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Abstract

We consider a Bayesian-martingale approach to the general change-point detection problem. In our
setting the change-point represents a random time of bifurcation of two probability measures given on
the space of right-continuous functions. We derive a reflecting backward stochastic differential equation
(RBSDE) for the value process related to the disorder problem and show that in classical cases of the
Wiener and Poisson disorder problems this RBSDE is equivalent to free-boundary problems for parabolic
differential and differential-difference operators respectively.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Classical disorder problems consider the detection of a change in the mean (or in other
probabilistic characteristics) of a stochastic process X, that occurs at a random time 6 which is
called the change-point. The Bayesian formulation of the problem, proposed in [16], assumes that
the change-point 8 admits a known prior distribution, although the variable 6 itself is unknown
to us, since it cannot be observed directly. A sequential change-point detection procedure
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is identified with a stopping time t with respect to the filtration FX of observable events
(interpreted as the time at which the “alarm signal” is given), at which it is declared that a change
has occurred. The aim of the problem is to find a stopping time 7, based on the observations
X;, which is “as close as possible” to the change-point 6. More exactly, the design of the
quickest change-point detection procedures involves optimizing the trade-off between two kinds
of performance measures, one being a measure of detection delay and the other being a measure
of the frequency of false alarm.

Among all processes considered in the context of disorder problems, the Wiener process and
the Poisson process take a central place; in these cases the problem can be solved explicitly.
In [16] (see also [17]) an explicit solution of a Wiener disorder problem is derived, reducing the
initial optimal stopping problem to a free-boundary problem for a parabolic differential operator.
The Poisson disorder problem was first studied in [6], where the problem was solved in some
particular cases. Their results have been extended in [2], where lesser restrictions on the model
parameters were required. The complete solution of the Poisson disorder problem was given
in [12] by reducing the initial optimal stopping problem to the free-boundary problem for a
differential-difference operator. Note that in all these papers the case of infinite time horizon is
considered.

In this paper we present a Bayesian-martingale approach to the general disorder problem
with infinite time horizon where the change-point represents a random time of bifurcation of
two probabilistic measures given on the space of right-continuous functions. The setting of the
problem is discussed in Section 2.

In Section 3 we derive a martingale stochastic differential equation (SDE) for the a posteriori
probability process m; of the change-point 6, which plays, as is well known, a crucial role by
reducing the disorder problem to an optimal stopping problem and determining the value process
and the optimal stopping rule.

In Section 4 we introduce the value process of the related optimal stopping problem and show
that this process uniquely solves a suitable reflecting backward stochastic differential equation
(RBSDE). The value functions related to disorder problems (or to an optimal stopping problem
in general) of Markov processes are usually solutions of suitable free-boundary problems. So the
RBSDE for the value processes and the free-boundary problems for the value functions should be
equivalent in some sense, at least in simple cases when the a posteriori probability process m; is
a sufficient statistic and the value process V; of the problem is related to the value function p ()
of the same problem by the equality V; = p(;r;). The problem is to deduce the differentiability
properties and smooth fit conditions for the value functions, based on the properties of the process
p(m;) being a solution of a RBSDE. We consider classical disorder problems for Wiener and
Poisson processes and show that in these cases related RBSDEs for value processes and the
corresponding free-boundary problems are equivalent.

In Section 5 we consider the disorder problem for a Wiener process. This problem was
solved in [16], where an explicit expression for the value function p(sr) of the initial stopping
problem was given and it was shown that this function (together with the optimal threshold A*)
uniquely solves the corresponding free-boundary problem. On the basis of results of Section 4,
we give a probabilistic proof of this fact. We show that p(77) is a solution of the free-boundary
problem if and only if the process p(m;) is a solution of the corresponding RBSDE. The key
step here is showing that if the value process V; = p(m;) satisfies the RBSDE, then the
function p(;r) is continuously differentiable on (0, 1] and twice continuously differentiable on
(0, A*),0 < A* < 1. In particular this implies that the smooth fit condition is satisfied. Besides,
we show that the smooth fit of the second derivative fails.
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In Section 6 we consider the disorder problem for a Poisson process whose intensity
changes from Xy to A at some random time 6. As mentioned above, the closed form solution
of this problem was given in [12], where the problem was reduced to a free-boundary
differential-difference problem. We show that this free-boundary problem is also equivalent to
the well posedness of the general RDSDE studied in Section 4. In particular, this shows that the
unique solution of the free-boundary differential-difference problem coincides with the value
function of the problem. Besides, we derive the smooth fit conditions for the value function (in
cases when this condition is satisfied) and establish when the smooth fit condition breaks down
directly from the RBSDE for the value process.

2. Bayesian statement of the disorder problem

In this section after some preliminaries we discuss the Bayesian statement of the problem for
a general martingale model.

Let (2, F, F = (F;,t > 0)) be a filtered measurable space with F = F,. Assume that po
and P! are two fixed locally equivalent probability measures (P! z PY) defined on (12, F) and
let ¥ = ¥ (x) be a distribution function of some non-negative random variable. Without loss of
generality (e.g., taking P = %(P1 + PY%)) one can assume that there is a probability measure P
on (2, F) such that

loc loc

pl«pr, PP, P'Xp PP
For simplicity let us assume that the restrictions of the measures P? and P! coincide on the
o-algebra Fo.

Let (Zf = %, t > 0),i =0, 1, be the density process of the measure P! relative to P, which
is an uniformly integrable P-martingale with Zf > QP-as. for any ¢ € [0, oo[. Then there exists
a local martingale M' € Mo (F, P) such that

Zh=EM) = (EM),120), =01,

where £(M), called the Doléans exponential of M, is the unique solution of the linear Stochastic
Differential Equation (SDE)

t
Zi=1+ f Zo_dM, @1
0

(see, e.g., [8] or [9]).
For the statement of the problem in a general martingale setting let us extend the initial
probability space as follows:

N=0QR", F=F®B(R"), F, = F, ® B(RT), where B(R") is the Borel o-algebra on
Rt =10, 00).

The measure P” on F ® B(R™) is defined in a following way: let for every A € F and
B € B(R™)

PV (A x B)=//SOO(M")1//(dx)P(dw), 2.2)
AJB

where

t t
M = /0 [x<ydM! + fo (x=5)dMP. (2.3)
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Note that, since

o o EcoMY) 0 <500(M1> )_
EEoo(M*) =EE,_ (M )—5x_(M1) =EE_(MY)E —Sx_(Ml) F._)=1,

the Fubini theorem implies that P’ is a probability measure.

Let us denote by PV the restriction of the measure P” on the o-algebra F ® R™.
For every u < v and ¢ we have

(M )y (dx) = /

(u,v]

Tpeon & (M09 (dx) + f Teeny & (M) (dx)

(u,v] (u,v]

=EMOWP@ VD —Yuv)
Ex— (M)

+&MY
' (unt,vAt] x (Ml)

=1 V). 2.4
So, we could define the measure P’ justby PO, Pland . Forevery u < vand A € F,

E— (M)
P (AxJu,vD) =W Vvit)—y¢Y@mVvie)P (A)+f/

ds)dP'.
(unt,vAt] 5 (Ml)l//( S)

If we denote by P;// the restriction of the measure F;// on the o-algebra F;, = F; x R, we will
have for every A € F;

E— (M)

] mtﬂds)dPl, (2.5)

PY(A) =P (A x RY) = (1 — y (1) P'(4) + /A /[0
N

g() (M)_l
(Ml

Thus, the measures P ; (and P,w) do not depend on the choice of the dominating measure P.
It is easy to see that PY < P and

where we assume that

arV E_(M°
L= —y)&EM®) + &MY (M)

Z;/jE 7
dp 10,1] Es—(M1)

———¥(ds). (2.6)

According to (2.2), Z,w = [p+ E (M) (dx).

