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OPTIMAL ROBUST MEAN-VARIANCE HEDGING
IN INCOMPLETE FINANCIAL MARKETS

N. Lazrieva and T. Toronjadze UDC 519.2

ABSTRACT. An optimal B-robust estimate is constructed for the multidimensional parameter in the
drift coefficient of a diffusion-type process with a small noise. The optimal mean-variance robust
(optimal V-robust) trading strategy is to hedge (in the mean-variance sense) the contingent claim in
an incomplete financial market with an arbitrary information structure and a misspecified volatility
of the asset price, which is modelled by a multidimensional continuous semimartingale. The obtained
results are applied to the stochastic volatility model, where the model of the latent volatility process
contains the unknown multidimensional parameter in the drift coefficient and a small parameter in the
diffusion term.
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1. Introduction, Motivation, and Results

The hedging and pricing of contingent claims in incomplete financial markets and dynamic portfolio
selection problems are important issues in the modern theory of finance. These problems are associated
with the so-called mean-variance approach.

For determining a “good” hedging strategy in an incomplete market with an arbitrary informa-
tion structure F' = (F)o<t<7, one riskless asset and d, d > 1, risky assets whose price process is a
semimartingale X, the mean-variance approach suggests using the quadratic criterion to measure the
hedging error, i.e. to solve the mean-variance hedging problem introduced by Féllmer and Sonder-
mann [10]:

T 2
minimize E(H —z— /thXt> over all 0 € ©, (1.1)
0

where the contingent claim H is a Fp-measurable square-integrable random variable (r.v.), x is the

initial investment, © is the class of admissible trading strategies, and T is the investment horizon.
The mean-variance formulation by Markowitz [26] provides a foundation for a single period portfolio

selection (see also [27]). In [22], the concept of Markowitz’s mean-variance formulation for finding the
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optimal portfolio policy and determining the efficient frontier in analytical form was extended to the
multiperiod portfolio selection.

As was pointed out in [22], the results in the multiperiod mean-variance formulation with one
riskless asset can be derived by using the results of the mean-variance hedging formulation.

Therefore, mean-variance hedging is a powerful approach for both major problems mentioned above.

Problem (1.1) was intensively investigated in the last decade (see, e.g., [8, 9, 11, 18, 28, 31, 33,
36-38]).

The stochastic volatility model proposed by Hull and White [13] and Scott [39], in which the stock
price volatility is a random process, is a popular model of an incomplete market, where the mean-
variance hedging approach can be used (see, e.g., [13, 18, 24, 31]).

Consider the stochastic volatility model described by the following system of SDE:

dX; = X;dR;, Xo >0,
dRy = ps(Ry, Y:) dt + o.dwl®, Ry =0,

0152 = f(Y;f)’
dYy = a(t,Y; ) dt + edwf, Yy=0,

(1.2)

where w = (wR, w?) is the standard two-dimensional Wiener process defined on a complete probability
space (0, F, P), F = (F{")o<t<T is the P-augmentation of the natural filtration F}’ = o(w;,0 < s <
t), 0 <t < T, generated by w, f(-) is a continuous one-to-one positive locally bounded function (e.g.,
f(z) =€), a = (a1,...,am), m > 1, is the vector of unknown parameters, and ¢, 0 < ¢ < 1, is a
small number. Assume that system (1.2) has a unique strong solution.

This model is analogous to the model proposed by Renault and Touzi [32]. The principal difference
is the presence of a small parameter ¢ in our model, which is due to the assumption that the volatility
of the randomly fluctuated volatility process is small (see also [40]). Thus, the assumption enables
us to use the prices of trading options with short, nearest to the current time value maturities for
volatility process filtration and parameter estimation purposes (see below). In contrast, the model [32]
needs to assume that there exist trading derivatives with any (up to infinity) maturities.

An important feature of the stochastic volatility models is that the volatility process Y is an
unobservable (latent) process. To obtain an explicit form of the optimal trading strategy, a full
knowledge of the model of the process Y is necessary, and hence one needs to estimate the unknown
parameter a = (aq,...,Qy), m > 1.

A variety of estimation procedures are used, which involve either a direct statistical analysis of the
historical data or the use of implied volatilities extracted from prices of existing traded derivatives.

For example, one can use the following method based on historical data.

Fix the time variable t. From observations X ROTEREE X (), 0= t(()n) < e < t&m =t, max[tgi)l —
0 n J
t
tén)] — 0 as n — 0, we calculate the realization of yield process Ry = [ d))((ss, and then calculate the
0

sum
n—1
Sn(t) =Y |Rym — Ry ™.
=0 j+1 J

It is well known (see, e.g., [23]) that
t
P 2
Sp(t) — /O’S ds as n — oo.
0
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Since 0Z(w) = f(Y};) is a continuous process, we obtain
2

. Ft+ Aw) — F(t,w
at<w>=g%< )= Fit.)

i

where
t

F(t,w) = /J?(w)ds.
0

Hence the realization (y;)o<t<r of the process Y can be found by the formula y; = f~1(07), 0 <
t<T.

More sophisticated methods using the same idea can be found, e.g., in [5, 30].

We can use the reconstructed sample path (y;), 0 < ¢ < T, to estimate the unknown parameter «
in the drift coefficient of the diffusion process Y.

The second, market price adjusted procedure for reconstructing the sample path of the volatility
process Y and the parameter estimate was suggested in [32], where the authors used implied volatility
data.

We present a brief review of this method adapted to our model (1.2).

