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Abstract As shown in a previous paper by the same authors, the theory of Galois
functors provides a categorical framework for the characterisation of bimonads on
any category as Hopf monads and also for the characterisation of opmonoidal monads
on monoidal categories as right Hopf monads in the sense of Bruguieres and Virelizier.
Hereby the central part is to describe conditions under which a comparison functor
between the base category and the category of Hopf modules becomes an equivalence
(Fundamental Theorem). For monoidal categories, Aguiar and Chase extended the
setting by replacing the base category by a comodule category for some comonoid and
considering a comparison functor to generalised Hopf modules. For duoidal categories,
Bohm, Chen and Zhang investigated a comparison functor to the Hopf modules over
a bimonoid induced by the two monoidal structures given in such categories. In both
approaches fundamental theorems are proved and the purpose of this paper is to show
that these can be derived from the theory of Galois functors.
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1 Introduction

Bialgebras A over a commutative ring R induce an endofunctor A ® g — on the
category Mg of R-modules which has a monad and a comonad structure subject to
some compatibility conditions. To make the bialgebra A a Hopfalgebra the comparison
functor from M to the category of Hopf modules Mf‘ induced by A ® g — has to be
an equivalence (e.g. [5, 7.9]).

Since all these constructions are based on the tensor product in Mg, one may try
to extend the notions to monads 7 = (7, m, ¢) on (strictly) monoidal categories
(V, ®, I). To ensure that the Eilenberg—Moore category V7 is again monoidal, 7 has
to be an opmonoidal monad (e.g. [11]). Such functors consist of two parts: the monad
7T and a comonad — ® T'(I) on V induced by the coalgebra T (I) which are related by
a mixed distributive law (entwining) (e.g. [16, Section 5]). Then a comparison functor
between V and the category of the entwined modules determined by this entwining
(called right Hopf T-modules in [9, Section 4.2]) may be considered. [17, Theorem
4.7] gives a necessary and sufficient condition for this comparison functor to be an
equivalence of categories.

In [16], an entwining of a monad 7 = (T, m, e) and a comonad G = (G, §, ) on
any category A is considered, that is, a natural transformation A : TG — GT subject
to certain commutativity conditions (e.g. [21, 5.3]). Then the comonad G on A can be
lifted to a comonad G and the A-entwining modules are just the G-comodules in AT
(see Sect. 2.5). For a comparison functor K : A — (A7)C one requires commutativity
of the diagram

A—"=ap©

G
T iU
AT,

where ¢7 denotes the free 7-module functor and U the forgetful G-comodule func-
tor. In [16, 17] conditions are given which make K an equivalence.

This setting comprises the opmonoidal monads outlined above and it also applies
to the bimonads on arbitrary categories introduced in [21, 5.13], [15, Definition 4.1].
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Galois functors and generalised Hopf modules 201

To subsume the generalised Hopf modules studied by Aguiar and Chase in [1], one
has to add an adjunction L - R : A — B to the picture and observe that the resulting
adjunction ¢ L 4 RU7 generates a comonad on A7. Now the results from [16] can
be applied to the diagram

K o~

B—> (A7)Y

$rL l”g
AT.

This is outlined in Sect. 3 leading to the Fundamental Theorem of generalised Hopf
modules from [1].

Having made this extension, also the A-Hopf modules of a bimonoid A in a duoidal
category (D, o, I, *, J) and the related comparison functor considered by Bohm, Chen
and Zhang in [6] can be handled in our setting: roughly speaking, for a bimonoid A,
— o A defines a monad while — * A is a comonad on D and the two functors are related
by an entwining. Now it is fairly obvious how our techniques apply and at the end of
Sect. 4 we obtain the Fundamental Theorem for A-Hopf modules from [6].

2 Galois functors
2.1 Monads and comonads

Let 7 = (T, m, e) be a monad on a category A. We write

e A for the Eilenberg—Moore category of 7-modules and

nr,er o7 AU : AT — A
for the corresponding forgetful-free adjunction;

o Ar for the Kleisli category for 7" (as a full subcategory of A7, e.g. [5]) and o7
ut : A7 — A for the corresponding Kleisli adjunction.

Dually, if G = (G, 8, ¢) is a comonad on A, we write AY for the Eilenberg—Moore
category of G-comodules and

n9,69 .09 499 : A - AY

for the corresponding forgetful-cofree adjunction.

2.2 Comodule functors

Consider an adjunction 5,0 : F 4 R : A — B and a comonad G = (G, 4, ) on A.
The functor F' : B — A is called a left G-comodule (e.g. [15, Section 3]) if there exists
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202 B. Mesablishvili, R. Wisbauer

a natural transformation kr : F — GF inducing commutativity of the diagrams

KF KF
F ——>GF F ——=GF
\ igF KFi léF
F, GFT/{;-)GGF'

There exist bijective correspondences between

(i) functors K : B — AY with commutative diagram

BLAQ

A

(ii) left G-comodule structures kg : F — GF on F
(iii)) comonad morphisms ¢k : FR — G from the comonad generated by the adjunc-
tion F 41 RtoG.

These bijections are constructed as follows (e.g., [1, Proposition 2.5.1]): Given a
functor K making the diagram (Sect. 2.2(i)) commute, K (X) = (F(X), kx) for some
morphism ky : F(X) — GF(X) and the collection {«x,, x € B} constitutes a natural
transformation k¢ : F — GF making F a G-comodule. Conversely, if (F, kg : F —
GF) is a G-module, then K : B — AY is defined by K(X) = (F(X), (kr)x). Next,
for any (left) G-comodule structure kr : F — GF, the composite

R
tx : FR % grr 9% G

is a comonad morphism from the comonad generated by F — R to the comonad G.
On the other hand, for any comonad morphism ¢ : FR — G, the composite

F
cp: F 2% FRE LS GF

defines a G-comodule structure on F.
A left G-comodule functor F is said to be G-Galois provided ¢k is an isomorphism
(e.g. [16, Definition 1.3]).