Remark 2.1. Since P! % PO, we have that PV £ P? and one can express the density process
2;// = dP;///dP0 in the form
1/;
;=
dPt
where Z; = (£;(M), t > 0) is the density process of P! relative to PY.

=1 =v(@®) +51(M)/ £ (MY (ds), 2.7

Let us define on the space (ﬁ, F) the random variable
0 =0(®) =0(w,x)=x.
It is evident from (2.2) that

PV <x)=P (02 x1[0,x]) = ¥(x).
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This means that the distribution function ¥ = v (x) by means of which we have defined the
new measure P’ on the extended measurable space (12, F) comes to be the a priori distribution
function of the variable 6, associated with the random time of ‘disorder’.

The aim of the problem is to find a stopping time t with respect to the filtration F; of
observable events (interpreted as the time at which the “alarm signal” is given) which is “as
close as possible” to the change-point 6. Following [16] we define the cost criterion by

V() = PY(t < 0) + EY max(K; — Ky, 0), (2.8)

where P¥(r < 0)isa probability of “false alarm” and E ¥ max(K; — Ky, 0) is an average delay
(measured by an F; predictable increasing process K) of detecting the change-point correctly.
The stopping time t* is called optimal if

V(@) = infV (1), (2.9)

where inf is taken over the class of all F'-stopping times.
Introducing the a posteriori probability process m;

=P O <t|F),

similarly to [16] one can reduce problem (2.9) to the optimal stopping problem
T
V(t*) = inf EY [(1 —n,)+/ m_dKS:|, (2.10)
T 0

since P¥ (t <) = EV(1 — ;) and
T T
EY max(K; — Ky, 0) = E‘/’/ lp<5)dKs = E‘/’/ 7s_dK,
0 0
by the projection theorem.
Let us introduce the value process of the problem (2.10)

T
V, = ess;?fE'/’ [(1 ) +/ nS_dKS/F,] ) (2.11)
T= t

It is well known that under some regularity conditions (see, e.g., [4]) the stopping time t* defined
by

™ =inf{t: V, =1 — m;} (2.12)

is optimal for the problem (2.10). In the case of the Wiener disorder problem considered in [16]
the optimal stopping time is of the following simple form:

* =inf{t : 1, > A}, (2.13)

where the constant A* is a solution of a certain integral equation and the value function V is
explicitly calculated as a function of ¢ (0) = 7 and A*. Here the differential equation for the
process m; plays a crucial role.

In our general setting the process m; is no longer sufficient for determining the optimal
stopping rule; however the equation for 7, is essential to characterize the value process V; as
a solution of the corresponding RBSDE. Therefore, in the next section we focus our attention on
the derivation of a stochastic differential equation for 7;.
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3. Differential equation for the a posteriori distribution process

After giving some auxiliary facts and recalling properties of Girsanov’s transform we derive
the stochastic differential equation for the a posteriori distribution process of the change-point
6 based on knowing its a priori distribution function ¥ and the local martingales M’ &
MIOC(F, P), i=0,1.

It follows from the generalized Bayes theorem (see, e.g., [10] or [18]) that

o = S Tz B @) an

z/

where
2/ = [ &nvan, (32)
Using (2.4) and (2.6) we get

E(M! £y (ds

(= Y O)EMO) + &(Ml) Sron B0y ds)

Dividing the numerator and the denominator of the right-hand side of (3.3) by & (M 0y, one can
write 7; also in a form not depending on the dominating measure P:

B EM) [io. & (MDY (ds)
A=y 0)) + EM) fio., & M)y (ds)

where & (M) = dP]/ dPt0 is the density process of P! relative to P°.

34)

Lemma31 The martingale Z;/f is the Doléans exponential of the local martingale MV
(ie. Z) =EMY)), where

t A
M,‘”:f (l—ns_)dM‘?+f ns_dM§+Z(1—ns Vs ——=(AM] — AM)).
0 0

o —Y(s—)
3.5
Proof. Note that from (3.3) we have that
Ve E—(M°)
mZ =&M”) 01 Eoz (MI)W(d) (3.6)
(1 —m)Z] = (1 =y )&M), 3.7)
Therefore, an application of Itd’s rule to (2.6) yields

_ 0ydmO + Eu—(M°) 1y qags

= 1+/ (I =Y (s—)E—(M7)dM, / /[Os)f B Y (du)Es— (M *)dM;
+> [Aé‘ 2= Aa(MO)} 2Y(s) (3.8)

= E— (M) ’ ' '
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Since by Eq. (3.7)

14
Z,_(1—m-)
(M) = =, 3.9)
e AG)
and
AE (M) =& _(M)AM, (3.10)
we have that the last term of (3.8) equals
Ay 1 0
1-m )Z ——(AM,; — AM}). (3.11)
; . —¥(s—) ’
Therefore, from (3.6)—(3.8) we obtain that Z;l’ = & (MV) satisfies
! A
zV =1+ / 7V [(1 — 2, )dM? + o dM] + (1 — 7, )%d(Ml MSO):I
0
(3.12)

and the assertion of lemma follows from the uniqueness of the solution of Eq. (2.1). O

Remark 3.1. Similarly to above, one can show that the density process Z,‘lf defined by (2.7)
admits the representation Zw = E,(M ¥, where

R ' Ay
MY =/ dM, | -7y )——  AM,. 3.13
p=) o +§( ) TT0 60 (3.13)

For two semimartingales X and Y, with AY; # —1 for all #, let us denote by L(X, Y) the
Girsanov transform

t
1

Li(X,Y)=X; — ——d[Y, XI;.

(X, Y) t /01+AYS[ Is

Note that (see, e.g., [11])

& (X)
&)

Since for any X-integrable predictable process H

=&(L(X -Y,Y)). (3.14)

L(H-X,Y)=H -L(X,Y),
from (3.5)

t
LyM" — MV, mY) =/(1—ﬂs—)dLs
0

Ay
x| M MO =y ——— AWM, - M), MV ). (3.15)
( LT w0
It is also evident that

AX

ALXY) = 17—y
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and, in particular,

AM! = M) 1—y@)

AL, (M — MV MY =1 — 7, .
: =) +AMy 1=v@-)

(3.16)

Theorem 3.1. The a posteriori probability process m; satisfies the following stochastic
differential equation:

' A
7 = mp +/ 75— (1 — 7y_)dL, (M1 -M0 -3 #A(M; - MY, M‘”)
0

u<- I_W(M—)
(1 Y(s) AM)! — M) A

- L POy . S

+s2<t:( ) 4Gk )L WY VAl v+ 0 1—1/f(s—)w( g
(3.17)

Proof. By virtue of (3.6) and (3.14)
_ UV v Ex-(M?)