Suppose that the volatility risk premium A° = 0, which means that the risk from the volatility
process is noncompensated (or can be diversified away). Then the price Ci(o) of the European call
option can be calculated by the Hull and White formula (see, e.g., [32]), and the Black—Scholes (BS)
implied volatility (o) can be found as a unique solution of the equation

Ci(0) = CP5(a'(0)),

where CB(o) denotes the standard BS formula written as a function of the volatility parameter o.

Here (for further estimational purposes), only in-the-money options are used.

Under some technical assumptions (see [32, Proposition 5.1] and [23] for the general diffusion of the
volatility process)

doi(o, )
80}

(recall that the drift coefficient of the process Y depends on the unknown parameter «).

Fix the current value of the time parameter ¢, 0 <t <T,andlet 0 < T3 <Tp < -+ - < Tp_1 <t < T}

be the maturity times of some traded in-the-money options.
Let 02; be the observations of the implied volatility at the time instants 0 = ¢§ < ] < -+ <t/ =,

>0 (1.3)

J
max[ts,; —t;] - 0ase — 0.
J
Then, using (1.3) and solving the equation
O—% (Jt§7 05) = Uzjv

one can obtain the realization {5};} of the volatility (o), and thus, using the formula Y = f~1(c%),

J
the realization {yti} of the volatility process (Y;), which can be viewed as the realization of the
nonlinear AR(1) process:

Ye

<o — Y =a(t], Y a)(t5 — 15) + z’:‘(wl‘%+1 — wi).

J

Using the data {yti}’ one can construct the MLE @f of the parameter « (see, e.g., [19, 25, 26].

Recall the scheme for constructing MLE. Using obvious simple notation, rewrite the previous AR(1)
process in the form

Yit1 =Y = a(ty,Yj; ) A + cAuwj.
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Then

9 1 (y = Yj —a(t;,Yj;0)A)

Py <ylyil= = _ — 0 Y-

8y { 1 =Y | J} \/M exXp ( 2e2A 50J+1(y7 J?O‘)v
and the log-derivative of the likelihood process ¢; = (eﬁ”, e ,Egm)) is given by the relation

6 =300, i=Tm,
J
where 5 )
) (ya) = 90, ™ vty Yia) = 51 (Y=Y - a(t, Yj; @) 2)a (t;, Yj; @) A.

Hence the MLE is a solution (under some conditions) of the system of equations

1 (G .
A > Wit —yj — alty, g5 08)a (ty,y5;0)A =0, i =Tm,
J

where the reconstructed data {y;} = {ytg} are substituted.
Following [32], let us introduce the functionals

—_ N - t
HW: '+ @7 (p) — <y§§’+1), 0<j< H) )
t
MLE, : (yg“), 0<j< H) —a5(p+1),

¢pe = MLE. o HW. .

Starting from some constant initial value (or the preliminary estimate obtained, e.g., from the
historical data) one can compute a sequence of estimates

aj(p+1) = ¢(ai(p), p=1.

If the operator ¢. is a strong contraction in a neighborhood of the true value of the parameter a for
a sufficiently small €, then one can define the estimate & as the limits of the sequence {a5(p)}p>1. It
was proved in [32] that a5 is a strong consistent estimate of the parameter a.

Let us return to our consideration.

Interpolating in some way the corresponding (to the estimate af) realization {yt;:,}, we obtain the
reconstructed continuous sample path (ys)o<s<¢ of the latent process Y, which can be used for further
analysis.

Unfortunately, both described statistical procedures are highly sensitive to errors at all steps of the
parameter identification process.

Hence this is a natural place for introducing the robust procedure of parameter estimates.

Suppose that the sample path (ys)o<s<¢+ comes from the observation of process (Ys)o<s<¢ with
distribution P¢ from the shrinking contamination neighborhood of the distribution PZ of the basic
process Y = (Ys)o<s<¢. That is,

dpe

dPg
where N¢ = (N{)o<s<:t is a PS-square integrable martingale and & (M) is the Dolean exponential of
martingale M.

In the diffusion-type framework, (1.4) represents the Huber gross error model (as is explained
in Remark 2.2). The model of type (1.4) of contamination of measures for statistical models with
filtration was suggested by Lazrieva and Toronjadze [20, 21].

In Sec. 2, we study the problem of constructing the robust estimates for the contamination model
(1.4).

Fi' = E(eN7), (1.4)
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In Sec. 2.1, we give a description of the basic model and the definition of consistent uniformly linear
asymptotically normal (CULAN) estimates connected with the basic model (Definition 2.1).

In Sec. 2.2, we introduce the notion of shrinking contamination neighborhood described in terms
of the contamination of the nominal distribution, which naturally leads to the class of alternative
measures (see (2.18) and (2.19)).

In Sec. 2.3, we study the asymptotic behavior of CULAN estimates under alternative measures
(Proposition 2.2), which is a basis for the formulation of the optimization problem. The optimization
problem is solved, which leads to the construction of the optimal B-robust estimate (Theorem 2.1).

Based on the limit theorem (Sec. 2.1), one can construct the asymptotic confidence region of level
~ for unknown parameter a:

Jim PS(e7*(a— o) VT (@5 07 (@ — o)) <x3) =1 -7,

where ng is a quantile of order 1 — 7 of the y2-distribution with m degrees of freedom and V (¢*; «)
is given by (2.17).

This region shrinks to the estimate a; O ase — 0.