Proposition 2.1 [13, Theorem 4.4] The functor K (in Sect. 2.2 ) is an equivalence of
categories if and only if

(i) the functor F is comonadic and
(ii) tx is an isomorphism (F is G-Galois).
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Galois functors and generalised Hopf modules 203

2.3 Module functors

For a monad 7 = (T, m, e) on A, a (left) T-module functor consists of a functor
R : B — A, equipped with a natural transformation «g : TR — R satisfying
ar-eR=1andag -mR =ar - Tag.

If (R, ag) is a 7 -module, then the assignment

X — (R(X), (@r)x)

extends uniquely to a functor K’ : B — Ag with U7 K’ = R. This gives a bijection,
natural in 7, between left 7-module structures on R : B — A and the functors
K':B — Ay withUrK = R.

For any 7-module (R : B — A, o) admitting a left adjoint functor F : A — B,
the composite

Tn arF
txr 2 T TRF RF ,

where n : 1 — RF is the unit of the adjunction F - R, is a monad morphism from
7T to the monad on A generated by the adjunction F - R.
A left 7-module R : B — A with a left adjoint F : A — B is said to be 7-Galois
if the corresponding morphism 7’ : T — RF of monads on A is an isomorphism.
Expressing the dual of [13, Theorem 4.4] in the present situation gives:

Proposition 2.2 The functor K’ (in (2.3)) is an equivalence of categories if and only
if

(1) the functor R is monadic and

(ii) R is a T-Galois module functor.

2.4 Mixed distributive laws

Let 7 = (T, m, e) be amonad and G = (G, 8, €) a comonad on a category A.

A mixed distributive law or entwining from 7 to G is a natural transformation
A : TG — GT with certain commutative dlagrams (e g. [21, 5.3], [22]).

A lifting of G to A7 is a comonad G = (G 3,%) on A7 for which GUr =
UTG U7’5 =8Ur and Ure = eU7.

The following is a version of [22, Theorem 2.2]:

Theorem 2.3 Let T = (T, m,e) be a monad and G = (G, 8, €) a comonad on a
category A. Then there is a one-to-one correspondence between

e mixed distributive laws A :IG — GT from T to G and

e liftings of G to a comonad G on At.

To obtain a lifting § from a distributive law A, one defines for (X, h) € A7, G (X, h)
as the 7-module

(G(X). TGX) 2% cTx) E%% G (x)).
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204 B. Mesablishvili, R. Wisbauer

Conversely, if one has a lifting comonad G, one defines A : TG — GT by

16 %% TGT =—— TGUr ¢ TUrCpr —— UrdrUrCdr
AN
b N UTS’T@(P’T\L
AN
N

CT ———=G6Ug¢7 — Uf[@qu.

2.5 A-bimodules
We write Ag-(k) (or just Ag- when A is understood) for the category whose objects

are triples (X, h, 0), where (X, h) € A7 and (X, 0) € AY, with commuting diagram
(e.g. [20], [21, 5.7])

TX) " ~x " Gx)

T(@)l TG(h)

TG(X) ——— = GT(X).
AX
The assignment (X, i, 8) — ((X, h), 6) yields an isomorphism of categories
AT () ~ (A7),

2.6 Generalised Galois functors

With the data as given in Theorem 2.3, let A : TG — GT be a mixed distributive law.
Given an adjunction v, ¢ : L 4 R: B — A, assume K : B — (AT)g to be a functor
with U9K = ¢7 L, i.e. with commutative diagram

(A)9 2.1
Ll iUQA
b1

Write G’ for the comonad on the category A7 generated by the adjunction

¢7L 4 RUT : A7 — B

and write g : G’ — G for the corresponding comonad morphism (see Sect. 2.2).
Applying Proposition 2.1 to the present situation gives:

Theorem 2.4 In the setting of Sect. 2.6, the functor K : B — (AT)(j is an equivalence
of categories if and only if
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Galois functors and generalised Hopf modules 205

() the functor ¢TL : B — A7 is comonadic and
(i) ¢7L is a G-Galois comodule functor.

The following proposition gives a necessary and sufficient condition for the functor
¢7 L to be G-Galois (generalising [17, Proposition 2.10]).

Proposition 2.5 In the setting of Sect. 2.6, ¢ L is G-Galois if and only if the natural
transformation tx ¢ is an isomorphism.

Proof One direction is clear, so suppose that g ¢7 is an isomorphism.
Letk : ¢7L — G¢7L be the left G-comodule structure on ¢7 L corresponding
to the diagram (2.1). Then, by Sect. 2.2, rx : G’ — § is the composite

b7 LRU7 “UT, GorrrUy S0V Goruy O G

Consider the natural transformation Utk

UrG U
Urdr LRU7 YTRUT, U0 GorLRU7 Y2975, Uy Gor Uy Y287, UG,

and, using Ufa = GU7, rewrite it as

UrkRU- GU U
UrérLRUr L2 Gurerirus SV Gurorur SYT G,

By [10, Lemma 2.19], if Urtg ¢7 is an isomorphism, then U7k is so. But since Uz
is conservative, tx is an isomorphism, too. This completes the proof. O

In view of Theorem 2.4, it is desirable to find sufficient conditions for the composite
¢7 L to be comonadic. The next proposition gives two such conditions.

Proposition 2.6 In the setting of Sect. 2.6, suppose that A is Cauchy complete and L
is comonadic. Then the composite ¢ L is comonadic under any of the conditions

(1) theunite : 1 — T is a split monomorphism, i.e. there is a natural transformation
e:T — Iwithee=1;

(ii) the monad T is of effective descent type (p1 : A — A7 is comonadic) and A
has and LR and LRLR preserve equalisers of coreflexive T -split pairs.

Proof (i) Since
e A is Cauchy complete,
e ¢:1 — T is a split monomorphism, and
e ¢ can be seen as the unit of the adjunction ¢7 - U7,
it follows from [14, Proposition 3.14] that any ¢7-split pair is part of a split
equaliser in A, and thus the functor ¢ creates equalisers of ¢7-split pairs as
split equalisers in A, from which it follows that ¢ L is comonadic whenever L
is so.