=& (LM — MY, MY)) o gx_(M])w(dx). (3.18)

From (3.18) using the Itd formula we have

1 ¥ ¥ L _ ag¥ 14
nt_n0+f /[OX)g D) w(d Yo (L(M* — MY, MY))dLs(M MY, MY)

E_ (MY
E—_ (M)

E-(M°)

+
(0. Es—(MV)

S (ds) + Y AE(LM = MY MY )=

s<t

Ay (s). (3.19)
Egs. (3.15) and (3.18) imply that the second term of the right-hand side of (3.19) is equal to

t
/ (1 — wg_)dLy(M' — MO — Z Aw—l’/f(A(Ml MO, MV). (3.20)
0 u<s

On the other hand, using successively (3.10), (3.14), (3.16) and (3.9) we obtain
E—(M°)

2 : 1 2 2
- AE(LM" — MY M ))5 (Ml)At/f()
Es_ (M)
1 2 2
= ;q AL(M' — MY, M )5 (Mw)A‘“ s)
(1 V() AmM}!—mP)
_§ 1 —m,)? s S A ) 3.21
3<,( ) — Y= 1+ AMY e G:2D

Note that (3.9) also implies that the third term of the right-hand side of (3.19) is equal to

Tl —

Therefore relations (3.19)—(3.22) imply that 7, satisfies the SDE (3.17). O
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Remark 3.2. Sometimes it is more convenient to write Eq. (3.17) using the martingale MY from
Remark 3.1. Like for Theorem 3.1 one can show that 7, satisfies equation

T = no—i—/t (1 —mg_)dLs | M — ZA—wAMu,M‘p
0 u<- 1_1//(’4 )

(1 Y (s)) AM;
1—7 2
- ;( — Y= 1 4+ AM]

fol—
v w<s>+/ 1,/,( T V@ (23

In particular, if 1 (¢) is continuous, this equation for r; takes the form

t "1,0 tl
m=nw5£nka—nﬁmm(Mw4)+K;l_wow()

Remark 3.3. Another form for the equation for the a posteriori distribution function (77;, t > 0)
can be given by applying It6’s formula to the left-hand side of (3.7):

! 1—(s) 0_ v gV /’ 1— 7
7 _—no—/o(l—ns_)—l o )dLS (M MY, M )+ e )gﬁ(ds).
(3.24)

4. Reflecting backward stochastic differential equation (RBSDE) for the value process

In this section we provide the reflecting BSDE for the value process of the optimal stopping
problem (2.10).
Let us introduce the value process of the problem (2.10):

T
V; = essinf EV [(1 — T) +/ ns_dKS/F,],
>t t

where EV is an expectation w.r.t. the measure P¥, which we consider as a reference probability
measure throughout this section.
It is well known that (see, e.g., [4]) V; is a RCLL process such that

G Vi <1 —m forall ¢,
(i) the process V; + fol my—dKj is a submartingale,
(iii) V; is the largest process satisfying (i) and (ii).

Moreover for any ¢ > 0 the stopping time t* defined by
T =inf{s >1:Vy=1—m)}

is t-optimal (at least if K and ¢ are continuous and F is quasi-left-continuous (see [4] or [7])),
that is

*

%
V=¥ (- +
t

Hence V; is a special semimartingale with canonical decomposition

JTSdKS/Ft:| .

t
%z%—/mi&+&+M, @.1)
0

where N is a martingale and B is a predictable increasing process with By = 0.
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It is also well known (see e.g. [4,7] and [15]) that increasing process B; is growing only on
the set {V;— = 1 — m;_} (on the stop region) and V; 4+ (7_ - K); is a martingale on the go region
{Vi- < 1—m_},i.e., the process B; satisfies the relation

T
/0 Ity,_<1—n,_ydBs; =0, “4.2)

which implies that the process

t Ky t
/ Iyy,_<1—z,_)d (Vs +/ ﬂu—dKu) =/ Ity,_ <1—z,_ydNj
0 0 0

is a martingale.

Note that relation (4.2) guaranties the maximality of V and together with (i) and (ii) uniquely
determines the value process. But the maximality of V, as well as condition (4.2), is difficult to
verify and this leads to the necessity of giving a differential characterization of the value process.
We shall combine the results of [1,7,5] and [15] to derive a reflecting BSDE for the process V in
our case.

Denote by S the class of semimartingales X with the decomposition

X, =Xo+A +M;, t=0,

where M; is a uniformly integrable martingale and A; is a process of integrable variation on
[0, o<].

We define a solution of RBSDE related to the disorder problem as a triple (¥;, vy, L) of
adapted processes satisfying:

(D L; is a uniformly integrable martingale,
(II) v, is a predictable process with 0 < v, < 1,
(I) Y, is a semimartingale from S',
av) Y, <1 —m forallt > 0,
(V) lim;.00 ¥; = 0, PV-ass.,
(VD
+

t . |
Y, = Yo+ 1—51v_:,,,i_d/ u,dKu—/— d>
(= Yo+ [ =t 1.)<On )
t
—/ns_sz—i-L[. “4.3)
0

Theorem 4.1. Assume that:

(A) ¥ is a distribution function concentrated on [0, o0].

(B) K is a predictable increasing process such that EK; < oo for any t € [0, 00).

Then there exists a solution of RBSDE (4.3) satisfying ()—(VI). If a triple (Y;, v;, L;) satisfies
conditions (I)—(V1), then Y; = V; and L; coincides with the martingale part of the value process
V.

Proof. Using Eq. (3.24) for ; and the decomposition (4.1) we have

t 1—7Ts_ t
]—7T[—Vl = l—ﬂO—VQ—/ mw(ds)—i-/o NS_dKS
R AC I
— B, + 11— —dM, — N, 4.4
, /( oy = N 44)
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where by M we denoted the PV -martingale M; = L, (M° — MV, MV).
By Tanaka’s formula

t
(== V" = (=70 = V0" + [ Hiry v yd = = V)
+ ,c‘ VO + Y Taea v, =01 =T — Vi), 4.5)
O<s<t
where E,l - _V(O) is the local time of the process 1 — m; — V; at 0. Therefore, from (4.4) and

4.5)

t
(=7 — V) = (1= 70— Vo)t + f Ltem v y7s—dK,

t 1 t
— Iq— —r(ds Iq— dB
/0 (I—mg_>Vs_) w( )W( ) f (I—=mg_>Vs_) K

+ Z I -z —v,_ _o)(l—ny_vv)_k El =V (0)

O<s<t
t ~
+ / I(lfnx_>\/x_)[7fsf(1 — g )dM, — dNg]. (4.6)
0
Since V; < 1 — m; and fot I(1—n,_>v,_)dBs; = 0, comparing the finite variation parts of the
right-hand sides of (4.4) and (4.6) we obtain that
/II dK ftl L= as)

e =Y. ) TTs— — e =Y ) ———————— s
0 (1—mg_=Vs_)ls s o (1 ns——vsf)l _ I//.(S_)

- (%E}”V(O) + A~t) = B, 4.7

where by A, we have denoted the compensator of the process (ZO<s<t Ig—rn, —v, =0y)(1 =75 —
V), t > 0). -

Since B, £(0) and A are increasing processes, relation (4.7) implies that the measures dB;
and d(L£(0) + A)t are absolutely continuous w.r.t. the measure dK;. Moreover, from (4.7) we
also have

! | —m_ " P E—— 5
| I(],nx_:yv_)d a_-K — =y - ) — Eﬁt )+ A;

! 1—m_ -
= B; + Ig—g, =y, yd|7m--K — - 4.8)
0 L=y s
+ -
and the process fo I—z,_=v, )d (rr_ K - 1_]7;* . 1//) — (%ﬁ,l_"_v(O) + A,) is increasing;
- )

hence there exists a predictable process u; such that 0 < u; < 1 and

L) )= O,LLS Umme-=Va) T 0 ™ T = ) -

4.9)
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where A, = A" — A, is a unique decomposition of a process of finite variation A as a difference
of two increasing processes such that the non-negative measures induced by A™ and A~ on [0, 7]
have disjoint supports. The total variation of such a process is given by (VarA), = A + A .