Now if the coefficient a(t, y; ) in (1.2) is such that the solution Y («) of the SDE (1.2) is continuous
with respect to the parameter « (see, e.g., [16]), then the confidence region of parameter « is mapped
into the confidence interval for Y;? (), which shrinks to Y;* = Y;? (o} ’0). Furthermore, by the function f,
the latter interval is mapped into the confidence interval for oy, which shrinks to oF = f1/2(Y2(a"°)).
Denote by o) the center of this interval. Then the interval can be written in the form

Ot = O'g + 5(€)ht,

where 6(¢) — 0 as e — 0 and h € H (see (3.19)).

Thus, we arrive at the asset price model (1.2) with misspecified volatility, and it is natural to
consider the problem of constructing the robust trading strategy to hedge a contingent claim H.

We investigate this problem in the mean-variance setting in Sec. 3. We consider the general situation
where the asset price is modelled by a d-dimensional continuous semimartingale and the information
structure is given by some general filtration.

In Sec. 3.1, we give a description of the financial market model.

In Sec. 3.2, we collect the facts concerning the variance-optimal equivalent local martingale measure,
which plays a key role in the mean-variance hedging approach.

In Sec. 3.3, we construct the “optimal robust hedging strategy” (Theorem 3.1) by approximating
the optimization problem (3.26) by problem (3.28). As is mentioned in Remark 3.2, such an approach
and term are common in robust statistical theory. In contact to the optimal B-robustness (see Sec. 2),
here, we develop the approach known in robust statistics as the optimal V-robustness (see [12]).

Note that our approach allows incorporating current information on the underlying model and
hence is adaptive. Precisely, passing from a time value t to t + 7, 7 > 0, when more information on
the market prices are available, the asymptotic variance-covariance of the constructed estimate a;*°
becomes smaller, and hence the estimation procedure becomes more precise.

In [35], the adaptive approach to risk management under a general uncertainty (restricted informa-
tion) was developed. As is mentioned in this paper, there exists a series of investigations dealing with
various type of adaptive approaches (see the list of references in [35]). But in all these papers (except
for [35]), the uncertainty is only in the stock appreciation rate in contrast to our consideration where
the model misspecification is due to the volatility parameter.

The consideration of misspecified asset price models was initiated in [1, 2].

Various authors in different settings attacked the robustness problem. The method used in Sec. 3
was suggested by Toronjadze [41] for an asset price process modelled by a one-dimensional process. As
will be shown in Remark 3.2 below, in the simplest case where the asset price process is a martingale
with respect to the initial measure P, and it is possible to find the solution of the “exact” optimization
problem (3.26), this solution coincides with the solution of an approximating optimization problem
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(3.28). In a more general situation (when the asset price process is no longer the P-martingale), the
investigation of problem (3.26) by, e.g., control theory methods appears to be difficult. Anyway, we
do not know the solution of problem (3.26).

Let us return to the stochastic volatility model (1.2) and describe the successive steps of our ap-

proach:

(1) For each current time value ¢, 0 < t < T, reconstruct the sample path (ys)o<s<¢ using the
historical data or the tradable derivatives prices.

(2) Using the approach developed in Sec. 2, calculate the value a;*° of the robust estimate of the
parameter a (i.e., construct the deterministic function ¢t — «;° € R™), and then find the
confidence region for the parameter a.

(3) Based on the volatility process model, find the confidence interval for Y;(«).

(4) Denoting a*(t,y) = a(t,y; a;°), where a(t,y; «) is the drift coefficient of the volatility process,
consider the stochastic volatility model with misspecified asset price model and fully specified
volatility process model:

dX: = X} th, X() > 0,
dRy = (00 + 6(e)hy)dM?, Ry =0,
dY; =a*(t,Yy)dt +edw], Yo=0, 0<t<T,

where
dM? = k; dt + dwfF,
h € H and o is the center of the confidence interval of volatility.

Using Theorem 3.1, construct the optimal robust hedging strategy by the formula (3.45):
* 1 1.H *
o = = [w" + o — T,
t

where all objects are defined in Theorem 3.1. B
It should be noted that if one constructs the hedging strategy 6 by the above-given formula with
o = fY2(YE(a)®)) instead of of, then the strategies 6 and 6; are different, since 0% # o?, in
general. Hence the value A; = |0,°° — 0¥| defines the correction term between the robust, 6}, and
non-robust, 6%, strategies. N
In the nontrivial case where k; = k(Y;), the variance-optimal martingale measure P is given by
(3.17), G = —k&(—k - MP) (see Sec. 3.2), and the process (Xi, Y;)o<i<7 is a Markov process. If H =
h(X7,Yr) (h(z,y) is some function), then V;1 = EF(H|F?*) = BEP (h(Xr,Y7)|F) = o(t, X7, Yr)
and if, e.g., v(t,z,y) € CH22 then v is a unique solution of the following partial differential equation:
ov o 1[,0% 5 5 0%
A c- Z_\)=o0
ot ¢ 3y+2<6 o2 T a2 ) =Y
with the boundary condition v(7T,x,t) = h(z,y). A more general situation with a nonsmooth v is
considered in [18, 24].
Further, one can find the Galtchouck-Kunita-Watanabe decomposition of r.v. H (see, e.g., [31])
setting
ov(t, Xy, Yy) r 0
% tv ty Lt v
é-tI—I: T7 L¥:€ a_y<t7Xt7}/t)dwg7
0
and calculate !, Ly, and V;* using formulas (4.13) and (4.14) of [33].
Thus one obtains the explicit solution of the mean-variance hedging problem.
Finally, below is a short summary of the approach:
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(a) Incorporate the robust procedure in the statistical analysis of the volatility process. That
is, construct and use the optimal B-robust estimate of the unknown parameter in the drift
coefficient of the volatility process in the model. The parameter estimation naturally leads to
the asset price model misspecification.