(ii) Since the functor L is assumed to be comonadic, to say that A has and L R and
L RLR preserve equalisers of coreflexive T -split pairs is to say that the functor L
creates equalisers of those pairs whose image under L is part of a T'-split equaliser
(see, for example, [8, Proposition 4.3.2]). Since A has and T preserves equalisers
of coreflexive T'-split pairs if and only if A has and ¢ preserves equalisers
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of coreflexive ¢7-split pairs [14, Proposition 3.11], and since 7 is of effective
descent type by hypothesis, it follows that B has and the composite ¢7 L preserves
equalisers of coreflexive ¢7 L-split pairs. Using now the fact that ¢7 L, being a
composite of two conservative functors, is conservative, the result follows from
the dual of Beck’s monadicity theorem (see [12]). O

For later use (in Proposition 4.5) we prove the following technical observation.

Proposition 2.7 Let A be Cauchy complete and L - R : A — B an adjunction whose
unit is a split monomorphism. Then, in any commutative (up to isomorphism) diagram

(i) the functor F : A — E is conservative;
(ii) any coreflexive F-split pair of morphisms has a split equaliser in A;
(iii) the functor F is comonadic if and only if it has a right adjoint.

Proof (i) Since A is Cauchy complete and since the unit of the adjunction is a split
monomorphism, the functor R is comonadic (e.g., [14, Proposition 3.16]) and,
in particular, conservative. This implies—since K F is isomorphic to R—that F'
is conservative, too.

f
(i) Suppose that X ——= Y is an F-split pair of morphisms in A. Then the mor-
8

phisms F(f) and F(g) have a split equaliser in [, so that the pair (F(f), F(g))
is contractible (see [12]). Since contractible pairs, being equationally defined,
are preserved by any functors, the pair (R(f), R(g)), being isomorphic to the
pair (K F(f), K F(g)), is also contractible. But since A is Cauchy complete and
since the unit of the adjunction is a split monomorphism (which just means that
the functor R is 1 5-separable), it follows from [14, Proposition 3.8] that the pair
(f, g) is contractible, too. Then, A being Cauchy complete, f and g have a split
equaliser (e.g. [3]) and this equaliser is clearly preserved by F.
(iii) follows from the fact that split equalisers are preserved by any functor.

3 Generalised Hopf modules

In [1], Aguiar and Chase studied generalised Hopf modules in monoidal categories
and proved a Fundamental Theorem for them. In this section we show how this result
can be obtained as a special case of our approach. We first recall elementary facts
about modules and comodules in a monoidal category (e.g. [13,19]).

3.1 Monoids and comonoids in monoidal categories

Let (V,®, I,a,l,r) be a monoidal category, where a, [, r are the associativity, left
identity, and right identity isomorphisms for the monoidal structure on V.
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Galois functors and generalised Hopf modules 207

A monoid in 'V (or V-monoid) consists of an object A of V endowed with a mul-
tiplication m : A ® A — A and a unit morphism e : I — A such that the usual
identity and associative conditions are satisfied. A monoid morphism f : A — A’
is a morphism in V preserving m and e. The category of monoids in V is denoted
by Mon(V). The tensor unit / endowed with the obvious structure morphisms is a
V-monoid. This V-monoid is called the trivial V-monoid, denoted by Z.

Given a monoid (A, es, my4) in 'V, a left A-module is a pair (V, py), where V is
an object of V and py : A® V — V is a morphism in V, called the A-action on V,
such that py (ma ® V)a;’lA’v =py(A®py)and py(es ® V) =

For any monoid A in V, the left A-modules are the objects of a category 4V. A
morphism f : (V,py) — (W, pw) is a morphism f : V — W in V such that
pw(A® f) = fpy. Analogously, one has the category V4 of right A-modules.

Let A and B be two monoids in V. An object V in V is called an (A, B)-bimodule
if there are morphisms py : AQ V — V and oy : V® B — V in V such that
(V,pv) € 4V, (V,0v) € Vg and ov(pv ® B) = pyv(A ® ov)aa,v,p. A morphism
of (A, B)-bimodules is a morphism in V which is a morphism of both the left A-
modules and right B-modules. Write 4Vp for the corresponding category.

Comonoids and (left, right, bi-) comodules in V can be defined as monoids and left
(right, bi-) modules in the opposite monoidal category (V°P, ®, I, a~!, 17", r~1). The
resulting categories are denoted by Comon(V), ¢V, V¢ and CyC, Cand C' being
comonoids in V.

3.2 Tensor product of modules

If A is a monoid in V, (V, goy) € V4 aright A-module, and (W, py) € AV a left
A-module, then their tensor product (over A) is defined as the object part of the
coequaliser (if this exists)

vVeaew Lty V®(A®W) Svew sV, w. (3.1

Given another left A-module (W', py ) for which V ® 4 W’ exists, and a morphism
[+ W — W’ of left A-modules, we form the diagram

can
(VRARf VR(ARf) Ve f V®af
/VAW’ V@pyr Q’ , v ,
VAW — V®(A®W)*>V®W*>V®AW
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in which

e (V& oy @ W) = (ov ® W)((V ® A) ® f) by functoriality of ®,
o the left square commutes by naturality of a, and
e the middle square commutes because f is a morphism of left A-modules;

from this one sees that there ia a unique morphism V@4 f : VA W — V@ W’
making the right square commute. It is easy to see that if for W” € 4V, the tensor
product V ® 4 W” exists, then for any morphism g : W/ — W’ in 4V,

VesEf)=Veasg)Va f).

If B is another monoid in V such that the functors B® -, BQR(BQ —) : V > V
both preserve the equaliser (3.1) and if V € gV 4, then the tensor product V ® 4 W
has the structure of a left B-module such thatcan: V @ W — V ®4 W becomes a
morphism of left B-modules. Moreover, if these functors also preserve the equaliser
defining V ®4 W', then V ®4 f also becomes a left B-module morphism.

