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Fig. 1. Riesz square.
1. Introduction

The classical Riesz—Thorin interpolation theorem is a well-known result in harmonic
analysis, cf. [13,30] where, loosely speaking, we obtain boundedness results of certain
type of operators using the information on the endpoints. The geometric interpretation
of this fact is that if the operator is of strong type (pg,qo) and of strong type (p1,q1),
then it is of strong type (pg, gg) where the reciprocal of (pg, go) belongs to the line joining
the reciprocals of (pg, qo) and (p1,q1), viz.
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the schematic of this fact is called the Riesz square, as in Fig. 1.

A generalization of this theorem when the target space is a Morrey—Campanato space
was given by S. Campanato and M. Murthy in [6]. It should be noted that it is not
possible to prove Riesz—Thorin interpolation theorem when the domain space is a Mor-
rey type space; for example, E. Stein and A. Zygmund [31] constructed an example of a
bounded linear operator on H® and L? but not on L?, ¢ > 2 and BMO. Further results
on such a failure may be found in the papers by A. Ruiz and L. Vega [26] and O. Blasco
et al. [5], where there were given examples of operators bounded from LP#Ai to L%,
which are not bounded in the intermediate spaces. The Riesz—Thorin interpolation the-
orem in the framework of variable exponent Lebesgue spaces was first proved using the
abstract complex interpolation method of Calderén (cf. [8, Ch. 7]), and more recently by
P. Nguyen in his PhD thesis [22] via Thorin’s idea. For interpolation results for positive
operators in variable exponent Lebesgue spaces we refer to [7] (see also [9] for related
results).

Morrey spaces first appeared in 1938 in the work of C. Morrey [21] in relation to some
problems in partial differential equations. During last decade, Morrey spaces were widely
studied because of their proposed applications in various allied fields of sciences (see e.g.
[11]). For more details regarding Morrey spaces we refer to the survey papers [24,25].
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Function spaces with variable exponent are a very active area of research nowadays (see
e.g. [18,19]) and one of the reasons is the wide variety of applications of such spaces, e.g.,
in the modeling of electro-rheological fluids [27] as well as thermo-rheological fluids [3],
in the study of image processing [1,32] and in differential equations with non-standard
growth. Lebesgue spaces with variable exponent in the framework of quasi-metric mea-
sure space have also been studied by several authors, for which we refer to [14,12].

In this paper, we prove a variant of Riesz—Thorin interpolation theorem when the
domain space is the variable exponent Lebesgue space Lp(')(X ) and the target space is a
variable exponent Morrey space Lq(')J‘(')(Y) where X and Y are a quasi-metric measure
space (QMMS), where we adapt techniques presented in [6,22].

Throughout the paper constants (often different constants in the same series of in-

equalities) will mainly be denoted by ¢ or C; by the symbol p’(z) we denote the function
p(z)

p(z)—1"

¢ such that cja < b < cya.

1 < p(x) < oo; the relation a ~ b means that there are positive constants ¢; and

2. Preliminaries

Let (X,d,p) be a QMMS with a complete measure u such that the space of com-
pactly supported continuous functions are dense in Lt(X ). A quasi-metric d is a function
d: X x X — [0,00) which satisfies the following conditions:

(a) d(z,y) =0for all z € X.

(b) d(z,y) >0 for all x #y, z,y € X.

(c¢) There is a constant ag > 0 such that d(z,y) = agd(y, x) for all z,y € X.

(d) There is a constant a; > 0 such that d(x,y) < a1(d(z, z) +d(z,y)) for all x,y, z € X.

Let dx = diam(X) = sup{d(z,y) : z,y € X}. Let B(z,r) = {y € X : d(x,y) < r} be
the ball with center z and radius » > 0. We will assume that 0 < u(B(z,7)) < oo for
every ¢ € X and r > 0. It is obvious that the conditions dx < co and the assumption
that all balls have finite measure imply u(X) < co. For further literature on the subject
of quasi-metric measure spaces we refer e.g. to the recent book [4].

2.1. Variable exponent spaces
Let E be a measurable set in (X, p) with positive measure. We denote:
p~ (F) :=infp, pT(E) :=supp
E E

for a measurable function p on E. Suppose that 1 < p~(F) < pT(F) < co. We say that
a measurable function f on E belongs to LPC)(E) (or to LP(®)(E)) if
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Syer.e(f /»f " di

It is a Banach space with respect to the norm (see e.g. [15,20,28,29])

1]l 2o (i = in {n 5 0: Sy (%) < 1} .