(b) Incorporate the second robust procedure in the financial analysis of the contingent claim hedg-
ing. That is, construct and use the optimal V-robust trading strategy for hedging purposes.

In our opinion, this “double robust” strategy is more attractive to protect the hedger against the
possible errors.

The general asymptotic theory of estimation can be found in [14]; the theory of robust statistics is
developed in [12, 34]; the theory of the trend parameter estimates for a diffusion process with small
noise is developed in [17]; the book of Musiela and Rutkowsky [29] is devoted to the mathematical
theory of finance, and, finally, the general theory of martingales can be found in [15].

2. Optimal B-Robust Estimates

2.1. Basic model. CULAN estimates. The basic model of observations is described by the SDE
dYs =a(s,Y;a)ds+edws, Yo=0, 0<s<t, (2.1)

where t is a fixed number, w = (ws)o<s<¢ is the standard Wiener process defined on the filtered
probability space (2, F, F = (Fs)o<s<t, P) satisfying the usual conditions, a = (a1, ..., ), m > 1,
is the unknown parameter to be estimated, o € A C R™, A is an open subset of R, and ¢, 0 < ¢ < 1,
is a small parameter (index of series). In our further considerations all limits correspond to ¢ — 0.

Denote by (Cy, Bt) the measurable space of functions x = (z5)o<s<¢ continuous on [0,t] with o-
algebra By = o(z : xs,8 < t). Weset By = o(z: zy,u < s).

Assume that for each o € A, the drift coefficient a(s,z;a), 0 < s < ¢, x € Cy is a known nonan-
ticipative (i.e., Bs-measurable for each s, 0 < s < ¢) functional satisfying the functional Lipshitz and
linear growth conditions L:

S
|a(s,x1;a)—a(s,x2;a)| §L1/|xi—xi|dku+L2|x;—:L'§|,
0

S
la(s, z;0)| < Ly / (1 + [al) dhu + Lo(1 + |s]),
0

where L; and Ly are constants independent of a and k = (k(s))o<s<¢ is a nondecreasing right-
continuous function, 0 < k(s) < ko, 0 : kg < oo, 2,22 € C;.

Then, as is well known (see, e.g., [23]), for each a € A, Eq. (2.1) has a unique strong solution
Ye(a) = (Y (a))o<s<t, and, in addition (see [17]),

sup |Yi(e) — Y(o)| < Ce sup |ws| P-as.,
0<s<t 0<s<t

with some constant C' = C(Ly, Lo, ko, t), where Y°(a) = (Y2
nonperturbated differential equation:
dYs =a(s,Y;a)ds, Yy=0. (2.2)

Change the initial problem of estimation of the parameter a by the equivalent one, in which the
observations are modelled according to the following SDE:

dXs = a:(s, X;a)ds + dws, Xo=0, (2.3)
where ac(s, z; ) = %a(s,ax; a),0<s<t,xeCiacA

It is clear that if X¢(a) = (X(«))o<s<t is a solution of SDE (2.3), then for each s € [0,¢], e XE(a) =
Y ().

(ar))o<s<t is a solution of the following
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Denote by PS the distribution of process X¢(a) on the space (Cy, B;), i.e., P5 is the probability
measure on (Cy, By) induced by the process X¢(«a). Let P* be a Wiener measure on (Cy, B). Denote
by X = (X;)o<s<t the coordinate process on (Cy, By), i.e., Xs(x) = x5, z € Cy.

The conditions L guarantee that for each a € A, the measures P; and P" are equivalent (P; ~ P"),

and if we denote by z5"° = jlljﬁgﬂ |Bs the density process (likelihood ratio process), then

285(X) = Es(as(a) - X) :=exp { /ag(u,X;oz) dX, — %/a?(u,X;a) du}.
0 0

Introduce the class ¥ of R™-valued nonanticipative functionals v, ¢ : [0,¢] x C; x A — R™ such
that for each € A and € > 0,
t

1)z [0t Xsa)Pds < o, (2.4)
0
t
@ [0 Y aka)lds < . (2.5)
0
(3) uniformly in o on each compact set K C A,
t
PE—lim [ [i)(s,eX;0) —v(s,Y°(a); ) [*ds = 0, (2.6)
E—
0

where |-| is an Euclidean norm in R™ and PS¢ —lim (. = ( denotes the convergence P:{|(.—(| > p} — 0
) g o P

as ¢ — 0 for all p, p > 0.
Assume that for each s € [0,t¢] and = € Cy, the functional a(s,x;a) is differentiable in « and the
0
%a’ .
Then the Fisher information process

8 !/
gradient a = Do a> belongs to ¥ (a € ¥), where the prime denotes the transposition.
Ay

S

IEH(X;a) = /ag(u,X;a)[ds(u,X;a)]’du, 0<s<t,

0
is well defined, and, moreover, uniformly in « on each compact set,
P; — lim 2 It (a) = I%a), (2.7)
where
t
°(a) = / a(s, YO(a): a)[a(s, YO(a): al'ds.
0
For each ¢ € W, introduce the functional ¥, (s, x; ) := %w(s, ex; ) and the matrices F’f(a) and
7? « as follows:
t
I'Y(X;a) = /wa(s,X;a)[wa(s,X;a)]'ds, (2.8)
0
t
W(X;a) = /¢€(S,X;a)[aa(s,X;a)]/ds. (2.9)
0
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Then from (2.6), it follows that uniformly in o on each compact set,

PE — lim £2TY (0) = T (0), (2.10)
Py~ lim £ (a) = 75 (a), (2.11)
where the matrices Fg’ (o) and vg) () are defined as follows:
t
@) = [ vl Yo (@)sa)lls Yo(@)sa)ds, (2.12)
0
= /w (5,Y%a); a)la(s, YO (); o)) ds. (2.13)
0

Note that by virtue of (2.4), (2.5), and @ € ¥, the matrices given by (2.8), (2.9), (2.12), and (2.13)
are well defined.