Recall (for example, from [19]) that the forgetful functor

AU V>V, (V,py)—V,

is right adjoint, with the left adjoint 4¢ : V — 4V sending each V € V to the “free”
left A-module

aAAv meV

ARV, AQR(AQRV) — = (ARA)QV — VRV).

Write 47 for the monad on V generated by the adjunction g4¢ - AU : AV — V. It
is well known that the corresponding Eilenberg—Moore category VAT of 47 -modules
is exactly the category 4V of left A-modules.

Lemma 3.1 Let A beamonoidinVand M = A ® V thefree left A-module generated
byV € V. Then

(1) for any N € Vy, the tensor product N @ s M exists and is isomorphic to NQ V;

(2) for N € gV 4, B any monoidinV, N®a M is a left B-module;

(3) for any morphism f : AQV — AQ® V' inV, N®u f is a morphism of left
B-modules;

(4) for any morphism : V. — V' in'V, the induced morphism N @ (A ® g) of left
B-modules is isomorphicto N ® g.

Proof Everything follows from Sect. 3.2 and the fact that the equaliser defining the
tensor product N ® 4 M is split and thus is preserved by any functor. O

Remark 3.2 The full subcategory of 4V generated by the left A-modules of the form

A®V,V eV, isjust the Kleisli category V,7 of the monad 47 (e.g. [5, 2.4]). Hence
Lemma 3.1 may be alternatively stated as follows:

@ Springer



Galois functors and generalised Hopf modules 209

Let N € gV 4. Then, for any X € @A , the tensor product N ® 4 X exists and has
the structure of a left B-module. So the assignment X +— N ®4 X yields a functor
N®y — : V.7 — gV leading to the commutative diagram

3.3 Opmonoidal functors

Recall that—following [11]—an opmonoidal functor from a monoidal category
(V, ®, I) to a monoidal category (V', ®’, I') is a triple (S, w, &), where § : V — V'
is a functor, wy,w : S(V @ W) — S(V) ® S(W) is a natural transformation between
functors V x V — V, and & : S(I) — I’ is a morphism compatible with the tensor
structures. Note that opmonoidal functors S take V-comonoids (i.e. comonoids in V)
into V’-comonoids in the sense that if C = (C, §, ¢) is a V-comonoid, then it produces
a V’-comonoid

S(C) = (S(0), wc,c - §(8). § - S(¢)).

In [11], an opmonoidal monad on a monoidal category (V, ®, I) is defined as a
monad 7 = (T, m, e) on V such that the functor T and the natural transformations m
and e are opmonoidal. Such monads are also called Hopf monads in [18, Definition
1.1] or bimonads (e.g. in [1, Definition 3.2.1]) but they are different from what are
called bimonads in [15, Definition 4.1] (compare [16, Section 5]).

The basic property of opmonoidal monads 7 is that they lead to a monoidal structure
on the Eilenberg—Moore category V7 of 7-modules in such a way that the forgetful
functor U7 : V7 — V is strictly monoidal. Explicitly (e.g. [11,18]), for 7-modules
(V, h) and (W, g), the tensor product (V, h) ® (W, g) is given by

Veow, TVew) 2% rvyeTw) 225 vew)

and the unit object of V7 is the 7-module (I, & : T(I) — I). The unitary and
associativity isomorphisms for V7 are inherited from V.

3.4 T -module-comonoids

Given an opmonoidal monad 7 on V, a comonoid in the monoidal category V7 is
called a 7 -module-comonoid. Explicitly, a 7-module-comonoid Z = ((Z, 0), §, &)
consists of an object (Z, o) € V7 and V-morphisms 6 : Z - Z® Zande : Z — [
such that Ur(Z2) = (Z, 4, ¢) is a V-comonoid and that § and & are morphism of
7T -modules.

For any V-comonoid (C, 8, ¢), T (C) allows for a module-comonoid structure with
the morphisms (e.g. [1])
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210 B. Mesablishvili, R. Wisbauer

o TT(C) 25 T(C),

e 7(0) X% T ® 0) £55 T(C) & T(C),
e TC) L% () S 1.

We write 7 (C) for this module-comonoid.

3.5 V-categories
A left V-category is a category A equipped with a bifunctor
—0o—:VxA— A,
called the action of V on A, and invertible natural transformations
aywx (VOIW)oX > Vo(WoX) and Ay : [0 X — X,

called the associativity and unit isomorphisms, respectively, satisfying two coherence
axioms (see Bénabou [4]). Note that V has a canonical (left) action on itself, given by
taking VoW =V QW, o« =a,and > = 1.

Given a left V-category A and a monoid (A, eq, m4) in V, one has a monad Tli on
A defined on any X € A by
e TI(X)=A0X,

)\‘71

o exx X To0X @ Ao X =TH(X),

-1
o (mp)x : THTHX) = Ao(AoX) A A@A) o X MK Aox =T(X),

and we write 4A for the Eilenberg—Moore category ATX of Tﬁ—modules. For the
canonical left action of V on itself, 4 A is just the category 4V of (left) A-modules.
Dually, for any V-coalgebra (C, ec, §¢), the endofunctor C ¢ — : A — A is the
functor-part of a comonad G on A and one has the corresponding Eilenberg—Moore
category CA = Aglc; for A = V this is just the category €V of (left) C-comodules.
We sometimes write 4¢ and ¢ for the functors ¢7:{ and ¢gzc , respectively.
Symmetrically, one has the monad 7, = — ¢ A (resp. comonad G- = — ¢ C) on
A, the corresponding Eilenberg—Moore category A 4 (resp. AC) of 77 -modules (resp.
G¢-comodules), and the functor ¢4 : A — Ay (resp. ¢€ A — Aéds

3.6 Comodules over opmonoidal functors

Let —o—: Vx A — A bealeft action of a monoidal category V on a category A and
let 7 : V — V be an opmonoidal functor on V. A comodule over F is a pair (H, x),
where H : A — Ais a functor and xy x : H(V ¢ X) — F(V) ¢ H(X) is a natural
transformation satisfying two axioms (e.g. [1, Definition 3.3.1]).