For the following propositions we refer to [20,28,29].

Proposition A. Let E be a measurable subset of X. Suppose that 1 < p~(E) <
pt(E) < 0. Then

(i)
E
11 < Sue () < I 1oy < 1

E E
1715, < S (F) < IFI s 1oty > 1

(ii) Holder’s inequality

| [ @) du@)| < (5 + o) 1o lello
E

holds, where f € LP)(E) and g € Lpl(')(E)'

Proposition B. Let 1 < r(z) < p(x) and let E be a subset of X with u(E) < co. Then
the following inequality

1£1lror gy < ((E) + D fllLeer (g
holds.
The following lemma can be found in [8, p. 27].

Lemma A. Let E be a measurable subset of X. Suppose that 1 < p~(E) < pT(E) < co.
Then

11l ocr gy < Spey,e(f) +1

holds.
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Definition 2.1. We say that a p-measurable function p : X — [1,00) belongs to the class
P}LOg(X ) if the inequality

—A

Ip(x) — p(y)| < n pB(z, d(z, )

holds for all z,y € X such that uB(z,d(z,y)) < 1/2.

For the next lemma we refer to [24,18].

Lemma B. Let (X,d, ) be a QMMS with finite measure, and let p € P}f’g(X). Then

1

B ey < p(B,1))7.

The Morrey spaces LP()*()(Q) over an open set Q C R™ were introduced by several
authors more or less simultaneously: by A. Almeida, J. Hasanov and S. Samko [2],
V. Kokilashvili and A. Meskhi [16,17], T. Ohno [23] and X. Fan [10]. Let 1 < p(:) <
pT(X) < oo and 0 < A(:) < 1 be p-measurable functions. We say that a function
f € LPO)(X) belongs to LPOAC) (X)) if

1 (v)
Lo = sup — 2 / F)[PY duly) < oo.
p(-),A() reX,r>0 M(B(x7 r)))\(x) B(z,r) ‘ ‘

The norm on variable exponent Morrey spaces can be introduced in the following ways
(see e.g. [2,16,17,24]):

£l = inf {n > 0: Loy ae) (f/n) <1},

and

— (=)
- B EIoN
19l:= s B T fxnen |, g

and

1flls = sup (uBG ) TS 1o (e
z€X,r>0
It can be verified that ||f|[y = || f[l2. Further, if p € P)°8(X) then | f||, and || f[|2 are
equivalent to the norm || f||3 (see e.g. [24]). Therefore it is possible to introduce the norm
in several ways which are equivalent provided that the exponent satisfies some condition.
We define the norm on variable exponent Morrey space as:

[fllLrorno xy = ILflls-
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It is easy to see that if A\ = 0, then LP():0(X) = LP()(X). When p(x) = const and
A(z) = const then LP()AC)(X) coincide with the classical Morrey space LPA(X).

The next lemma gives the embedding of variable Morrey spaces into variable Lebesgue
space in case dx < oo. Here we present the proof of this lemma for the sake of complete-
ness.

Lemma C. Let (X,d,p) be a QMMS with p(X) < oo. Suppose that 1 < p(-) <
pt(X) < 00 and 0 < A(-) < 1. Then, LPOAO(X) — LPO)(X) and moreover for ev-
ery f € LPOA)(X), 2 € X and 7 > 0 we have

Aw)
1l e (B o,y < w(B(@,7) 2@ || fll Loerae) x)-

Further the following inequality

[ F0)90) an(w) < el Lzl 2.)
X

holds.

Proof. Suppose that f € LP(')”\(')(X). Let z € X and r > 0, then

A) 1
£l e B,y = #(B(@, 7)) 7@ —————5 [ fll Lr) (B(2,r))
w(B(z,r))re

< pu(B(z,r) 7@ | fll eeraor (x)-

Since p is bounded, hence taking supremum with respect to x € X and r > 0 we have
the following estimate

AN+
11l Lo ) < max{L, w(X)}5 ) Il oo x

< epapllfllzrorno (x)-

Consequently, via Holder’s inequality, for f € LP() and g € L¥'() there is a positive
constant ¢ such that