Denote by Wy the subset of ¥ such that for each ¢ € ¥y and a € A, rankfg(a) = m and
rank 78/}(04) =m.

Assume that ¢ € Vy. For each ¢ € Wy, define the Pi-square integrable martingale L¥(a) =
(L?’a(a))ogsgt as follows:

LYE(X;a) = /¢€(u,X; a)(dXy, — o (u, X; ) du). (2.14)

Now we give a definition of CULAN M-estimates.

Definition 2.1. An estimate (a:f’ )es0 = (aqf’t b ,a¢5)5>0, Y € Wy, is said to be consistent uni-
formly lineal asymptotically normal (CULAN) if it admits the expansion
al® = a+ [ (@)L (@) + rpela), (2.15)
where uniformly in « on each compact set,
P; — lim et rye(a) = 0. (2.16)
E—>

It is well known (see [19]) that under the above conditions, uniformly in « on each compact set,
L{e M a)* —a) | Pi} 2 N(0,V(¢50)),
with
V(w3 0) = [ (@) Tg (a) (b (@), (217)
where £(¢|P) denotes the distribution of the random vector ¢ calculated under the measure P, the

symbol “%” denotes the weak convergence of measures, and N(0,V(¢;a)) is the distribution of
Gaussian vectors with zero mean and covariance matrix V (; ).

Remark 2.1. In context of diffusion type processes, the M-estimate (a; Ve “)e>0 is defined as a solution
of the stochastic equation

LY5(X;0) =0,
where LY (X; ) is defined by (2.14) and 1 € W,

The asymptotic theory of M-estimates for general statistical models with filtration is developed
in [7]. Precisely, the problem of existence and global behavior of solutions is studied. In particular,
the conditions of regularity and ergodicity type are established under which M-estimates have the
CULAN property.
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For our model, in the case where A = R™, the sufficient conditions for CULAN property take the
form:

(1) for all s, 0 < s < t, and = € Cy, the functionals ¥ (s, z; ) and a(s, z; ) are twice continuously
differentiable in o with bounded derivatives satisfying the functional Lipshitz conditions with
constants that do not depend on «;

(2) the equation (with respect to y)

/1/1 5, Y%a);y)(a(s, YO (a);a) — a(s, YO (a); y)) ds = 0,
0

has a unique solution y = a.

The MLE is a special case of M-estimates when 1 = a.

Remark 2.2. According to (2.7), the asymptotic covariance matrix of the MLE (a5)e>¢ is [Io(a)] !
Using the usual technique, one can show that for each @ € A and ¥ € U, Io_l(a) < V(¢,a) (see
(2.17)), where for two symmetric matrices B and C' the relation B < C means that the matrix C' — B
is positive semidefinite.

Thus, the MLE has the minimal covariance matrix among all M-estimates.

2.2. Shrinking contamination neighborhoods. In this section, we give the notion of contami-
nation of the basic model (2.3) described in terms of shrinking neighborhoods of basic measures { PS
a € A, e > 0}, which is an analog of the Huber gross error model (see, e.g., [12] and also Remark 2.3
below).

Let H be a family of bounded nonanticipative functionals h : [0,t] x C; x A — R! such that for all
s € [0,t] and o € A, the functional h(s,z;a) is continuous at the point zo = Y°(a).

For each he H, a € A, and € > 0, let P5" be a measure on (Ct, By) such that

(1 P~ P

dpPs" .
(2) dPe = St(gNo/h)a (218)
where
3) Ngh= /hs(u,X;a)(qu — ac(u, X; a) du), (2.19)
0

with h.(s,z;a) := %h(s,ax;a), 0<s<t, zel.
Denote by P57 the class of measures Pé’h, heH,ie.,

P = {Po" he MY}

We call (P5™).~¢ shrinking contamination neighborhoods of the basic measures (P5)e>0, and the
element (Pé’h)5>() of these neighborhoods is called the alternative measure (or simply alternative).

Obviously, for each h € H and o € A, the process N — (Né:};)ogsgt defined by (2.19) is a
P:-square integrable martingale. Since under measure PS5, the process W = (Ws)o<s<¢ defined as

W, ::Xs—/ag(u,X;a)du, 0<s<t,
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is a Wiener process, by virtue of the Girsanov theorem, the process w := w + (w, 6N§’h> is a Wiener
process under changed measure Pof’h. But, by definition,

ws = X5 — /(ae(u,X;oz) + che(u, X; ) du,

and hence one can conclude that Pé’h is a weak solution of the SDE
dXs = (ac(s, X;a) +ehe(s, X;a))ds + dws, Xo=0.
This SDE can be viewed as a “small” perturbation of the basic model (2.3).

Remark 2.3. 1. In the case of i.i.d. observations X1, Xo, ..., X,, n > 1, the Huber gross error model
in shrinking setting is defined as follows:

fr (s a) = (1 — ) fz; Q) + enh(z; @),
where f(z;a) is a basic (core) density of distribution of r.v. X; (with respect to some dominating mea-
sure u1), h(x;a) is a contaminating density, f™"(x;«) is a contaminated density, and &, = O(n~'/2).