It follows from (4.8) and (4.9) that

! 1 —m_ +
/ (1 - //LS)I(I—JTS,:VS,)d n_-K — )
0

1 —y_ s
! 1 —7_ -
— 1(1_7737:‘47)(1 n_-K— . ¢ = B; (4.10)
0 -y s
is an increasing process, which implies that
1—m_ +
0=<ps < Iq—p,_=v,_)d <7r_ -K — T~y . ‘ﬁ) -a.e. and 4.11)
I s
1 —m_ +
{s:1—m_=V,_} Csupp|7n_ K — —v -y 4.12)

In particular, we have that

! I —m_ +
B, = / (I = pus)l—n,_=v,)d <7'[_ K — . w)
0

-y ),
! 1 —n_
= [ (0 —p)li—z,_=v,d|{7_-K — 1 N/ . (4.13)
0 - w— K
Therefore (4.13) and (4.1) imply that
t . . 1 +
V= Vot [ 0= mte1om ( | miari - [ —w(du))
0 0 0 Y(u—) s
t
- f 75 dKs + N, (4.14)
0
which means that the triple (V, u, N) satisfies Eq. (4.3).
It follows from equality (4.13) that the value process satisfies also the equation
t
Vi=W —/ Ta=n,_>v,) + psd1—n,_=v,_))ms_dK;
f(l ) L s+ N (4.15)
— s , .
MUs)l(\—me_ =V, )T, < 1— w( ) t

which implies that V; is a supermartingale. Since V is bounded, it is a supermartingale of class D,
and by the uniqueness of the Doob—Meyer decomposition N is a uniformly integrable martingale
and V is a semimartingale from class S'.

Since 0 < V, < 1 — 7, and limy_ oo 1; = 1P¥-as. (the proof of this fact is the same as
in [16]), we have that lim;_, o, V; exists and is equal to zero.

Thus, the triple (V, u, N) is a solution of (D—(VI).

Uniqueness: Let a triple (Y;, v¢, L;) be a solution of (I)-(VI). Then it follows from (4.3) and (II)
that the process Y; + fot ms—dKj is a submartingale. Since V; is the largest process that satisfies
(i) and (ii), we have V; > Y;.
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Let us show that Y; > V;. Let
oy =inf{s >r:Y, =1—m}.

By condition (IV) we have Yy < 1 — g on the interval [¢; o;). Therefore, it follows from (4.3)
that

Oy
Yo, — Y, = —/ my_dKy + Lo, — L;. (4.16)
t

On the other hand condition (V) implies that Y,, = 1 — m,,. Therefore taking conditional
expectations in (4.16) we obtain that

Ot
Y, =E <1 — g, ~|—/ nSsz/]-})
t

and by definition of the value process Y; > V;. Thus Y, = V;. It is evident that the martingale
parts of V and Y are also indistinguishable. [J

Remark 4.1. By (4.9), (4.12) and (4.15) we have that the value process also satisfies the
following equation:

t ! 1 —m_
Vi=Vy— Iq— _dK — Iq_m — —y(d
t 0 /(; (1—mg_>V,_)Ts s /(; (I—mg_=Vs_) 1= w(s_)w( s)

1 5
— (513,1_”_‘/(0) + A,) + N;. (4.17)

Remark 4.2. Comparing the martingale parts of (4.4) and (4.5) we have that

! L =y(s) - '
T—m,_ = 1l —my)————dM; = I(1—r,_—v._ydN.
/0 (—my_=V,_) (1 — 7§ )1—1/I(S—) s /0 (1—ms_=V,_)dNg
+ ( D daa v, =0 = = V) — At> : (4.18)
O<s<t

Let us write the a priori distribution functions in the form

YT () = m8o(1) + (1 — m)e(t) (4.19)

where §(¢) is a Dirac measure having a mass at 0, and ¢(¢) is any fixed distribution function
of some positive random variable. From now on taking expectation with respect to the measure
pV" (resp. P‘/’”) we will denote as E™ (resp. E™) (E‘/’ﬂ — E™). Hence the value Vj can be
rewritten as a function of 7 (7 and w in general):

T

Vo(r) = inf E™ [(1 — 1) +/ ndeS]
T 0

Now we shall prove the concavity of the value function V{(;r), which will be essentially used in
the sequel. For the value function corresponding to the classical disorder problems this fact was

proved in [16].

Lemma 4.1. The value function Vy(m) is a concave function of m.
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Proof. We need to show that for any 71, 7> € [0, 1] and & € (0, 1)
Vo(amy + (1 —a)ma) > aVo(ry) + (1 — o) Vo(r2),

Let 7 = am + (I — a)mo. By (4.19), ¥7 (1) = ay™ () + (I — a)y™(t) and PV =
aPV 4 (1 - oz)}_"””2 by the definition of the measure PV (see (2.2)).

As Vp(r) = inf; E”(I(Kg) + (K; — Ky)T) the concavity of the function V() is
straightforward. O

5. Disorder problem for a Wiener process

In this section we consider the classical disorder problem of a Wiener process and show that
in this case the RBSDE (4.3) is equivalent to the free-boundary problem considered in [16].

Let {2 be the space C of continuous functions x = (x;, ¢ > 0), F the Borel o-algebra B(C)
of C, (B;(C), t > 0) the corresponding filtration.

Assume that P9 is the measure on (C, B(C)) such that éX ¢ 1s a standard Wiener process and

P! is the measure on (C, B(C)) such that the process
1
—(X¢ —r1)
o

is a Wiener process under P!, where X, is a coordinate process and r is some constant. Then
P! B PO and the density process of P! with respect to P? is of the form
7, = dPtl = exp {LXI - it} .
dp? o 202
Thus, Z; = & (M), with M; = = X;.

Let v be a distribution function such that

Y0 —¥(O0-)=m
1—y@) = (1 —m)exp{—at}, t>0, 5.1)

where A is a known strictly positive constant and 0 < 7 < 1.
In this case M,w = gf(f 7,_dX, and

N r r !
LM, MY = = (X, - —fo ns_ds) (5.2)

(o2

where W, = X, — g fot my_ds is a Wiener process with respect to the measure PY which we

shall denote hereafter by P”. Note also that in this case %w(ds) = Ads.

Therefore, it follows from Eq. (3.23) (see Remark 3.2) that in this case the equation for 7;
coincides with the equation derived in [16]:

t t
M=o+ — f (1 — 7,)dW, + A/ (1 — m,)ds. (5.3)
o Jo 0

Lemma 5.1. Let a < w, where a, w € [0, 1). Then

0<r(d- a)/ P (s <a)ds < ETL] (a) <2(1 — ). 54)
0
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Proof. By the It6—Tanaka formula

t
|7 —a| = |7 —al + k/ (1 — my)sign(ws — a)ds + LT (a)
0

t
+ L f 75(1 — 75)sign(rs — a)dW,. (5.5)
o Jo

Taking expectations with respect to the measure P™, since the stochastic integral from (5.5) is a
martingale, we have

t
E*LT(a) = E"|m —a|— |m —a| — AE”[ (1 — my)sign(my — a)ds. (5.6)
0

Since (3.7) and (5.1) imply that
E™(1 —m;) = (1 — ) exp{—At}, (5.7)

from (5.6) we obtain

t

E" LT (a) E”In,—a|—|n—a|+k/ E™(1 — m)ds
0

IA

IA

E™\m —a|l — |m —a|l + (1 —7)(1 — exp{—Ar}).

Therefore, the passage to the limit as # — oo in the last inequality, keeping in mind that
lim;_, oo ; = 1, gives the last inequality of (5.4):

E*Ll(@)<l—a—(r—a)+ 1 —-7m)=2(1—m).