/f(y)g(y) dp(y) < el fllzeono xllgllr oo (2:2)
X

holds. O
3. Complex interpolation in variable exponent Morrey spaces

In this section, we prove the main result of this paper. We begin this section with an
auxiliary lemma.
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Lemma 3.1. Let (Xy,dg, ug) be QMMS for k = 1,2 and pe(Xs3) < oo. Let p1 and py be
bounded exponents and 0 < \(-) < 1 and let T : LP*O)(X,) — LP2()0A0)(Xy) be linear
and continuous. For k = 1,2, suppose that there are positive real number By and My,
measurable sets Ay with (A1) < oo and measurable functions my, by : X — R such
that — My, < my(zr) < My and 0 < bi(zx) < By, for almost every xy, € Xy. For z € S,
define

F() = [ T OO, ) ) ) ),
X2

where ay, k = 1,2 are positive real numbers. Then F is continuous and bounded on the
strip S = {z : 0 < Re(z) < 1} and analytic on int(S).

Proof. Let z, € X and z € C. Denote

ap(zg, 2) = aZlk(mk)erb’“(mk)XAk (zk)

and

a(xg, 2) — ag(zr, w)
z—w

Qr(zk, z,w) := — ag(zg, 2)my(zr) log a.

Therefore, we may represent F' as

F(z) = [ Tlar( Aa)an(oa, 2) dpala).

X2

Notice that for almost everywhere z € X the following point-wise estimate holds

ok (23, 2)| = ‘azlk(ﬂ?k)RC(Z)+bk(1k)aikmk(Ik)Im(Z)XAk (2x)
_ a;cnk(zk) Re(z)+bk(wk)XAk (xk)
< Dixa, (7r), (3.1)
where Dy, := max al.. Further, by virtue of (3.1) we have the following estimate,
te[— My, M+ By]
amk(zk)(wfz) _1
|Qk(wk, 2, 0)| = | (p, 2)] |- P — my (k) log a,
elmi(zr) log ap](w—z) _ 1
= |ag(zk, 2)| — my(zy) log ag
w—z

Z;io [me (k) 10§!ak(wz)]]] -1

= |ag (2, 2)] — my(xg) log ag,

w—z
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— Jau(on, || 3 sl top o (w = 27

=2

< Dixa,(7r) Z

Jj=2

= (M |loga ||w 2|)9
k kllw —
< Dy M2 |logak| |z — w|xa, (zk Z
7=0
= DkMk2| log ax ||z — w|eM’“| loga"‘”“’_z‘XAk (k) (3.2)

for almost every z, € Xj. Now for sufficiently small |z — w|, we have that
Dy M| log ax|?|z — w|eMrllog arllwv==] is no greater than 1. Thus,

Spr, ()% (@r (5 2,w)) 1= / | Qi (w2, w) [P dpg ()
Xk
< DkM,?| logak|2|z — w|eM"‘| log akllwiz'uk(Ak)
— 0, (3.3)

as w — z. Since (p},)T < oo, it follows that

I (1Qk (2, 0) o ) =0 (3.4)
Similarly,
q}}iglz @k (s 2, W) pow ) (x,) = 0 (3.5)

Taking into account (3.4) and the following inequality
||ak('7 Z) - ak('v w) ”Lp;c(')(Xk)

< 1o = ul 1k ) o o ma (ol o, )

we have

ilinzHak(WZ) _ak(Ww)HLP%(‘)(Xk) =0. (36)
Analogously we have

T (-1 2) — ()| ) = 0. (37)

Now we prove the analyticity of F:
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F(2) -~ Flw)
J Tlea(, 2)](z2)az (w2, 2) dpz(z2) — [ Tlaa (-, w)](22)az(z2, w) dpo(z2)
— X2 s
- / Tl (, 2)|(xa) a2 (@2, 2) — Tlon (-, w)](w2)az (@2, 2) dpa(2)
X o
N / Tloq (-, w))(z2)aa (w2, zi : z[al(-7w)]($2)a2(w2,w) dpa(z2)
X2
_ /T|:Oz1(-, zi : 31(-,10)} (z2) s (2, 2) dug(x2)
X2
+/T[m(',w)](m)[w(m,i:ZZ(m’w) dpz(22)
X
=1+ J
Denote

I = /T[al(-,z)ml(-)logal](mg)ag(xg,z) dps(x2)

and

J = /T[al(-,z)](:cg)ag(xz,z)mg(xg)loga2 dpz(x2).