If we denote by P! and P the measures on (R™, B(R™)) generated by f(z;a) and f™"(x;q), re-
spectively, then

dPon’h B ° f"’h(Xi;a)
dPr - N f(Xi; )

1=

n
= [[1 + enH(Xi;0)) = En(en - NI,
i=1
_ h—f Ak Ak Ui N n .
where H = 7 N = (Nam)i<m<n, Nam = >, H(X;;a), No'™ is a PJ-martingale, and
i=1

En(en Ny = T](1 + enANDT)
1=1

is the Dolean exponential in the discrete time case.
Thus,
APy
dpPn
and relation (2.18) is a direct analog of (2.20).
2. The concept of shrinking contamination neighborhoods expressed in the form of (2.18) was
proposed in [20] for a more general situation concerning the contamination areas for semimartingale
statistical models with filtration.

= E(ep - NP, (2.20)

Note here that the degree of the small parameter ¢ is crucial. We cannot consider the perturbation
of the measure with a different power of ¢ if we wish to obtain nontrivial results.

In the remainder of this section, we study the asymptotic properties of CULAN estimates under
alternatives.

For this purpose, we first consider the problem of contiguity of the measures (Pé’h)€>g to (P5)eo0-

Let (en)n>1, €n | 0, and (a)n>1, where o, € K, K C A, is a compact set, be arbitrary sequences.

Proposition 2.1. For each h € H, the sequence of measures (Pj:i’h) s contiguous to sequence of
measures (P5"), i.e

(Perh) < (PEn).
Proof. From the predictable criteria of contiguity (see, e.g., [15]), it follows that we need to verify the
relation

—0 n—oo

1
lim lim sup P§Z’h {h? <§> > N} =0, (2.21)
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where h"(3) = (h?(3))o<s<: is the Hellinger process of order 3.
By the definition of Hellinger process (see, e.g., [15]), we have

t
1 1 1
i (5) = (pratorn) = [ ecoxionF as
0

and since h € ‘H and hence is bounded, h?(%) is also bounded, which provides (2.21). O

Proposition 2.2. For each estimate (af’w)oo with ¢ € Wy and each alternative

(Pé’h)oo € (PZZH)5>O)
the following relation holds:

c{e 0y =) | P} 5 N (I (@) b, hia). V(@) )

where .
b(v, h;a) == /w(s,Yo(a);a)h(s,YO(a);a) ds.
0

Proof. Proposition 2.1, together with (2.16), provides that uniformly in «, on each compact set

Peh liH(l) aflrlp,g(a) =0,
E—>

and, therefore, we need to establish the limit distribution of the random vector [yg) (a)]LeL¥* under
the measures (Paa’h)5>0.

By the Girsanov theorem, the process L¥*(a) = (Lff’e(a))ogsgt is a semimartingale with the canon-
ical decomposition

LY (a) = L¥S(@) + b s(¥, h;a), 0<s<t, (2.22)

where LY¢(a) = (Ef’s(a))og s<t is a P -square integrable martingales defined as follows:

Z?’S(X;a) = /we(u,X;a) (dXy — (ac(u, X; ) + ehe(u, X; @) du,

be s (Y, h; o) == afwe(u,X;a)hg(u,X;a) du.
0

But (LY(a))¢ = I'¥(a), where T'Y (a) is defined by (2.8). On the other hand, from Proposition 2.1
and (2.10), it follows that

P! = lim(eL" (o)) = P — lim e°T¥ (a) = P5 — lim £’I¥ () = T (@)
uniformly in « on each compact set, and hence
£ @)L (@) | PE" 2 N(O,V(130)). (2.23)
Finally, relation (2.23), together with (2.22) and the relation

t
Pl — lim ebe ¢ (4, h; ) = /zp 5, Y (a);a)h(s, YO (a); o) ds = b(v, b; o),
0
provides the desirable results. O
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2.3. Optimization criteria. Construction of optimal B-robust estimates. In this section,
we state and solve the optimization problem, which results in constructing the optimal B-robust
estimate.

Initially, it should be noted that the bias vector 5(1/), h;a) == [’yg’(a)]_lb(w, h; ) can be viewed as

the influence functional of the estimate (a}f’s)wo with respect to the alternative (ng ’h)6>0.

Indeed, expansion (2.15), together with (2.22) and (2.23), allows us to conclude that
cle M @f® = a— 2Ry )] b b)) | PR} 5 N0,V (6, a)),

and hence the expression

a+ e[ ()] - (v, by @) — @ = 2[4 ()] Lbe (3, h; @),

plays the role of bias on the “fixed step €,” and it seems natural to interpret the limit

peh i OF 62[73’(04)}*166(1&, h;a) — a
« e—0 I

= [ ()] b(3, b ),

as the influence functional.
For each estimate (a?’a)oo, 1 € Uy, define the risk functional with respect to alternative (Pof’h)5>07
h € 'H, as follows:

D(¢, h; o) = lim lim ESP <(5_2\a:§b€ —a) A a> ,

a—00 e—0
where A @ = min(z,a), a > 0, and Eé’h is an expectation with respect to the measure Pé’h.
Using Proposition 2.2, it is easy to verify that
D(y, h;a) = [b(s), h; @) + tr V(1, a),
where tr A denotes the trace of the matrix A.
By Proposition 2.2,
— d T
e (af* = a) 5 N(b(y, h;0), V(¥; ),
where % denotes the convergence in distribution (by distribution P5" in our case) and N (b, V) is a
Gaussian random vector with mean b and covariation matrix V.