On the other hand, from (5.6) (keeping in mind that 1 — g > 1 — a on the set (7; < a)) we also
have

E"LT(a) = E"|ny —a| — |7 — al
t t
—AE”/ (a —ns)l(nm)dsw\E”f (1 = 7))z, <a)ds
0 0
> E™|m —a| - |m —al

t 1
—AE”/ (1 — my)ds + A1 —a)E”/ Iz, <a)ds. (5.8)
0 0

It follows from (5.7) and relation lim;_, o, 77; = 1 that for 7 > a

t
lim (E”|nt—a| P — —k/ E”(l—ns)ds> —=0.
0

—0o0
Therefore, passing to the limit in (5.8) we obtain the validity of the inequality
o
E"LT (a) > 2(1 — a)/ P™ (g < a)ds.
0
Finally, since

1+A( -
f #d}c < 00, forsomee >0,
(mr—e,m+e) X (I-x)
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at every r € (0, 1), the process m; is regular in (0, 1) (see, e.g., [3]). This means that m;
reaches a level x with positive probability starting at 7, for every x and 7 from (0, 1). Therefore
f0°° P7 (mry < a)ds is strictly positive. [

Assume that K; = ct. So, the cost criterion is of the same form as in [16]:
pe(m) = P (1t < 0) + cE; max(t — 0, 0), 5.9)

and the value function of the optimal stopping problem (2.10) is

T
p(r) =inf E; (1 — T + c/ nsds> . (5.10)
T 0

Since (7r;, F;, P™) is a time-homogeneous Markov process, we have that
Vi = p(my) as.forallt > 0. (5.11)
According to the general theory of optimal stopping the optimal stopping rule is
™ =inf{t : p(m;) =1 — 7). (5.12)

Since p () is concave by Lemma 4.1, p(7) <1 — 7 and p(w) = 1 — w if # = 1, we have that
p@)=1—-mnforallmr > A*and p(7r) <1 —mwif T < A*, where

A* =inf{A : p(A) =1 — A
Therefore, the optimal stopping time of (2.10) is in this case of the form
() = inf{t : 7, > A*) (5.13)

and the aim is to calculate p(s;r) and the constant A*. This was done in [16] by first solving a
suitable free-boundary problem and then showing that the unique solution of this problem is the
value function. Our main aim in this section is to show that since the value process V; = p(7s)
satisfies the RBSDE (4.3), the value function p(7) will be the solution of the free-boundary
problem considered in [16].

Theorem 5.1. The value function p(w) is a non-negative concave function and there is a
constant A* € (0, 1] such that:
(1) p () is twice continuously differentiable on (0, A*) and satisfies the PDE

r2 2 2. n ’ . %
@n A=—m)p" @)+ 11 —-—m)p'(r) = —cm, fO0<m <A, (5.14)
2) p(w) isequalto 1 —  if T > A* and
(3) satisfies the smooth fit condition
p'(A%) = —1.
Besides, the value function satisfies the normal entrance condition:
p'(0+) =0.

Conversely, if p(w) is a non-negative concave function with second-order derivative
satisfying (1)—(3) for some B* € (0, 1], then the triple V; = p(ny), v, = 0 and L, equal
to the martingale part of p(m;) satisfies the RBSDE (1)—(VI). In particular this implies that
o) = p() and A* = B*.
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Proof. Let D = {7 : p(7r) < 1 — 7} and let 3 D be the boundary of this set. It is evident that
p(m) <1—mand p(1) =0 (since 7; = 1 forall r > 0, if myp = 1). Therefore, the concavity of
p () implies that @ D contains only one point (say A*) and according to Theorem 6 from [7] we
have L'=7=V(0) = 0, which means that the process u; from (4.15) is zero.

Thus (5.11) and (4.15) imply that the value process V; = p(m;) satisfies the equation

t t
pm) = p(mo) = ¢ [ il cromyds =4 [ (= Tty + N (5.15)
0 0

Since p () is concave (by Lemma 4.1), p(wr) < 1—m and p(wr) = 1 —z if m = 1, we have that
p(@)=1—mforallmr > A*and p(7) <1 — 7w if 7 < A*, where

A* =inf{A : p(A) =1—- A} =0D.
Besides, the optimal stopping rule is of the form (5.13) and

{(,9): p(ms) < 1 =15} = {(0,5) : 15 < AT,

{(,9): p(s) = 1 =75} = {(w, 5) s 15 > A}
Therefore, there exists A* € (0, 1) such that p(7;) satisfies the equation

t

t t
o) = plo) ¢ [ widim s = [ (= m)lonots + [ 2 516)
0 0 0

where N = Z - W by the martingale representation theorem and Z; = —gns(l — 15) on the set
{my > A*} dP x ds a.e. by Remark 4.2.
Since p () is concave, by the Tanaka—Meyer formula

d 1
p(m) = p(mo) +)»/O pL(rrs) (1 — 75)ds + 5 /R LT (a)v" (da)

ro (", -
+ /0 o Gty (1 = 0)d W, (5.17)

/

where L7 (a) is the local time at the point a of the process 7;, p_ is the left-hand derivative of
o () and v” is the measure of the second derivative of p.
Comparing the parts of finite variations of (5.17) and (5.16), keeping in mind that o’ (7ry) =

—1 on the set {; > A*}, we have

1 t
5 /R LT (@ (da) = — fo [erts + AL — 75 pL_ (1) U, < 4 ds. (5.18)
Let h(x),x € R be a bounded measurable function. Since the measure dL7 (a) is a.s. carried

by the set {t : m; = a}, integrating the process h(ns)nsz(l — my)? with respect to both parts of
equality (5.18) and using Fubini’s theorem we get

1/ LT (a)h(a)a®(1 — a)*v" (da)
2 Jr

t
= - / h() w2 (1 — 7)) [emy + (1 — 705) L (70) Uy < Ay ds. (5.19)
0

By the occupation formula (see, e.g., [13] or [14]),



1110 T. Kavtaradze et al. / Stochastic Processes and their Applications 117 (2007) 1093-1120
! 2 2
/ h(ns)”s (I —my)[ems + A(1 — T[X);O/_(ns)]l(ns<A*)d5
0
(72 t ,
= r_Zf h(mg)[ems + A(1 — 7Ts),0_(”s)]l(ns<A*)d(jT>s
0

2
= 0—2/ LT (@h(@)[ca + r(1 — a)p_ (@) a<arda. (5.20)
r= Jr
Therefore,

LT (a)h(a)a®*(1 — a)*v" (da)
[0.1]

2 2
- —i/ LT (@)h(@)[ca + (1 — a)p’(a) < pda. (5.21)
2 Joa

Since p(m) is concave and decreasing we have that —1 < p/ < 0 and we may use
Fubini’s theorem and the Lebesgue theorem of monotone convergence, i.e., taking mathematical
expectations with respect to the measure P” (for some w < 1) and passing to the limit as r — oo
in the last equality, we obtain that

/ h(a)a®(1 — a)*E™ L7 (a)v" (da)
R

2
= _2% i h(a)lca + A(1 —a)p’_(a)ll(g<a+) E" LT (a)da (5.22)
for any bounded measurable function 4.

Since by Lemma 5.1 we have 0 < E* LT (a) < oo forall a, w suchthat0 <a <m < 1,
(5.22) and the arbitrariness of the function & imply that the measure v”(da) is absolutely
continuous with respect to the Lebesgue measure on (0, 1) and, hence, p(;r) admits a second-
order generalized derivative. Therefore, by Sobolev’s embedding theorem (see [19]) there exists
the first derivative of p(;r) in the usual sense and this derivative is continuous.

If we denote by p” () the second-order generalized derivative of o from (5.22) we have that
a.e. with respect to the Lebesgue measure the value function p () satisfies the PDE

2

#nz(l —1)?%p"(n) = =21 = m)p'(7) — c7 (5.23)

on the open interval (0, A*).