We show that I — I’ and J — J' as w — z. Firstly, we show I — I’; using linearity of
the operator T along with the Lemma C we obtain

1= ‘ /T{O‘l(" 9= zl("w)] (w2) 0 (w2, 2) dpa()
Xo

= [ Tlaat2m () ogar)2)as(z, 2) daea)
X2

- ] [ @i mastes, ) duste)
X2

< CHT[Ql(') 2 w)](')HLPﬂ')v"(')(Xg) ||042(-, z) ||LP/2(‘)(X2)

S el Tl Lo (x1) 220020 () QLGS 2, W) [ Lo (e llea (5 2) | s )
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where c is the constant appearing in Lemma C. The desired result follows from Lemma A,
(3.1) and (3.5). To show J — J' again split J — J' as two integrals:

7= 0= [ Tlonwltan) | 22 =2

z—Ww
Xa

- / Tlou (-, 2)](z2) (w2, 2)ma(22) log az dus(w2)
X2

- / Tlon (-, w))(z2) [QQ(“’ 2) = 0208 0) o 4y, 2yma(az) log as | djia(a2)

zZ—w

+ /T[al(-,w) —a1(, 2)[(x2)as(xe, 2)ma(x2) log as dus(22)

Xs
= [ Tlonw))(a2)Qa(aa, 2, 0) da(a)
Xs
+ /T[Ofl(ww) — on (- 2))(w2) oz (w2, 2)ma(w2) log az dpa(22)
=: 51+ 55. -

By means of Lemma C, the boundedness of 7" and (3.1) we have the following estimate,

[1S1] < el Tlen (5 W) Ol praerae (x) 1Q2( 2, W) g0 xy)
S el Tl pmor (x)—rr0x0 () lea (s W)l (x) 1Q2( 2 )l oy )
<chy HTHLPI(‘)(Xl)%LP2(')v*(')(X2) ||XA1 () HLPI(‘)(Xl) ”QQ(v 2, w)HLp/Q(')(Xz).

(3.8)

Analogously,

‘S2| < C||T||Lp1(')(Xl)*)LPQ(‘)vA(Xz)

X ”al('a w) - 061(', Z) ”LPI(')(Xl) ||()é2(', Z)mQ() log as HLPé(')(X2) (39)

Now, expression on the right-hand side in (3.8) tends to 0 as w — z by virtue of Lemma A
and (3.4), while the expression on the right-hand side in (3.9) tends to 0 as w — z by
virtue of Lemma A and (3.6). Therefore, J — J', as w — z. Hence, F is analytic on
int(S); and F' = I’ + J'. Now we show that F is continuous in the entire strip S. In fact
we use the same technique as above:
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[F(2) = F(w)]

\ / [01(2) — @, )] @2)a (@ 2) dyia(2)

" / Tlon (-, w)] (z2)lon(@a, 2) — (2, w)] dus(e2)
X2

< C”T”Lm(-)(Xl)_)Lpz(-),/\(')(Xz)”al('vZ) - al('vw)HLpl(»)(Xl)Ha2('7Z)HLP'Z(-)(X2)
+ CDl||T||LP1(')(X1)*>LP2(~)V>\(')(Xz)||XA1(')||LP1(')(X1)HO[2('5 z) — s, w)||Lp/2(.)(X2).
As w — z in S, both terms in the above sum tends to 0 by virtue of Lemma A, (3.6)

and (3.7), proving the continuity of F' in S. Finally, F' is bounded in S. Indeed, by the
boundedness of T" and invoking Lemma C, Lemma A and estimate (3.1) we have:

[F(2)] < ellTlaa(; )l oacrner (xep) llaa (2 os0 )
< C”T”Lm(-)(xl)_)[,pz(»),A(»)(Xz) ||041('7 Z) HLm(-) ||O‘2('a Z)||LP’2(-)(X2)
< D1 Da||T|| o) (x7) 5 o230 () X1 (2o ) XA Ol s 0 )
< o0

which ends the proof. O

Finally, we prove the Riesz—Thorin theorem in the setting of variable Morrey spaces
defined on quasi-metric measure spaces.