Suppose that 7 = (T, m7, e7) is an opmonoidal monad on V (with structure
woyw : T(VOW) - T(V)QT(W)and§ : T(I) — I)and that S = (S, mg, es)
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is a monad on A such that the functor § is a comodule over the opmonoidal functor
(T,w, &) via xy.x : S(Vo X) = T(V)o S(X). One says that (S, x) is a comodule-
monad over the bimonad 7 if x is compatible with the monad structures [1, Definition
3.5.1]. Considering 7 as a monad on the left V-category V, it follows from the def-
inition of an opmonoidal monad that the pair (7, w) is a comodule-monad over the
opmonoidal monad 7.

There is a left action of the monoidal category V7 (with the monoidal structure
from Sect. 3.3) on the category As: given a 7-module (V, f) and an S-module (X, &),
(V, f) o (X, h) is the pair (e.g. [1, Proposition 3.5.3])

XV.X

(VoX, S(VoX) —T(V)o S(X) ——> Vo X).

Assumption 3.3 We henceforth suppose that

e 7T = ((T,m7,er),w, &) is an opmonoidal monad on a monoidal category
V,®,1,a,l,r),

o (A, 0, a,A)is aleft V-category;

e S =(S,mg,es)is a7 -comodule-monad on A via

—:S(Vo—)—=>TV)oS(—);

o Z=((Z,0),86,e¢)is aT-module-comonoid.

Since Z is a comonoid in the monoidal category V7 and since V7 acts from the left
on Ag, one has the A g-comonad QIZ. Moreover, since Zy = U7 (Z) is a comonoid
in the monoidal category V, one has the A-comonad Q%O, and it is not hard to check
that Qig is a lifting of g%o to Ag. It follows from Theorem 2.3 that there is a mixed

distributive law A from the A-monad S to the A-comonad g’ZO.
The following result without proof appears in [1, Remark 3.6.5]:

Proposition 3.4 With the data considered in Sect. 3.6, A is the composite
S(Z ¢ )—>T(Z)<>S( y Z<>S( ).

Proof By Sect. 3.6, for any (X, h) € Ar,

XZ,X ooh

GLX,h) = (Zo X, S(ZoX) ZZ5H T(Z) o 5(X) T8 Z 0 X),

and it follows that (83)g1 X.h) = = (o oh) - xz.x,thus

(8S)gl bs(X) = = (0o (ms)x) - XZ,5(X)»
since ¢s(X) = (S(X), (ms)x). By Theorem 2.3, for X € A, Ay is the composite

Xz, S(X) oo(ms)x

S(Zo(es)x) T(Z) o SS(X) —== Z o S(X).

S(Z ¢ X) S(ZoS(X) ——
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In the diagram

S(Z
S(Z o X) —FX0 676 5(X))
Xz,xl/ \LXZ,S(X)
T(Z)o(es)x

T(Z)oS(X) ——————T(Z2) ¢ SS(X)

M l(ro(n’ls)x

ZoS(X),

the rectangle commutes by naturality of x, while mgs - es = 1 implies commutativity
of the triangle; it follows that Ly = (o ¢ S(X)) - xz.x. O

3.7 Generalised Hopf modules

gl
Z(Ag) =A SZO (%) is the category of A-bimodules (see Sect. 2.5); the objects are triples
(X,h,9),where X e A, (X, h:S5X) > X)edAs, (X, 0:X > ZoX) € 20A
with commuting diagram

SX) " o x T L zo0x
S(ﬁ)l TZoh
S(Z o X) —Y Z o S(X).

&X

In [1, Definition 3.6.1], these are called generalised Hopf modules and the category
Z(Ag) is denoted by Hopf(7, S, Z).

Assumption 3.5 We henceforth suppose that (C, §, €) is a comonoid in V and that
Z = T(C) is the corresponding 7 -module-comonoid (see Sect. 3.4).

Lemma 3.6 [n the situation considered above, the assignment
(X,0) ~ (S(X), (mg)x, V),
where ¥ : S(X) — Z ¢ S(X) is the composite

XC.X

SX) 29, 5o X) XN T(C) 0 S(X) = Z o S(X),
yields a functor

K : A > Z(Ag)
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yielding commutativity of the diagram

Z(As) (3.2)

Proof To show that (X, ) € 2 is to show commutativity of the diagrams

SX) —L > 76 8(X) S(X)— ~ 76 8(X)
O isoS(X ) ﬁl (ID \LﬁoS(X)
S(X) <— 16 8(X), ZoS(X) —=ZoZoS(X),
AS(X) Zov

where € = & - T'(¢) and § = wc,c - T(8) are the counit and the comultiplication for
the Vz-module-comonoid Z = 7 (C) (see Sect. 3.4). In the diagram

SX) —0  _sCox)— L T(C) o S(X)

S(eoX) T (e)oS(X)
Sogh

S()»X)\L

S(X) - 1o 85(X),
5(X)

\LSQS(X)

e the triangle commutes since (X, 6) € €A,

e the top rectangle commutes by naturality of x,

e the bottom rectangle commutes since S is a 7 -comodule-monad (see diagram (3.6)
in [1]);

it follows that diagram (I) is commutative. To show that (I) is also commutative,

consider the diagram

NG XC.x

S(X) S(C o X) . T(C)o S(X)
Si@) (D) S(SJX) 2) T(3)<\3S(X)
S(COX)WS(COCOX) Yoo x T(C<>C")<>S(X)
XC.x 3) XC.CoX 4) wc,coS(X)

T(C)o S(X) W TC)oS(CoX) W T(C)oT(C)oS(X),
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in which

e rectangle (1) commutes since (X, 0) € €A,
e rectangle (2) and (3) commute by naturality of x,
e rectangle (4) commutes since S is a 7 -comodule-monad (see diagram (3.5) in [1]);

therefore the outer square (and hence (II)) is commutative. Thus, (X, #) € ZOA, and
since (S(X), (ms)x) € Ag, in order to show that (S(X), (ms)x,?) € Z(As), we
need commutativity of the diagram