But, if £ = (&1,...,&n)" is a Gaussian vector with parameters (i, 02), then
m m m

BleP? =" B =3 (B&)?+ ) De = |u? +tro?,
i=1 i=1 i—1

as was required. N
With each ¢ € Wy, let us associate the function ¢ as follows:

(s, z;a) = [’yg}(a)]fli/)(s,x;a), 0<s<t, ze€lC acA
Then {bv € Vg and

where Id is the identity matrix,

V(o) = V(;a) =TF(a), b, h; ) = b(h, h; @) = b, h; a).
Therefore, -
D(, h;a) = D(h, h; @) = |b(1), h; a)|* 4 tr T¢ (). (2.24)
Denote by H, the set of functions h € H such that for each o € A,

t
[ s, yo@ya)lds <.
0
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where r, r > 0, is a constant.
Since, for each r > 0,

sup [b(4, h; )| < const(r) sup [(s, YO();a)l,
heH, 0<s<t

where the constant depends on r, we call the function 1; the influence function of estimate (a?”e)wo,
and the quantity

i) = sup [d(s,Y(a); )

0<s<t

is called the (unstandardized) gross error sensitivity at point « of the estimate (a;p,a>€>0'
Define

Vo= {1/) eV : /1/) 5, Y%(a);a)[a(s, YO(a); o)) ds = Id, (2.25)
0

@) < c}, (2.26)

where ¢ € [0,00) is a generic constant.

Taking into account expression (2.24) for the risk functional, we come to the following optimization
problem known in robust estimation theory as the Hampel optimization problem: minimize the trace
of the asymptotic covariance matrix of the estimate (o e “)e>0 over the class Uy, i.e.,

minimize /1/)(8, YO(a); a)[(s, YO (a); o)) ds (2.27)
0

under the conditions (2.25) and (2.26).
Define the Huber function h.(z), z € R™, ¢ > 0, as follows:

he(z) := 2 min <1, é) .

For an arbitrary nondegenerate matrix A, we denote ¢4 = h.(Aa).

Theorem 2.1. Assume that for given constant ¢ there exists a nonsingular (m x m)-matriz A%(«a),
which solves the equation (with respect to the matriz A)

t
/ ¥ (s, YO(a); ) [as, YO(a); a)]'ds = 1d. (2.28)
0

Then the function ¢?$(a) = hc(A*(a)c'L) solves the optimization problem (2.27).
Proof. We follow Hampel et al. [12]. Let A be an arbitrary (m x m)-matrix. Since for each ¢ € ¥g,

/ way =1, [ afa) = )

/(w — Aa)(y — Aa) = /ww’ —A— A+ A% (o)A

(here and below, we use simple and obvious notation for integrals).
Therefore, since the trace is an additive functional, instead of minimizing tr [ ¢4’, we can minimize

tr [0 = A~ Aay = [ |- aaf.

(see (2.7)), we have
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Note that for each z,
arglrr‘unlz—y\ = he(z).
Indeed, it is obvious that minimizer y has the form y = 8z, where 8, 0 < # < 1, is constant. Then
2 2,12
min |z — y|* = min (1 - 3)7[z|".
ly|<c B<5

Thus, we need to find
arg min (1 — £)? = min (1, ﬁ)
c z

B<15

But the last relation is trivially satisfied. Hence the minimizer y* =2z min(1, ﬁ), and

arg ‘Iwn‘ln | — Aal? = he(Aa).

On the other hand,
2

|z
|he(2)? = ‘Z|2I{\z|§c} + W

|he(2)| < ¢ for all z

and, therefore, h.(Aa) satisfies condition (2.26) for each A.

Now it is obvious that the function h.(Aa) minimizes the expression under the sign of the integral,
and hence the integral itself over all functions 1) € ¥ satisfying (2.26).

At the same time, condition (2.25), generally speaking, can be violated. But, since the matrix A is
arbitrary, we can choose A = A*(«) from (2.28) which, of course, guarantees the fulfillment of (2.25)

for ¢ = (@)

As was seen, the resulting optimal influence function 1} is defined along the process Y?(a) =
(Y2())o<s<t, which is a solution of Eq. (2.2).

S
But for constructing optimal estimate, we need a function (s, x; «) defined on the whole space

[0,t] x Cy x A.
For this purpose, define ¥} (s, z; «) as follows:
Ui(s,m50) = Y (s, 2;0) = ho(AL(@)als, 75 ), (2:29)
and, as usual, V7 (s, 7;a) = %wz(s,ax;a), 0<s<t,zeCiyacA

2 2
lijzze) =

Hence

Definition 2.2. We say that ¢}(s,z;a), 0 < s < t, z € C, a € A, is the influence function of

the optimal B-robust estimate (a;).s0 = (04?:’5)90 over the class of CULAN estimates (04,?’8)90,
Y € Yy, if the matrix A*(«) is differentiable in a.

From (2.9), (2.11), (2.28), and (2.29), it directly follows that

eto0

W (@) = PS —lime*y ¥ (a /wc 5, Y%a);a)(a(s, Y(a); @) ds = 1d.

