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ON INSTABILITY OF RUBAKOV-SHAPOSHNIKOV
MODEL

G. LAVRELASHVILI

ABSTRACT. Stability of six dimensional Rubakov-Shaposhnikov mo-
del is reinvestigated. It is shown that the model is stable with respect
to tensor and vector perturbations and it is unstable in scalar pertur-
bations sector with very particular instability pattern: there are no
unstable modes for the first two lowest angular harmonics, m = 0 and
m = 1, whereas there is a single negative mode for each higher m.
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I. INTRODUCTION

In the beginning of 80th two very important papers by Rubakov and
Shaposhnikov were published in the same issue of Physics Letter B [1], [2].
The first one [1] was discussing possibility that (in modern language) we live
on a brane in higher dimensional space and in the second one [2] the warped
compactification was introduced in order to attack cosmological constant
problem. These ideas created basis for “extra dimensional revolution” which
happen 15 years later [3], [4], [5], [6], [7], [8].

The stability of the Rubakov-Shaposhnikov model with warped compact-
ification [2] was questioned [9] soon after the model was suggested. It was
found that the model is stable under tensor and vector perturbations, but
has unstable modes in scalar perturbations sector. Recently we became
aware that there is an algebraic error in the prove namely in the equation
(23) of [9]. The aim of present note is to correct this error and reinvestigate
the stability of the Rubakov-Shaposhnikov model. Since in addition there
are numerous misprints in the most of equations in the journal version of
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[9], first we repeat here derivation of Schréedinger equations for linear per-
turbations and then give direct numerical proof of existence of an unstable
modes in scalar perturbations sector.

II. SPONTANEOUS COMPACTIFICATION WITH ZERO COSMOLOGICAL
CONSTANT

To describe the solution, leading to zero four dimensional cosmological
constant, proposed in [2] we consider gravity in d + N—dimensional space-
time with the metric gap (signature + — --- —). The Einstein equations is
written with the cosmological constant:

. 1. . R
Rap — 5941t = Agasp - (1)
It is assumed that A > 0. With the warped ansatz for the metric
. (@) gu(z) 0
gAB - ( 0 gab(xa) ) (2)

the equation (1) reduces to the system of equations
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where the hats and tildas respectively denote d + N-dimensional and N-
dimensional quantities, u,v,... =0,1,...,d -1, and a,b,... =d,...,d +

N —1.

In these equations Aphys is an arbitrary parameter arising from the sep-
aration of variables, R,, is constructed from g,, and and Rap and V, are
constructed from g,; according to the usual rules. The Latin indices a, b, . . .
are raised and lowered with the metric g,;. Note that, in contrast to the
standard approach to spontaneous compactification, the space defined by
the metric g4 p is not the direct product of the d- and N-dimensional spaces.
This difference is related to the presence of a warped factor o(x®) in front
of g, () and is critical future in the entire discussion.

The equation (3) is the Einstein equation for the d-dimensional metric
guv with the cosmological constant Aphys. For Apnys = 0 it has a solution
corresponding to a flat space. Assuming d = 4 and N = 2, the equations
(4) and (5) can be solved with the result:

i =0 sy ) (©)



ON INSTABILITY OF RUBAKOV-SHAPOSHNIKOV MODEL 67

2 4/5
te( ifm] lcosq/?m] , (7)
4/5
a(p) = [COS(V/?;KP)

; (8)
where Appys = 0, 2% = p, p € [0, pmax), 2° = 6, 0 € [0, 27].

In spite of the fact that this solution is noncompact in the usual sense
(the circumference z* = const, p = const can be arbitrarily large, | =
27y/—f — 00 as p — Pmax), it can be shown that the presence of the two
extra dimensions is unobservable at low energies [2].

III. STABILITY ANALYSIS

A. The equations of motion. Let us find the equations of motion for a
small fluctuations about the solution §% 5. For this we substitute gap —
%5 +e€ap into the Einstein equations (1). Neglecting all terms with powers
higher than first in €4, we find

_ 4A
2-N-d
where the covariant derivatives V4 are calculated using the background
metric §4 5. In what follows we set d = 4 and N = 2. Next we use the fact

that §9 5 is independent of z,, and go to the momentum representation in
2. Denoting

@C@AEBC-F@C@BEAC—@(;@CQ;B—@A@BECC €an, (9)

€ =0hy, €7 =h" €= o thH, (10)
ap = Aaps € =0 AN, €ap = Pabs
and substituting the decomposition of h,, and A,, into components with
spin 0,1 and 2
By (B, 2%) = L + Ky + Ko fy + %P + (-~ %)s
Agp(k,2) =rap + Kk, Pq,

where

(11)

k'l =0, k're, =0, k'f,=0, [,))=0, (12)
from the equation (9) we obtain seven separate equations for tensor, vector
and scalar (under rotations of x,) perturbations:

k2o M — (Vo Ve + 21,V = 0; (13)

i(V 4 1)ra — 0(VaV® + 21,V f, = 0, (14a)
I€2U_17"a‘u + ikzﬁafu — (@bﬁb + ﬂ'b@b — A)ray +