(ms)x

SS(X) S(X)
SS\L(Q) Si@)
SS(C o X) (ns)cox S(C o X)

| Xc.x
S(xc.x)

ST(C)oSX) —————T((T(C)oSS(X) ——— =T (C) o S(X);

XT(C).T(X) (m7)co(ms)c

since the rectangle commutes by naturality of m s, while the trapezoid commutes since
S is a 7 -comodule-monad (see diagram (3.10) in [1]) the outer paths commute, too.
O

As an immediate consequence we obtain from Sect. 2.2:
Corollary 3.7 For (X,0) € CA, the (X, 0)-component k(x gy : S(X) — Z o S(X)
of the glz-comodule structure on the composite ¢s U : °A — Ag induced by the

commutative diagram (3.2) is the composite

SX) 29, 5o x) XEN T(C) 0 S(X) = Z o S(X).

Write G for the comonad on the category A g generated by the adjunction
¢s U 4S9 Us : As — CA.

Proposition 3.8 For any (X, h) € Ag, the (X, h)-component of the comonad mor-
phismtg : G — gfg induced by the commutative diagram (3.2) is the composite

XC.X

GX,h) = S(CoX) X5 Zos(x) 225 2o X =GL(x, .

Proof Let (X,h) € Ag. The (X, h)-component of the counit of the adjunction
¢s U 4% Us : As — CA is the composite
S(CoX) 2N g1 60 x) 22 gx) 4 x
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it follows from Sect. 2.2 that the morphism
() xm - S(CoX) =G(X, ) = G5 (X, h) = Z o X
is the composite

SICoX) P 76 8(C o x) 25N, 7o sox) 2590 76500 2N z0 X,

From
DX)=(CoX, CoX 25 (CoC)ox L% Cco(Co X)),

we obtain by Corollary 3.7 that e is the composite

S o
S(CoXx) 3%, s @ C)ox) 29X §(C o (Co X)) 2N 76 S(C o X).

In the diagram

XC,CoX

S(CoX) 2% 5 C) o X) " LX 5(C o (Co X)) — SN L 7685(CoX)

S((C®‘s)oX) S(Co ‘eoX)) zZoS ‘aoX)
Sz oX) V i i

S((C®I)<>X)*>S(C<>(I<>X))%ZOS([OX)

XC.Io0X

S(a,
e S(CLA ) ZOS‘(A )
S(reoX) v X v X

S(C ¢ X) Z o S(X),

XC,X

o the three rectangles are commutative by naturality of « and ,
e the top triangle commutes since ¢ is the counit for the coalgebra C,
e the bottom triangle commutes because ¢ is a left action of V on A.

Hence the outer paths commute and we have

) x.my = (Zoh)(ZoSAx))(Zo S(eo X))K%(X)
(Zoh)(ZoSOx)(ZoS(Eo X))xe,coxSlac,c,x) (S ¢ X))
(Z o) xe xSrc o X)Sra' o X) = (Z o W) xe,x.

Note that the above result is contained in the proof of [1, Lemma 5.2.1].
Since for any X € A, ¢s(X) = (S(X), (ms)x), the following is immediate:

Corollary 3.9 For any X € A, the ¢ps5(X)-component (tx)gys(x) of the comonad
morphism tg : G — QIZ is the composite

XC.8(X) Zo(ms)x

S(C o S(X)) 2% 76 85(X) 22295 7 6 5(X).
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Combining this with Theorem 2.4 and with Proposition 2.5 and using (tx )¢ g (x) =
(tkps)x yields:

Theorem 3.10 Under the Assumptions 3.3, 3.5, the functor K : A — Z(Ag) ina
commutative diagram (3.2) is an equivalence of categories if and only if

(i) the functor psCU : A — Ag is comonadic and
(i1) the composite

XC.5(X) Zo(mg)x

S(CoS(X)) =22 76 85(X) 22295, 76 8(X)

is an isomorphism for all X € A, or, equivalently, ¢3CU :CA - Agisa
QlZ-Galois comodule functor.

In view of Proposition 2.6(i), the preceding theorem implies:

Theorem 3.11 Assume that A is Cauchy complete and that es : 1 — S is a split
monomorphism. Under the Assumptions 3.3, 3.5, the functor K : A — Z(Ag) with
commutative diagram (3.2) is an equivalence of categories if and only if the functor
¢sU : A — Ag is G -Galois.

We now obtain the Fundamental Theorem of generalised Hopf modules (see [1,
Theorem 5.3.1]) as a particular case of Theorem 3.10.

Theorem 3.12 Under the Assumptions 3.3, 3.5, suppose that

(1) A is Cauchy complete and admits equalisers of coreflexive ¢s-split pairs,
(ii) the functors S, C o —, C © (C © —) : A — A preserve these equalisers, and
(iii) the functor S is conservative.

Then the functor K : €A — Z(Ag) in a commutative diagram (3.2) is an equivalence
of categories if and only if the functor psU : CA — Ag is g%—Galois.

Proof Since the functor S is conservative and the category A admits—and the functor S
preserves—equalisers of coreflexive ¢g-split pairs, it follows from the dual of Beck’s
monadicity theorem (see [12]) that the functor ¢5 : A — Ag is comonadic, or
equivalently, the monad S is of effective descent type. Since any ¢s-split pair is
automatically S-split, we may apply Proposition 2.6(ii) to deduce that the functor
¢sCU : CA — Ag is comonadic. The result now follows from Theorem 3.10. O

Remark 3.13 Tt is pointed out in [1, Remark 3.6.2.] that, when A = V, S = 7 and
Z =T () is the 7-module-comonoid corresponding to the trivial V-monoid Z (see
Sect. 3.4), then the category Z(Ag) is nothing but the category of Hopf modules in
the sense of [10]. Moreover, in this case, to say that Condition (ii) of Theorem 3.10 is
satisfied is to say that 7 is a left pre-Hopf monad in the sense of [10]. It is not hard to
see now that [10, Theorem 6.11] is a particular instance of Theorem 3.10.
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4 Bimonoids in duoidal categories

In [2], Aguiar and Mahajan generalised bialgebras over fields to bimonoids in duoidal
categories, that is, categories with two monoidal structures * and o. Any object A in
such a category induces endofunctors — % A and — o A and for A being a bimonoid
these functors have to be a comonad and a monad, respectively, related by a mixed dis-
tributive law ([2, Definition 6.25], compare [ 15, Proposition 6.3]). In [6], Bohm, Chen
and Zhang studied which structures are required to define Hopf monoids in such cat-
egories. In this section we outline how their Fundamental Theorem for Hopf modules
(see [6, Section 3.4]) can be seen as special case of the results in the Sects. 2 and 3.

