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A. MESKHI

ON TWO-WEIGHT INEQUALITIES FOR MULTIPLE HARDY-TYPE
OPERATORS

(Reported on 02.09.2004)

In this note necessary and sufficient conditions on a pair of weights guaranteeing
two-weight inequalities for the multiple Hardy-type transform

T Y
_ f(t, 1)
Ropf(z,y) 0/0/ (zit)l_a(yiT)l_ﬁdth a,B>1,

are presented provided that the weight on the right—hand side satisfies some additional
conditions.

Let p be an almost everywhere positive function on a subset £ of R"™. We denote by
LY (E), 1 < p < oo, the set of all measurable functions f : E — R! for which the norm

1l sy = ( / If(z)\pp(z)d:v> w
E

is finite.

A solution of the two-weight problem for the two-dimensional Hardy operator
z Yy
Hof(z,y) = / / ft, T)dtdr, z,y > 0.
00
has been found in 1985 by E. Sawyer [13]. Namely he proved
Theorem A. Let 1 < p < g < oo. Then for the boundedness of the operator Ha from

LfU(Ri) to LY (R%r) it is necessary and sufficient that the following three independent
conditions are satisfied:

(i)
A =: sup (Hjv(a, b)) 9(Hao(a, b))l/p’ < 00, (*)

a,b>0

. l=p o P .
where o =: w P | pf = L=

p—1’
(i)
a

b
//(HQU)% < AY[Hyo(a, b)]P/T
00
for all a,b > 0;
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(iii)
[ [tzor'e < a7 (a1
a b

for all a,b > 0, where

Héf(a:,y)://f(t,T)dth, z,y > 0.
Ty

In her doctoral thesis A. Wedestig [17] derived a two-weight criterion for the operator
H> when the weight on the right-hand side is a product of two functions of separate
variables. In particular, she proved

Theorem B. Let 1 < p < ¢ < oo and let s1,s2 € (1,p). Suppose that the weight
function w on Ri has the form w(z,y) = wi(z)w2(y). Then for the boundedness of the
operator Ha from LE, (R%r) to LY (Ri) it is necessary and sufficient that

A(s1, s2) = t stup>0 Wl(tl)(sl*1)/”W2(t2)(52*1)/p><
1,01

%0 o0 e 1/q
><<//U($175E2)W1(5E1)” pre2 d11d12> < 00,

t1 to
where W1 (t1) = fgl w%fp/(:vl)dzl and Wa(t2) = f0t2 w%fp’(:vg)d:vg.

Earlier some sufficient conditions for the validity of the two-weight inequality for Ha
were established in [14] and [16].

Necessary and sufficient conditions on the weight function v on Rf_ governing the
trace inequality

o0 o0 1/ o0 o0 1/p
( / \Ra,gﬂz,y)wv(z,y)dzdy) SC< /] |f(z,y)\szdy> ,
0 0 00

1<p<g<oo,

for the Riemann-Liouville operator with multiple kernels R, g «,3 > 1/p, have been
obtained in [6]. Analogous problem has been solved in [7] for 0 < « < 1/p and 8 > 1/p
A solution of the two-weight problem for the one-dimensional Hardy transform

x
Hi@ = [
0
has been given by B. Muchenhoupt [11] for 1 < p = ¢ < oo; by V. Kokilashvili [4], J.

Bradley [1] and V. Maz’ya [9] (Ch.1) for 1 < p < ¢ < oo:

Later on F. J. Martin—Reyes and E. Sawyer [8] and V. Stepanov [15] established
two-weight criteria for the Riemann-Liouville transform

Raf(x):/#dy
0

for a > 1.

Criteria for the boundedness of Ry from LP(R4) to LE(R+) when 1 < p < g < oo and
o > 1/p have been found in [10] (see also [12]), while the similar result has been derived
inblforl<p<g<ooand 0< a<1/p(seealso [2], Ch. 2). When 1 <p<g< oo a
solution of the two-weight problem for potential operators has been given in [3].
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Definition. A nonnegative function p : Rﬁ_ — R! is said to be a weight function with
doubling condition uniformly with respect to x € R if there exists a positive constant ¢
such that for arbitrary ¢ > 0 and almost all > 0 the inequality

2t

t
/p(ﬂﬁ,y)dy < cO/p(w,y)dy

0

holds. In this case we write p € DC(y). Analogously we define the class DC(z).
The main results of the present note are the following statements:

Theorem 1. Let 1 < p < q < oo and let o, B > 1. Suppose that wl=? € DC(y).
Then the operator R, g is bounded from L%, (R ) to L (R2 ) if and only if

a b

wl—? (:c ) 1/p’ 1/q
i =: sup — "L dxd > (// dzd > < 005
® ab>0(// (a —z)(1-2) 4 Y-8 ﬁ)q 4

0

a b , 1/p'
(i) Az =: sup <//w17p (x,y)dxdy) X
a,b>0 o0

1/q
v(z,y)
<// (:vfa = qu(l ﬁ)qda:dy> < o0.

Moreover, ||Rqy g|| = max{Ay, A2}.

Theorem 2. Let 1 < p < g < oo and let o, 3 > 1. Suppose that wli=? € DC(z).
Then the operator Ry, g is bounded from L%, (R3) to L§(Ry) if and only if

_ 1/p’ : 1/q

: _. (z,9) v(z,y) ,

(i) Bi=: :;150 </ / (b—y)(1 5y d:cdy) (// - a)qd dy) < 00;
b

a 1/p/
(i) B =: sup </ / w (z,y dxdy) X
a,b>0 5

7 v(xvy) l/q
* < / / (y — b)A=-Bag(i—a)q dzdy) < oo.
a b

Moreover, || Ry, gl| = max{Bi, B2}.

Corollary. Let 1 < p < ¢ < oo. Suppose that wl=P e DC(z) or wi=? € DC(y).
Then the operator Hy is bounded from L%, (R3) to L$(R?) if and only if the condition
(*) of Theorem A holds.

More general form of this corollary is the next statement:

Theorem 3. Let 1 < p < q < co. Assume that the weight function wl=P satisfies
the condition

27 ok+1
sl , 1-p . , p—1
SU% <Z </w17p (x,y)dy) >< / wl™P (x,y)da:) < o0.
wez Si=k 0

Then the boundedness of Ha from L%, (R ) to L} (R%r) is equivalent to the condition (x)
of Theorem A.
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The following theorem states that if the weight function w has the form w(z,y) =
w1 (z)w2(y), then the boundedness of the operator Hz from L%, (R ) to L§(R3) is equiv-
alent to the first condition in the Sawyer’s theorem.

Theorem 4. Let 1 < p < q < oo and w(z,y) = wi(xz)wa(y). Then the operator Ha
is bounded from LY, (R3) to LE(R?) if and only if

a o 1/p b - 1/p
D =: sup </w17p (J:)dx) (/w27p (y)dy) X
a,b>0
0 0
X(//v(x,y)dzdy) < oo.

a b
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