )-
0

Suppose that

fu(x) ::< / Un(y)dy>1/(p_q)(T(x))Q(p—l)/(P—q).

E\E; ()

Then

p/(p—q) 1/p
[fallrmy = [ / < / )dy> (T(x))czpml)/(pq)dx]
E

E\E,(2)

= |:/XE7L\E1/1L (
E

-0/, 17
(r(z)) da:] < 00.

oo

. p/(p—aq)
k9 (x, 01/ (2¢0), t)dtdy>
E\E, () 0

X
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Furthermore, by the condition & € V, (in particular, by (3)), we have that

20— {/ (/fn(y)k(%y,t)dy)qudt} B
B

1K /|

1/q

Y
o
1
/N B —
o~
S}
8
(o9
S
~
©
S
8
-~
S~—"

q/(p—q)
> / Un(y)dy> (’]"(.’L’))Qq(p_l)/(p_q)dmdt]

= c{/ <b/l%(x,51/(260)x,t)dt>

E
q/(r—q) 1/q
— —1 —
" ( / B (y) dy) (T(x))Qq(p )/ (p—q) dm}

E\Er(w)
q/(p—q) 1/q
_ B e
> C{/im(:@( / vn(y)dy) ( (x))Qq(p )/ (p q)dx]
E E\Er(x)
7 a/(p—q)
0 E\E,
/
X (/vn((Ssx)da(x)) SQq(p—l)/(p—q)dx}
A
i qa/(p—q)
B C{ / ( / e / vn(éTy)da(y)dr> sQ1
0 S A
1/q
x </Un(5sx)da(x)> SQq(pl)/(pq)ds]
A
T p/(p—a) 1/q
B C{/( /TQ_l/Un(éTy)do(y)dr> SQq(p—l)/(p—@—lds}
0 s A
p/(p—aq) 1/q
_ C{ / (,,(x))czq@l)/(pq)Q( / vn(y)dy> dl,}
o EN\E, (2
—1)/(p— _ p/(p—q) 1/q
- c{/(r(x))%(q )/ (p q)( / Un(y)dy> dx] .
E E\E, (o)

Hence, the bondedness of K implies that
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p/(p—q) (p—a)/(prq)
[/ QP (¢=1)/(p— ‘1)( / 5n(y)dy) d,’L‘:| S c.
E

E\E, ()

Passing to the limit as n — oo, we conclude that D < oco.

Finally, Proposition D implies (i) < (ii). O

Remark 2 Taking Remark 1 into account, it is possible to formulate the main results of this paper in the

equivalent form in terms only of the kernel k.

Remark 3 Suppose that
Kf@) = [ Haw)iy, zer
r ()

® 1/q
( 0/ — th> . (8)

Definition A [3] Let k be a positive function on {(z,y) € E X E :r(y) <r(x)} and let 1 < X < co. We say
that k € Vy, if

(a) there exist positive constants c¢1, ¢z, and c3 such that

where

k(z,y) < crk(z, 61/(260)) 9)
for all x,y € E with r(y) < r(x)/(2co);
(b)
k(z,y) > cak(x,01/(2¢0)%) (10)
for all x,y € F with r(x)/(2¢0) < r(y) < r(x);
()
1 @y < car®@ (@81 o) ()
Fy
for all x € E.

Using Minkowski integral inequality and taking into account the main results of this paper and [3], it
can be checked that if k € Vp and k € V,,, where k is defined by (8), then the boundedness/compactness of
K from LP(E) to LY(E) implies the boundedness/compactness of K from L?(E) to L9(E). Furthermore, if

q¢<p,and k €V, then k € V,, where k is defined by (8). Indeed, let k € Vj,. Then (9) and (10) are obvious
for k, while Minkowski integral inequality yields

) n . a/e’ \P'/a )
/k(x,y)p dy < </ (/k(x,y,t)dy> dt) < esr(2)?k(, 61/ (200) 7, 1)
F, 0 F;

Consequently, for this p and ¢, the results of this paper follow from the results of [3].
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