Recall from [2] that duoidal categories ID are equipped with two monoidal structures
(D, o, I) and (D, %, J), along with a natural transformation

twxyz: WxX)o(Y*xZ)—> (WoY)x(XoZ),
called the interchange law, and three morphisms
A:l —-IxI, u:JoJ—J, t:1—J,

such that the conditions for associativity, unitality and compatibility of the units are
satisfied. For example, the compatibility of the units means that the monoidal units 7
and J satisfy

e (J, u, v) is a monoid in the monoidal category (ID, o, I) and
e (I, A, ) is a comonoid in the monoidal category (D, x, J).

It is pointed out in [2] that if (ID, o, I, %, J) is a duoidal category with interchange
law ¢, then (D°P, %, J, o, I) is also a duoidal category, called the opposite duoidal
category of D. The interchange law EW‘X’Y’Z (WoX)x(YoZ) > (WxY)o(X*Z)
for this is given by the D-morphism {w y x.z : (W*Y)o(X*Z) > (WoX)x(YoZ).

4.1 Bimonoids
A bimonoid in a duoidal category D is an object A with a monoid structure (A, m, e)

in (D, o, I) and a comonoid structure (A, §, €) in (DD, %, J) inducing commutativity
of the diagrams

Ao A A Ao A
Soél @ Tm*m
(A% A)o (A% A) —————>= (Ao A) (Ao A).
AcA—">JoJ I ——=A I—5=A
B N RN
m (I1) 1% A (III) 1) c £
Aﬁj, I*IWA*A, J.
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A morphism of bimonoids is a morphism of the underlying monoids and comonoids.

Recall [2, Proposition 6.27] that the tensor units I and J carry a unique bimonoid
structure and that the morphism t : / — J is a morphism of bimonoids.

Fix a duoidal category (DD, o, I, %, J) and a bimonoid (A, m, e, §, ¢) in D. Since
(A,Ao A n Aye: ] 5 A) is a monoid in the monoidal category (D, o, I), while

(A, A i) AxA,A LN J) is a comonoid in the monoidal category (I, %, J), one has
by Sect. 3.5 the monad 7{ and the comonad G’; on ID. Recall that the functor part of the
monad 7 (resp. comonad G’ ) is the functor —o0 A : D — DD (resp. —*x A : D — D).

It is shown in [7] that 7, is an opmonoidal monad on the monoidal category
(D, %, J), with the structure morphisms

Bxy: (XxV) oA X% (X uy)o(AxA) S (XoA) x(YoA),

EJoAl% Jo1 S

It follows that the category Dy = ]D)TAr is monoidal. Note that ((A, m), §, €) is an
object of Comon(ID,4): Clearly (A, m) € D4 and the comultiplication § and the
counit ¢ of A are morphisms of right A-comodules by the diagrams (I) and (II) in
Sect. 4.1, respectively. Hence ((A, m), 8, ¢) isa 7, X -module-comonoid.

Thus, we have

e the opmonoidal monad 7 on the monoidal category (D, *, J),

o the left (D, %, J)-category structure on D givenby X oYV = X x Y,
o the 7 -comodule-monad (7, @) on A, and

o the 7 -module-comonoid ((A, m), §, &).

Hence, we may apply the results of Sect. 3 to the present situation. In particular,
Proposition 3.4 gives (see also [6, Section 2]):

Proposition 4.1 The natural transformation

(—#A)o8

Ai(—xA)o AT iAo (AxA) D (—o0 A)x (Ao A) 2

(—o0A)*x A
is a mixed distributive law from the monad ’]X to the comonad gg.

We write ]D)g for the category (]D)TAr )94 = (D)%, where @Z is the lifting of G/, to
D77 =Dy corresponding to the mixed distributive law A. This is called the category
of A-Hopf modules in [6, Section 3]. Thus, an A-Hopf module is a triple (X, &, )
such that (X, h: Xo A — A)is aright A-module in the monoidal category (D, o, I),
(X, 9 : X > X *xA)is aright A-comodule in the monoidal category (D, *, J) with
commutative diagram

XoA—tox— " s xua

ﬂoA\L Th*A

(X#A)oA————> (XoA)x A.
X

@ Springer



Galois functors and generalised Hopf modules 219

Since (I, A, 7) is acomonoid in the monoidal category (ID, *, J), one has the category
D! of I-comodules on this monoidal category. Recall that D/ is the Eilenberg—Moore
category of Gj-comodules. Now Lemma 3.6 implies:
4.2 Comparison functor —o A : D! — D4
The assignment

(X,0) ~ (X0 A, m, D),
wherem : (X 0 A) o A — X o A is the composite

Xom

ax . A,A
(Xo0A)oA—> Xo0(AoA) —> X oA,
while ¥ : X 0 A — (X o A) % A is the composite

XoA A (xuD oA X% (Xl o(AxA) 5> (XoA) s (ToA)~ (XoA)x*A,

yields a comparison functor K = — o A : D! — D4 with commutative diagram

K A
P/ ——F D}

1, e
oA

D— Dy.
Write G for the comonad on the category D4 generated by the adjunction
daU' 49Uy : Dy — DI

Proposition 4.2 For any (X, h) € Da, the (X, h)-component of the comonad mor-
phism tg © G — Gy induced by the diagram in Sect. 4.2, is the composite