+(?b@a — 7,V + 21V — Ve — 27ra7rb)7“ub =0; (14b)
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1 =
kKo 18 + ik20'7171'a(1>a — ian“(P + 35 + <,0bb) +

+(2rmt + VO + 1V ap — (Vo V® + 27, V) S = 0, (15a)
2ik*o (Ve 4+ 1), + k2071 (25 + ¢?) —
—(VoV® +271,VY)(P - §) =0, (15b)
- - 1 - -
i(Vopa’— Ve (3S+sobb)+ §7ra%b+m,¢ab) (VP 2m VP — A) D, +
+(VyVa = 1V + 2mVa — Vi, — 2mam,) 8% = 0, (15¢)
N N 1 - -
Ko™ pa, + k20 (Va®y + Vi®a) = 5 (mVama V) (P + 35) —
—VaVy(P +35) = VoV + (Ve +2m) (Vaps” + Vipa®) +
+(A = VoV = 21,V ) pap = 0, (15d)

where 7, = (0/9x%)Ino.

The system of equations (13-15) is a system of eigenvalue equations with
the role of the unknown eigenvalue played by k2. If a system (for example,
(15)) is consistent, there will be at least one equation of the form

LY (k,2%) = k> (k, 2%), (16)

for some U(k,z%), where L is a differential operator acting on z® The
question of stability of the solution g% now reduces to the question of
the possible values of k2. The solution will be linearly stable if k2 has no
negative values and solution is unstable if k? can take negative values.
Note that in this problem there is gauge invariance related to the invari-

ance of the equation (1) under general coordinate transformations x4 —

2'* = 24 — Az?. In terms of variables equations (10) and (11), gauge
transformations with the parameters Az4 = [0~ (w* + k#n), x] looks like

Sl =0, 0o = (s~ T 8= i
X
0

= — ; = @ 17
0P, (835“ Wa)n—Hxa, 88 = mx?, (17)

o OJap . O .0 .

_ 2 1 a _ a c

0P =2ik"c™ "n+maX®, O0par = (&CC +gac—axb +gbc—axa)x .

B. The mass spectrum. It follows directly from the equation (13) for ten-
sor perturbations that k2 is non-negative for this sector. In order to see this,
we set u, v = 0 in this equation, multiply both sides by o2y/— fI°°(—k) =
[—det (3% 5)]/21°°(—k), and integrate over dz*dx® = d7. Integrating the
right hand side by parts (the correctness of this procedure can be rigorously
justified), we obtain the equation

k2 / o/ fdE|loo (k)|? = — / 0%/ = FAE[Valoo (k)] [V (R)],  (18)
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from which it follows that k? > 0.

For vector perturbations first we have to fix the gauge. We choose the
gauge conditions as

f/L =0. (19)

Furthermore, we set © = 0 in the second of equations (14), multiply by
ov/—fra%(—k), sum over a, and integrate over d. Then with the help of
gauge condition equation (19) and use of the first of equation (14) after
some transformations we find

k2 / V= fdir®ra =
~ = =a_ b0 1 a0,.b 3 c,.a0
= [ o/ —fdl‘( = VarpoVer™ — §7Ta77b7" To — 17T07r r T‘IO)' (20)

The integral multiplying k2 and the right hand side are both non-positive.
Therefore, for the vector perturbations also k2 > 0.

Let us now turn to equations equation (15) for scalar perturbations. We
choose the gauge condition in the form

d,=0, P—-S=0. (21)

We shall assume that k2 # 0. Then equation (15a) is a consequence of the
three other equations and can be omitted. From equation(15b) we obtain

1
5=z (22

which can be taken as a definition of S in terms of ,°. Using this equation
and the gauge condition equation (21), the two remaining equations can be
written in terms of ¢, °:

(@a+ﬂa)(pbb:—2(?b +7Tb)tpab, (23&)
Ko o = —(@a@b + 7,V + vaa)gOCc —
— (Ve +27) (Vapp® + Vipa©) + (VeVE + 21,V — A)@ap. (23b)
Equation (23a) gives two relations between three variables ¢qp, so a sin-
gle independent variable remains. Three equations (23b) are equivalent to
each other and determine the spectrum of k2. The problem is to solve the
constraint (23a), that is, to express all the in terms of a single independent
variable ¢ and its derivatives. Then from (23b) we find following equation
for &:

k*¢ = ME, (24)

where M is a differential operator acting on .

To proceed further let us expand ¢qp(k, p, 0) in a Fourier series in 6

Can(p:0) = > ™ oaum(p), (25)

m=—0oQ
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and consider cases m = 0 and m # 0 separately.
For m = 0 the equation (23a) gives:

(8 + T + )5 =0, (26a)
(8 + 1) (3pa™ + 5°) = —2T (04" — 05°), (26b)
where I' = f25 = %Gpln f- The first of these equations has no regular

solutions except for zero, so it gives ¢s* = 0. Using this condition, the
equation (26b), the background equation (5) and denoting 3¢4% + ¢5° = &,
we find

. 9,7 a,r
Kol = — 0260+ (272 —T =m0 ) Opbo + (2m1 2 — 2ml =73 ) 0. (27)

Multiplying this equation by &y and integrating over p from zero to pmax
with the weight W (p) given by the expression

W(p) = exp ( JEE S m) >0, (28)

after integration by parts we obtain

k2/a*1W§§dp = /de {(apgoﬁ + (ma;—r —2myl — wz)gg] . (29)

The positivity of the last term in the integrand follows from the explicit
form of background solution, (7) and (8). Therefore, k? > 0 for m = 0.