Since equality (5.23) is fulfilled on the set (0, A*) a.e. with respect to the Lebesgue measure
and the right-hand side of (5.23) is continuous, then there exists a modification of p” () (for
convenience we denote this modification also by p” (7)) which is continuous on (0, A*). It
is evident that the continuous modification of p”(7) coincides with the ordinary second-order
derivative of p and Eq. (5.23) is satisfied for all w € (0, A*).

Since p(r) = 1 — 7 forall m > A* and p(7r) admits a continuous derivative, we have that
p'(m) = —1forall T > A* and, therefore, the constant A* can be calculated from the smooth fit
condition

p'(A*) = —1.

Let us show now that p'(0) = 0. We shall first show that the value function p () is a
decreasing function. Let 7 < 7/ < A* and define o = inf{t : n7 > n'}. It is evident that
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7l = 7’ and it follows from Eq. (5.16) that

o o
p}) =p(r) — c/ 7 L <ayds +/ Z,dWs. (5.24)
0 0
Since Z - Wisa martingale and p(n]) = p(n’), taking expectations in (5.24) we obtain that

(e
o) —p@m) = —cE”f 7lds <0.
0

Let (;r,, n > 1) be a sequence such that 7, | 0. Then from (5.23)

2

r 2 2 1 /
2527n (I =) p" (1) = —A(1 — 7,) 0" () — CT (5.25)

for each n > 1. Since p’(7) is continuous, the limit as n — oo of the right-hand side exists
and is equal to —Ap’(0+). Therefore there exists the limit of the left-hand side and since p () is
concave, this limit is non-positive, i.e., o' (0+) > 0. Since the function p () is decreasing, o’ (7,,)
is non-positive and, hence, the limit of the right-hand side is non-negative, i.e., p’(0+) < 0. Thus
0’ (0+) = 0 and Eq. (5.23) for &= = 0 is also satisfied.

Thus, we have shown that the value function p (;r) is a concave function admitting the second-
order derivative (p” () can be discontinuous only at points 7 = 0 and 7 = A*) and it satisfies
the free-boundary problem (1)—(3).

Conversely, let o(;t) be a non-negative concave function satisfying (1)—(3). Then by It6’s
formula

t
p(m) = p(mo) + A / Pl (1 = m)ds + S 2(1 — 715)2p" (s)ds
0

t
r . -
+ ;/ s (1 — Ns)ﬂl(ﬂs)dWs~ (5.26)
0
Since p” () = 0 and 5’ () = —1 for all > B*, it follows from (5.14) and (5.26) that

t t
) = Bt —h | (1= 7)) n,opryds — ¢ [ 13 om, <oyl
0 0

t
+L/ 7Ts(1 _ns)ﬁ/(ﬂs)dﬁ/& (527)
o Jo

Let A = inf{A : p(A) = 1—A}. Since p(rr) is concave, the smooth fit condition p o/ (B*) = —1

implies that B* € [A, 1]. On the other hand if B* > A then on the interval (A, B*) we shall have

p" () =0, 5/ (m) = —1 and for any = € (A, B*) Eq. (5.14) will not be satisfied. Thus B* = A
and

{ms < B*} = {p(my) < 1 -7},
{my = B*} = {p(ms) = 1 — 73} (5.28)
From (5.27) and (5.27) we obtain that

t
() = p(mo) — )»/(; (I = 7)) (5 )=1—7,)ds

t rort 5 5
—Cf sl (5(ry) <1-m,)d8 + g/ s (1 — 1) p' () dW. (5.29)
0 0
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We shall show now that ALH < B*.Indeed, passing to the limit in (5.23) as 7 1 B* and using
the smooth fit condition we have that

2
—#(3*)2(1 - B*)Zli;%gfp”(n) < c¢B* — A(1 — BY). (5.30)

From the concavity of the function p(r) we have that the left-hand side of this inequality is
non-negative and hence ﬁ < B*. This inequality implies that ¢ty — A(1 — 75) is positive on

the set 3 > B*. Therefore, we can rewrite (5.27) in the following form:

t t
o) = p(mo) — C/O myds +/0 (crms — A1 = e ) T 15y =1—r,)ds

t
T / 7y (1 — 7)5 () d . (531)
0

which enables us to conclude that the triple Y; = p(7;), v, =0, L, = § fé 7s(1 —ns)ﬁ/(ns)dWS
satisfies the RBSDE (4.3). It is easy to see that this triple satisfies (I)-(V). Indeed, since p(r)
is concave, condition (2) implies that p(r;) < 1 — m; for all + > 0 and lim;— o p(77;) <
lim;—, oo (1 — ;) = 0. Besides, the positivity of p(;r) implies that lim;_, o o(7;) = 0 and
that p(mr;) is bounded. Therefore, it follows from (5.27) that p(7r;) is a supermartingale from
the class S'. Thus conditions (I)~(V) are satisfied and by Theorem 4.1 5 (r;) coincides with the
value process V;. Hence by (5.11) p(r;) = p(m;) and p(r) = p(r) forallw € [0,1]. O

Thus we have proved that the RBSDE (I)-(VI) and the free-boundary problem (1)-(3)
are equivalent. The solution of the free-boundary problem (1)—(3) is given [16]. Following
Shiryaev [16], if we denote o’ () by g(sr) from (5.14) we have that

2102 7) 2co?
- () ——..
rim2(1 —n)g rim(l — m)?

Since g(0) = 0, we find that for 7 < A*

g'(m) =

, 2c0? (7 2x02 dy
g(m) = p'(m) = =" | exp]—"-(H(m) — H(y) | ———. (5.32)
r“ Jo r y(I—y)
where H(y) = In % — L If we define A* as a unique solution of equation g(A*) = —1, then
the value function p (;7) coincides with
A*
l—A*—/ (x)dx, 0<m < A*
p(r) = ¢ (5.33)

1—n, A*<m<l.

Remark 5.1. Let us note that the smooth fit of the second derivative cannot be fulfilled and the
second-order derivative of p () is discontinuous at the point A*. Indeed (1)—(3) imply that p” (7)
can be continuous only if A* = )%LC On the other hand by partial integration

Ty 2002
/ exp { 3 H(y)} dH (y)
0 y r




T. Kavtaradze et al. / Stochastic Processes and their Applications 117 (2007) 1093-1120 1113

and from (5.32) and (5.34) we obtain that

c 7w
g(m) > 1 = (5.35)
Therefore on the set {7 : 7 < ,\Lﬂ} we have
g(m) > —1. (5.36)
In particular p’ (%ﬂ) > —1 and hence A* # %ﬂ Thus, the second-order derivative of the value

function is discontinuous at the point A*.
6. Poisson disorder problem

In this section we consider the disorder problem for a Poisson process whose intensity changes
from g to A1 at some random time 6 and show that in this case the RBSDE (4.3) is equivalent to a
free-boundary differential—difference problem considered in [12]. Besides, we derive the smooth
fit conditions for the value function (in cases when this condition is satisfied) and establish when
the smooth fit condition breaks down directly from the RBSDE for the value process.

Let {2 be the space X of piecewise-constant functions x = (x;, ¢ > 0) such that xo = 0 and
xxr=x_+@Qorl),B=0c{x:x5,5 >0}, B, =0{x:x5,s <t}

Note that for any x = (x;, ¢ > 0) € X, x; is expressed as

X =y lmm=,

i>1

where

{inf{s >0:x, =i}
Ti(x) = (6.1

oo lim x; < i.
—00

Let P° and P! be two Poisson measures on (X, B) with parameters Ao and A| respectively.
This means that under the measure P! the compensator of the coordinate process X;(x) = x;, t >
0, is equal to A; (¢, x) = A;t,i = 1, 2. (Note that the family of o -algebras (B;, t > 0), completed
by PY and P!, is right-continuous.)