Xx1)os
S

(X%1)oA- e

(XxDo(AxA) S (XoA) s (ToA)~(XoA) s AL X s A

Forany X € D, ¢po(X) =(Xo0A, (Xom)-ax.aa:(XoA)oA — XoA), and
the ¢ o(X)-component (tg)g,(x) of tk is the composite
((XoA)«I)o8 ¢
(XoA)x[)oA——((Xo0A)x[)o(AxA) ————= ((X 0 A)o A)yx ([ 0 A)
(ZK)qj)A(X) ~
v

(XOA)*AW(XO(AOA))*A%((XOA)OA)*A
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Applying now Theorem 3.10 yields:

Theorem 4.3 Let (D, o, I, *, J) be a duoidal category and (A, m, e, §, €) a bimonoid
in D. Then the comparison functor K : D — ]D)f is an equivalence of categories if
and only if

() the functor ppaU" : D! — D, is comonadic and
(ii) the morphism (tg)g,(x) (in Proposition 4.2) is an isomorphism for any X € D,
or, equivalently, paU" : D! — Dy isa G'\-Galois comodule functor.

Theorem 4.4 Let (D, o, I, *, J) be a duoidal category with Cauchy complete D. If the
morphism t : I — J is a split monomorphism, then for any bimonoid (A, m, e, 8, €)
in D, the functor K : D! — }D)f (in Sect. 4.2) is an equivalence of categories if and
only if paUT : D! — Dy is G',-Galois.

Proof Since ¢ - e = t (see Diagram (IV) in Sect. 4.1) and since t is a split monomor-
phism by hypothesis, so also is the morphism e : I — A. It then follows that the unit
of the monad 7] = — o A is a split monomorphism and Theorem 3.11 completes the
proof. O

The following elementary observation is of use for our investigations.

Proposition 4.5 Let (D, o, I, *, J) be a duoidal category with Cauchy complete D. If
the unit of the adjunction

WUI ¢J
D! ;L\D L Dy
¢ U

is a split monomorphism, then for any bimonoid (A, m,e,$,¢) in D, the functor

1 u! (2 . .
D' — D — Dy is comonadic.

Proof Note first that the commutativity of the diagrams (II) and (IV) in Sect. 4.1
allow to consider ¢ : A — J as a morphism from the monoid (A, m, e) to the monoid

(J, u, t) in the monoidal category (ID, o, I). Then the composites Ao J ﬂ) JoJ &

Jand Jo A ﬂ) JolJ et J give the structure of an (A, A)-bimodule on J, and so,
by Remark 3.2, the triangle in the diagram
Da
D! 4> D—— DTI
(;J\:J R— ij ®a—
N
ng 5 D——1Dy

o

is commutative, implying that the outer diagram is also commutative. Since D is
assumed to be Cauchy complete, so also is D’. Now apply Proposition 2.7 to conclude
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that the composite ¢ 4 U is conservative, and that any coreflexive (¢, U)-split pair
of morphisms has a split equaliser in ]D)i .

Next, since LE A = ¢a, where ¢ : DTf{ — D4 is the canonical embedding, the
composite ¢ ,U I'is conservative if and only if 1 ¢ ne I'= ¢,U! is conservative, and
a pair of morphisms in D! is ¢ , U!-split if and only if it is ¢ U -split. Thus, ¢ , U
is conservative and any ¢ 4 U’ -split pair of morphisms has a split equaliser in D’. It
follows — since the composite ¢4 U’ admits as a right adjoint the composite ¢/ Uy —
that ¢ , U is comonadic. O

Combining Propositions 4.3 and 4.5 we obtain:

Theorem 4.6 In the situation of Proposition 4.5, the functor K : D! — ]D),? (in
Sect. 4.2) is an equivalence of categories if and only if paU' : DI — Dy is G-
Galois.

Since a left adjoint functor is full and faithful if and only if the unit of the adjunction
is an isomorphism (hence a split monomorphism), it follows immediately:

Corollary 4.7 Let (D, o, I, x, J) be aduoidal category with Cauchy complete D. If the
composite ¢ j ul.D! - Dy is full and faithful, then, for any bimonoid (A, m, e, §, €)
in D, the functor K : D! — D‘: (in Sect. 4.2) is an equivalence of categories if and
only if paUT : DF — Dy is G',-Galois.

Considering any bimonoid (A, m, e, §, ¢) inID as abimonoid in DOP (see [2, Remark
6.26]) and applying the duality explained in [2], the Theorems 4.3, 4.6 and Corol-
lary 4.7 yield the following:

Theorem 4.8 Let (D, o, I, *, J) be a duoidal category and (A, m, e, 8, €) a bimonoid
in D. Then the comparison functor

K'=—xA:D; — D}

is an equivalence of categories if and only if

(i) the functor d)A U;:D; — DA is monadic and
(i) pAU; : Dy — DAisa T, -Galois module functor, or, equivalently, the following
composite is an isomorphism for all X € D:

(XxA)od — 2 X (AxA)) oA —— = s (XxA)xA)oA

(ll(’)?A(x) ~

\i ((XxA)oJ)xm Ie
(XA o) s A~ (XxA)oJ)s(AoA) ~—— (X A) % A)o (J * A).

Cauchy completeness of D allows for the following characterisations.

Theorem 4.9 Let (D, o, I, %, J) be a duoidal category with Cauchy complete D.
Assume either of the conditions
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(1) the morphism t : I — J is a split epimorphism, or
by u’
. . . A e . L .
(2) the unit of the adjunction D; 1 D~ L D! isa split epimorphism, or
T S

Uy ¢’
(3) the composite ¢’ Uy : Dy — D! is full and faithful.

Then, for any bimonoid (A, m, e, 8, ¢) in D, the functor K' = —x A : D; — Dﬁ is
an equivalence of categories if and only if AUy : Dy — DA is T4-Galois.

Note that Corollary 4.7 subsumes [6, Theorem 3.11], while [6, Theorem 3.13] is a
consequence of Theorem 4.9 (iii).
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