In the m # 0 case we denote 35, (p) = 7-¢5*,.(p). Dropping the index
m on the fields ¢,p, we rewrite equation (23a) as

(9p + 1) (3™ + ¢5°) = 205" — 20(pa" — 95°), (30a)
pa’ +3p5° = =200, + T + m) 35", (30b)
where y = —m?/f. The solution of this system has the form:

£E= 3@44 + @55 + 21"@54 , G=p+0,T,
a4 (0, +T 4+ m)t (0p + T + )€

T R 3ps' + 5> =6 -T G ; (31)
4t — p5° = %(2/@54 — (0, 4+ 74) (Bpa* + 05°)).
After some awkward algebra, the equation (23b) gives following for &:
Ko™l = =056+ A(p)9,& + B(p)é, (32)
Alp) = 28%6: —T, Blp)=p+ %wi + 2T+ 2(T + 774)% . (33)
It is convenient to change to the dimensionless variable x = %p, T €

[0,7/2], in the equations (32, 33).
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Now we bring Schrédinger equation (32) into standard form in two steps.
First we change independent variable from z to T according to dr = dz/+/o.
When « € [0, 7/2] variable 7 is changing from 0 to Tinaq,

w/2
3/2 (37
Tmaz = / (e 5 == e55) 997991502 . (34)
T LN EATEY

This way we get rid of factor o in the Lh.s. of equation (32) and coefficients
A and B are changed to

1
Ay =VoA+ 5\om, Br=oB. (35)

Next with the transformation & = exp(% J Ardr)x we get rid of the first
derivative term and arrive at

d? 2 . 1 5, 1
(—pJFU)X—kX, with U =B + 2 A7 - 50: A (36)
Potential U close to 7 — 0 behaves as
35 5
UZF—&-O(T) for m=1, (37)
and , ,
T2 15
and close to 7,42 as
1
U=t (39)

U Tomaz — T)2
Note that quantum mechanical potential U = —v/z? for v > ~.. = 1/4
corresponds to unstable situation (“falling” to the center, see e.g. [10]). So,
in equation (36, 39) exactly critical case is realized, which is on a border
between stability and instability. Another observation is that the m = 1
case is distinguished, because potential U is not negative in the inner region,
while starting from m = 2 it is negative not only asymptotically 7 — Tp,qz,
equation (39), but also in the inner region, Figure 1.
The regular branch of the wave function x close to 7 — 0 behaves as

7/2 kj 11/2

e T for m=1, (40)
and
— 8m? — 15k
x o< T2 4 " 608(m + 1)5 M2 for m > 2, (41)
m
and close to T — Tyex as
X X (Trmaz — 7)Y/2. (42)

To determine the number of bound states of Schriodinger equation in a
given potential we investigated the zero energy wave function. According
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to known theorems (see e.g. [11]) the number of nodes of zero energy wave
function exactly counts the number of negative energy states in a given po-
tential. Solving numerically Schrédinger equation (36) with above boundary
conditions we found that there are no negative modes in m = 1 case, whereas
there is single negative mode for each higher m. We checked this statement
up to m = 10.

25

FIGURE 1. Shape of the potential U(7) for m = 1,2 and 5.

IV. CONCLUDING REMARKS

We have shown that the solution described by equations (2,6,7,8) and
corresponding to the Apnys = 0 is linearly unstable. The instability is
related to #-dependant perturbations, which are scalars under rotation of
the four dimensional coordinates x,,. We found that a single unstable mode
appears in spectrum of linear perturbations for each angular harmonic with
m > 2. A similar situation can be expected to arise for small Appys. Even
if the solution is stable starting from some Aghys = 0, it is quite improbable
that the value of Aghys will be ~ 107%%cm™2, in agreement with current
observations [12], [13].

Although the Rubakov-Shaposhnikov solution is found to be classically
unstable, knowledge of unstable modes can be useful, since it suggests the
form of the stable solution to be sought. Since the perturbations leading
to instability are asymmetric under #-rotations, it is clear that the initially
symmetric state of the system tends to the more favored asymmetric state.
Lorentz invariance is not violated in the development of the instability, as
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it would be if the instability were related to the vector perturbations. So, it
is quite possible that the equations (4) and (5) for N = 2 have asymmetric,
f-dependent solution, which might be stable.

Since Rubakov-Shaposhnikov model is basic ingredient for many modern
higher dimensional setups it is natural to ask whether the instability dis-
appears by adding extra fields. So, question of stability should be carefully
checked in each case.
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