As is known,

dp/ A
Pll,?f PO and dP’ :exp{ln )\—lxt — (M —)»())l‘}
0

0
t

(see [10]).
1
It is easy to see that g% = & (M), where
t

A
M, = (A_l a 1) (X; = 2o1), M € Mioe(F, PO).
0

Let ¥ (0) — ¢ (0—) =m and 1 — ¥ (¢r) = (1 — ) exp{—Ar}, where A is a known constant and
O0<m<l.
By Lemma 3.1 (see Remark 3.1)

mr = (M t7r d(X, — x
t = §— s 0S) (6.2)
AO 0
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and, hence,

N A ! dX;

LM, M") = (/\_1 - 1)/ (A ) — (A — M)t 6.3)
0 0 14 (21

0

Since Ay, = 0, it follows from Remark 3.2 that the a posteriori probability process 7; satisfies
the equation

o (=m0 =) _
dry = A1 —m-)dr + -+ ro(l —m,2) @X; — (- +2o(l —m-))dr), (6.4)

which coincides with the equation derived in [12].

Remark 6.1. The process (X; — f(; M- 4+ 2o(1 — 7wg))ds, B;), t > 0, is a martingale under
P and (7t;, B;, P™) is a time-homogeneous (strong) Markov process.

Assume that K; = ct. So, the cost criterion is of the same form as in (5.9) and the value
function of the optimal stopping problem (2.10) is as in (5.10).

Since (7r;, F;, P™) is a time-homogeneous(strong) Markov process, we have that

Vi = p(ry) as.forallt > 0. (6.5)

Note that the cases A; < Ap and A1 > Ag are quite different. e.g., a key differencg between
these cases is the fact that when A1 < g, Eq. (6.6) has no singularity points, whereas B = ﬁ
is a singularity point of (6.6) whenever A < A1 —Aq (see [12] for detailed analysis of these cases).

Let us first consider the case A1 > Ag.

Theorem 6.1. Let Ay > Xo. The value function p(m) is a non-negative concave function and
there exists a constant B* € (0, 1] such that:

(1) p () admits a continuous first derivative on (0, B*) (perhaps except for the point B= AI)LT)\O )
and satisfies a differential-difference equation:

(=71 = 2)) (1 = m)p () + (M7 + 2o(1 — 7))

Mz () (6.6)
X — | —p(m) | = —cm, .
Plartr-m) *
if T < B*.
2) Itis equal to 1 — 7, if m > B*.
(3) It satisfies the continuous fit condition

p(B*—) =1 — B*.

Moreover, if ¢ > A1 — Ao — A, then
(3%) The value function p () satisfies the smooth fit condition:

p(B*=) = —1.

Conversely, if p(w) is a non-negative, concave function satisfying (1)—(3) in the case ¢ <
AM — Ao —Aand (1), (2), (3%) in the case ¢ > L1 — Ly — A for some A* € (0, 1], then the triple
Y: = p(my), vi = 0 and Ly equal to the martingale part of p(m;) satisfies the RBSDE (I)—(VI).
In particular this implies that p(r) = p(;) and A* = B*,
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Proof. Similarly to the Wiener case,
{(w, ) : p(mg) < 1 —m5) ={(w,5) : w1y < B¥},
{(@,9): p(y) =1 =75} = {(w,5) : 15 = B¥},
where
B* =inf{(B : p(B) =1 — B}
and the optimal stopping rule is of the form
™ =inf{t : p(r;) = 1 — m;} = inf{t : m; > B*). 6.7)

Taking into account the above facts it follows from Remark 4.1. (see (4.17)) that the value
process p () satisfies the following equation:

t t
o) = p(mo) — C/ sz, <pryds — )»/ (1 = 75) [z, > p*)ds
0 0

- <%£?(1 —7—-V)+ A,) + N,. 6.8)

It is evident that the process (E?(l —m — V), t > 0) is indistinguishable from zero. Indeed,
since both functions 7; and V; have jumps at the discontinuity points of the process X; and the
number of these points for the process X; on each interval (0, ¢] is finite, we will have that the
following condition is fulfilled:

Z Al — g — V)| < oo as., foreacht > 0.
O<s<t

Besides, as the processes m; and V; do not have continuous martingale parts, we have that
C?(l —m — V) =0(see, e.g., Corollary 3 of Theorem 56, Chapter 4 from [13]).
Recall that A; is the compensator of the process ZO<S§t Iy =py_y (1 — g — p ().

Therefore At can be written as follows:

~ ! )Llﬂx :|
—A; = AMmg+ro(1 —m — p(my) | I(r,>B*)ds
t /0 (Ay7Ts o( ) |:,0 <)\17Ts Tl — 713)) p(7s) (mg>B*)
t
+ / (A1 = 20)7s(1 — 75) (7, > B)ds. (6.9)
0
Since m > m and p(w) = 1 — 7 for any ¥ > B*, then p(m) =

- m. Therefore it follows easily from (6.9) that A, = 0. Hence the process [y

from (4.15) is indistinguishable from zero.
Thus from (6.8) we have

t t
o) = p(mo) — C/o Ts Ly <pr)ds — )»/0 (I — ws){(y>p*)ds + Ny. (6.10)

Since the function p () is concave and the martingale part of the process (7, ¢ > 0) is a
pure-jump process and so L{ (r) = 0, by the Tanaka—Meyer formula

t
p(m) = p(mo) +/0 pL (rrs—)drmy + Z(p(ﬂs) = p(ms=) = pL () ATy, (6.11)

s<t

where by p’ (;r) we have denoted the left derivative of the function p (7).
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As the compensator A of the last summand of Eq. (6.11) is equal to

ATy
Ar7rs + Ao(l — m5)

t
A = /0 (AMms + Ao(1 — 75)) [p( )—p(m)} ds — (A1 — A0)

t
X / 7y (1 — 75) p’_ (7r5)ds
0

keeping in mind that p’ () = —1 for # > B*, from (6.9) we obtain that

A ! AT
A = A Ao(1 — - — 1, #yd.
R ACLESTIEES [p <Mns+ko(1—m)> p(m)} (ry<eyds
t
= [ 1 = 2ot = ) ) s (6.12)
0

Therefore by (6.11) we have

t t
p() = p(mo) + )\/O (1 = 7w) p_ (705) Iz, < pyds — X/O (1 — 75) I (zr,>B*)ds

! A1TTs
A ro(1 — — 1 +yd.
+ /(; (A17s + Ao Ts)) [p <)L17Ts T o _7Ts)> p(ﬂs)] (s <B*)dS
t
- / (M — 20)7s (1 — 75) pL_ () I (< B+yds + M, (6.13)
0

where M, is a martingale.
By the uniqueness of the canonical decomposition from (6.9), (6.10) and (6.13) we have that

t

t
[ 6= G = a0 =m0 ) s + [ el s
0 0

! AT
A o1 — . — 1 »ds = 0. (6.14
+/(; My + Ao( 5)) <,0 <X17TS Tl — ”s)) p(”s)) (s <B*)dS ( )

Further let us define

A
Al — Ao

and observe that (6.4) can be rewritten in the following form:

B = (6.15)

A, = G — 20) (B — 1) (1 — 7y yde 4 =L =) = Ao) (6.16)
ATT— + Aol — 1)

Hence, if 7 < f} thenmw, | mast — 0 P"-as.andif w7 > 13’ then 7; 1 wast — 0 P™-a.s.
More exactly for each w € N, for some N C {2, with P™(N) = 1, there exists fy = fo(w), such
that r; 1 7 for #to(w) >t — O.