Theorem 3.1. Let (X, ) and (Y,v) be o-finite, complete QMMS. For k = 0,1, assume
that 1 < pip(1),qr(-) < ¢ (Y) < o0 and 0 < Ay < 1. Suppose that we have a linear
operator T : LP*()(X) — LAY such that for all f € LP*()(X)

ITfll o aneer vy < Millfll poror (x) (3.10)
holds. For z € S:={z: 0 < Re(z) < 1}, define p,, q. and \, by

1 _ 1—z " z
p(z)  po(z)  pi(z)’
1 - 1—=z2 " z
¢:(@)  ql@) @)

and

=(1-2)

Then, given any 0 € (0, 1), the inequality
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1T fll aorratr vy < €My~ MY (| Fll oo ()
holds for every f € LP*C)(X).

Proof. Since T is linear, we may assume that f # 0, otherwise the inequality holds
for f = 0. By the homogeneity of norm and the scaling argument we may assume
£l o) (xy < 1 and show that

||Tf||Lq0(-)Ae(-)(y) < CM(}_GMle- (3.11)

We will show (3.11) for simple functions in X and since simple function are dense in
LPO)(X) we will have the estimate for all f € LP?C)(X).

Let us assume f,g are simple and complex valued function defined on X and Y,
respectively, by

fl@) =7 aze®xa, (),
j=1

g(z) = Z brePrx g, (),
k=1

where the a;j, by > 0 and o, B, € R, u(A;), u(By) < oo, and the {A;} and {By} are,
respectively, pairwise disjoint. Now define

M pe(z)
folw) = 3 a5 e, ()

i=1

ap(v)

n
g.(y) = Z b= Py, (1)
k=1

Finally, for every y € Y, r > 0 and z € C, we put

Fly,rz) = / T(f.(5))gs (5) du(s).
B(y,r)

Firstly note that for every 6 € (0,1), pg(y) € [1,00). Further for almost every = € X,

po(z) = % < pipf < oo and hence py(z) € [1, pdp]]. Moreover,

1 1 1 1
Py pi(z)  po(x) Po
for almost every z € X. Let ®1(x) := pp(z) {pl%x) — p0%$):| and ®g(z) := 2353 Hence,

regarding
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Po(2) &, (2)z + Bo(2)

as a linear polynomial in z and that ®; maps X to the interval [ pa ol pdpl] while
the map ®7 maps X to the interval [O,pa'pl] Analogously for % (xg, we have similar

estimates. Since we can write I’ as

F(y,r z) = izn: / T|a
I=VR=L By,

O xa, O) b e () d(s),

hence for almost every y € Y, Lemma 3.1 ensures that F' is analytic on int(S) and

continuous and bounded on S.
Since A; are pairwise disjoint and a; > 0, we have for z = it, with t € R

T opgta) po(z)
Spo(),B(y.r) (f2) = / 'ZG;Z(m)elaJXAj(:E) dp(x)
Blyr) 7!
pg(m)[ml(x Po(z)]lt+Po(z) 1(1 Po()
= a; Ixa,; (@) dp(z)
B(yr) 7=
i 11y rel®) po(x)
- / > aéjg(z)[mm pO(m)]H""(“’e’%‘xAj(fc) du(z)
B(y,r) 771
Z z) dp(x)
B(y,r) 771
) po ()
aseia, (@) du(o)
B(yr) 7=

pe(~),B(ym)(f)
<1

since HfHLpe()(X) < 1. Hence ||f:llzro0)(B(y,ry) < 1. A similar argument shows that

g1l atc By =1 for z = it. Now by Holder’s inequality, Lemma C and (3.10) we

have

Py, it)] < ' [ TUg avts)
B(y,r)

< C”szHL‘ZO(')(B(y,T))ng”Lqé(')(B(y,r))

< C||szHqu('>(B(y,r))
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Ao (y)
S CV(B(ya T‘)) 20() HTfZHLQO(’)f)\O(')(Y)

Ao (y)
S CV(B(ya T’)) 20() MOHszLPo(')(X)

Ao (y)

< v(By, ) M.

An analogous argument with Re(z) = 1 and with the exponents p; and ¢ yields

A1 (y)

|F(y,r,1+it)| < ev(B(y,r)) o M.

Finally, using Hadamard’s three lines lemma gives

2o ()

|F(y,r,0)] < cv(B(y,r)) o My~ M{.
Also,

sup [F(y, . 0) = T fllLao > (B(y,r))-

1910 s

Hence for almost every y € Y and r > 0 we have
“2el) 1-0 376
v(B(y,r)) @@ (| Tf| Lasr (py,m) < My~ My,
which implies that
ITf | ooty a0 vy < My~ MY
This completes the proof. O
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