At the same time, since p(sr) is a concave function and p’ (;) is a non-increasing left-
continuous function having right-hand-side limits, we have that

lim p’ (7;) = p/ (m)P"-as, ifmw > B and
t—0

lim p' () = p__(7)P™-as, ifw < B.
t—0
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Taking into consideration these facts by dividing the right-hand side of (6.14) by ¢, the
passage to the limit as + — 0 gives that the value function p() satisfies the following
differential-difference equation:

(= (k1 = 2)m)(1 — 1)/ ()

A
= — ((MTF + Ao(1 — 7)) |:,0 <)»171—|—)\1—0721—n)> - P(JT)1| + Crr) (6.17)

forall 1 < B*, where 5/ () = p’_ (%), if 7 < B and p' () = pl (), if m > B.

Since the right-hand side of (6.17) is a continuous function, then 4’ (r) is continuous except
at the point w = B. Since 0/ () coincides with left or right derivatives of the function p (;r) and
0’ () is continuous, we obtain that p(;r) admits a continuous derivative and 5’ () = p’(7r) for
all m € (0, B*) (perhaps except at the point 7 = é). Therefore (6.17) implies that p (;r) satisfies
Eq. (6.6) for all w € (0, B*).

Going to the limit as 7 — 0+ in (6.17) we obtain that p () satisfies the normal entrance
condition

p'(0+) =0,

and hence p () is a decreasing function.
Since p (i) is continuous and p(;t) = 1 — 7 for m > B*, the continuous fit condition

p(B*—)=1-B*

is fulfilled. Thus the value function p (;r) satisfies conditions (1)—(3).

We shall show now that in the case ¢ > A1 — A9 — A the smooth fit condition (3*) is satisfied.
Since {p () = 1 — ny} = {my > B*}, from (4.12) we have that ¢ty — A(1 — ;) > 0 on the set
{msy > B*} and hence

A
B* > . (6.18)
A+c
Passing to the limit in (6.6), as = 1+ B*, we have
B*[(A1 —Ag —c¢) — (A1 — Ao)B*
5 (B =) = (A1 — A0 —¢) = (A1 — 20) ]’ 6.19)
(I = B"[A — B*(A1 — 20)]

. A )‘_

Since p(rr) is concave and satisfies the normal entrance condition, we have that p'(7w) €
[—1, 0]. By resolving the system

{ﬁ/(B*—) > —1

5B ) < 0 (6.20)

we have B* € [max(llk:f‘g”, 0), )\)\?]’ which together with (6.18) implies that

A
A+c
Substituting Ak? instead of B* in (6.19) we obtain that

B*

’

p'(B*=) = —1.

Hence condition (3*) is also satisfied and the first part of the theorem is proved. O
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Conversely, let p(7) be a non-negative, concave function satisfying (1)-(3)if ¢ < A1 —ip—A
and conditions (1), (2), (3*) if ¢ > A1 — A9 — A. Then by the Tanaka—Meyer formula

A = pmo) + / Pty + Y By — plm) — FL(r AT, (621)

s<t

Since the compensator of the last summand is equal to

/tx F (1 — [~ M7 —5 ]d
0( 17T o 7s)) p<)\]ﬂs+)h()(1_7fx)> p(ms) | ds

t
— O = R0 /O 5 (1 — 73)7 (5 )ds,

keeping in mind the fact that p'(7) = —1 for all ¥ > A*, it follows from (6.6) that

t t
Fm) = plmo) — ¢ /0 7y Limy <oy — 2 /O (1 = ), ards + L, (6.22)

where

I:t = /t Ts— (1 — - ) (A1 — Ao) ~
0

e o — oy P- =) (@Xs = (s 4 Ao(1 = 75-)))ds

is the martingale part of this decomposition.

Let B = inf{B : p(B) = 1 — B}. Since p(m) is concave, the continuous fit condition implies
that A* € [B, 1]. On the other hand if A* > B then on the 1nterva1 (B, A*) we shall have
p'(m) = —1. Further #&n) > 77, which implies that p(m) )\IJT—I—)L)\I—(:-EIM
for any 7= € (B, A*). Taking into cons1derat10n these facts we obtain that Eq. (6 6) in this case

can be satisfied only at the point 7 = 7%~ +C, which gives a contradiction. Thus B = A* and
{ms < A*} ={o(ms) < 1—ms},

{ms = A*} = {p(ms) = 1 — 7). (6.23)
Therefore from (6.22) and (6.22) we obtain that

t t
p(m) = p(mo) — C/ sl 5r)<1—-m)ds — A | (1 — ) (5 )=1-7ds + L, (6.24)
0 0

Since /(77) is a bounded function, /5 (7r;) is a supermartingale of the class D. Hence 5 () € S!
and L, is a uniformly integrable martingale.

We shall show now that A* > A)‘? Indeed passing to the limit in (6.6) when = 1 A* and
using the continuous fit condition we obtain that

ok A*[(M1 — 2o —¢) — (A1 — Ag)A¥]
p(A* =) =
(1 —=A%)[A = A*(A1 — A0)]

(6.25)

if A* # B = FyE— /\o
Since p () is concave and satisfies the normal entrance condition, we have g’ () € [—1, 0].
Consider the following three cases:
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(a) If ¢ < A1 — Ag — A, by resolving the system

o x
p(A* =) = —1
{ﬁ/(A*—) <0 626)
we obtain that A* € [)»ic’ MATi%C]-

(b)Ifc=x; —rg—Aand A* # B = ;2 = 725 then by (6.25) §/(A*—) = A >0,
which gives a contradiction, since 4’ is a non-positive function. Thus, A* = B = AAT
(¢) If ¢ > A1 — A9 — A, then the smooth fit condition and (6.25) implies that
AR —ho—) — (M —A)AT]
(I =AM — A*(*1 — 20)] ’
which gives
* — )\'
Atc
Hence A* > ﬁ_c in all cases. This inequality implies that cry — A(1 — my) is positive on the
set my > A*. Therefore we can rewrite (6.24) in the following form:
t t
pm) = ptm) — [ mds & [ (em a0 = m ) gpmonds + L 620)
0 0

This implies that the triple ¥, = 5(m), vy = 0, L, = fq Sot=m =205 (r )(dX, —
(Mms— + 2o(1 — mg—)))ds satisfies RBSDE (4.3). Besides, (IV) straightforwardly follows from
the concavity of the function p (7). Since lim;_, o, 7; = 1, this gives together with (IV) that
condition (V) is also satisfied. Therefore by Theorem 4.1 p(sr;) coincides with the value process
V;. Hence by (6.5) p(r;) = p(m;) and p(w) = p(r) forallw € [0,1]. O

In the next theorem, we consider the case 11 < Xo. Note that in this case, contrary to the case
A1 > Ag, the process i, is not equal to zero, which leads to additional technical difficulties. Due

to the lack of the space we give this theorem without proof.

Theorem 6.2. Let Ay < Ao. The value function p () is a non-negative concave function and
there exists a constant B* € (0, 1] such that:

(1) p(r) admits a continuous first derivative on (0, B*) and satisfies a differential-difference
equation:

=7 = 20)(1 =)' () + (M1 + Ao(1 — 7))

M () (6.28)
X ——— ) = p(7) | = —cm, .
p A+ Ao(l — ) P
if m < B*.
2) Itisequalto 1l —m, if m > B*.
(3%) It satisfies the smooth fit condition:

p'(B*=) = —1.

Conversely, if p(r) is a non-negative, concave function satisfying (1), (2), (3*) for some

. ~ A1, O —=20) (I=S () —p(S
A* € (0.1, then the triple V; = pm),v, = CHmC1—t S pSmm g oo
where S(w) = M—L\O)n and Ly is equal to the martingale part of p(m;), satisfies the

RBSDE ()—(VI). In particular this implies that p(rw) = p () and A* = B*.
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