Moreover, for each alternative (Pa’h)5>0, h € H, according to Proposition 2.2, we have
cleMap—a) | PE"} 5 N(E ), V(Esa) ase =0,

where .
b2, b ) = / (5, Y0(a); a)h(s, YO(a); ) ds,
0
and V(47 0) = T* (o).
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Hence the risk functional for estimate (a; ).~ is
D(¢, hia) = [b(6s, i) + 00 T5e, heH,
and the (unstandardized) gross error sensitivity of (o) “)c>¢ is

Yor (@) = sup ¥} (s, YO(a); )| < c.
0<s<t

From the above arguments, we may conclude that (a;).~¢ is the optimal B-robust estimate over
the class of estimates (a}f’s)wo, Y € W in the following sense: the trace of the asymptotic covariance
matrix of () ). is minimal among all estimates (o))

error, i.e.,

>0 With sensitivity bounded by constant gross

].“g}z(a) < Fap(a) for all 1 € Yo
Note that for each estimate (Oé;pjg)5>0 and alternatives (Pé’h)€>o, h € H, the influence functional is
bounded by const(r) - ¢. Indeed, for ¢ € ¥q ., we have
sup |b(¢, h; )| < const(r) - ¢ := C(r, c),

heH,

and since from (2.24)

inf sup D(¢, h;a) < C*(r,c) +trI’wc( )
"/}E‘IJO c heH,

we can choose the “optimal level” of truncation minimizing the expression
C%*(r,c) + tr I’g)‘*‘ ()

over all constants ¢ for which Eq. (2.28) has a solution A («). This can be done by using the numerical
methods.
For the problem of existence and uniqueness of solution of Eq. (2.28), we refer the reader to [34].
In the case of a one-dimensional parameter « (i.e., m = 1), the optimal level ¢* of truncation is
given as a unique solution of the following equation (see [20, 21]):

/t (5, Y (@); )] ca(s, Y (o /t (5, Y (); a)]%,)* ds,
0 0

b
a

where [z]) = (z A b) V a and the resulting function

U (s, x;a) = [a(s,z;0)]% ., 0<s<t, xzeC
s (Vg, H,) optimal in the following minimax sense:

sup D(¢*, h;a) = mf sup D(v, h; a).
heH, heH

3. Optimal Mean-Variance Robust Hedging

3.1. A financial market model. Let (2, F, F' = (F:)o<t<T, P) be a filtered probability space with
filtration F' satisfying the usual conditions, where T' € (0, o¢] is a fixed time horizon. Assume that Fy
is trivial and Fpr = F.

There exist d + 1, d > 1, primitive assets: one bound whose price process is assumed to be 1 at
all times, and d risky assets (stocks) whose R%-valued price process X = (X;)o<i<7 is a continuous
semimartingale given by the relation

dX; = dlag(Xt) dR;, X >0, (31)
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where diag(X) denotes the diagonal (d x d)-matrix with diagonal entries X',..., X% and the yield
process R = (R¢)o<t<T is an R?-valued continuous semimartingale satisfying the stricture condition
(SC). That is (see [37]),

dR; = d< > At +dM;, Ro=0, (32)
where M = (Mt)0<t<T is an R-valued continuous martingale, M € M01oc(P) A = (M)o<e<r s an

F-predictable R%valued process, and the mean-variance tradeoff (MVT) process K = (/Gt)ogtg of

the process R,
t

K= /Xsd(msAs =(\-M)y <o P-as., tel0,T) (3.3)
0
Remark 3.1. Recall that all vectors are assumed to be column vectors.

Suppose that the martingale M has the form

M=0c M, (3.4)
where M = (M;)o<i<7 is an Ri-valued continuous martingale, M € Mmoc( ) with d{M?* M7), =
IldeddCt’ I9%d ig the identity matrix, and C' = (C})o<¢<7 is a continuous increasing bounded process
with Cy = 0.

Further, let o = (0¢)o<i<7 be a (d x d)-matrix valued, F-predictable process with rank(o;) = d for
any t, P-a.s., the process (O‘;l)ogtST is locally bounded, and
T
/Utd<M>tU£ < oo P-as. (3.5)
0
Assume that the following condition is satisfied.
There exists a fixed R%-valued, F-predictable process k = (kt)o<t<T such that
A=) = (o)) k. (3.6)
In this case, from (3.2), we obtain
dRy = d(M)\¢ + dM; = o:d(M )0’ () ky + odMy = op(d{M)iky + dMy) (3.7)

and
t

t t

/ /k; o) Yo d(M)yol(ol) ey :/kd = (k- M), = K;.
0 0 0

From (3.3), we have

Ki < oo P-as. foralltel0,T]. (3.8)
Thus, if we introduce the process M® = (M?)o<;<1 by the relation
dMp = d(M) ks + dMy, Mg =0, (3.9)

then the MVT process K = (Kt)o<i<r 0f R?-valued semimartingale M° is finite, and hence M?
satisfies SC.
Finally, the scheme (3.1), (3.2), (3.4), (3.6), and (3.9) can be rewritten in the following form:

dXt = dlag(Xt) th, Xo > 0,
dRy = oy dM}, Ry =0, (3.10)
dM} = d(M)k; +dM;, My =0,

where o and k satisfy (3.5) and (3.8), respectively.
This is our financial market model.
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3.2. Characterization of variance-optimal ELMM (equivalent local martingale measure).
A key role in mean-variance hedging is played by variance-optimal ELMM (see, e.g., [11, 33]). Here,
we collect some facts characterizing this measure.
We start from the remark that the sets ELMMs for processes X, R, and M? of the form (3.10)
coincide. Hence we can consider the simplest process MPO.
Introduce the notation
dQ

§ = {Q ~ P 7P € L*(P), M?"is a Q-local martingale}

and assume that
(cl) Ms§ # @.
A solution P of the optimization problem

EEI (M) — Qie% )
2

is called a variance-optimal ELMM. Here,

aQ

— Q

Fr

and (£(M®))o<i<7 is the Dolean exponential of martingale M.
It is well known (see, e.g., [37, 38]) that under condition (c1), a variance-optimal ELMM P exists.
Denote
_ _dP
T = d_P }_T,

and introduce the RCLL process z = (2;)o<t<r by the relation

%= EP(Gr/Fr), 0<t<T.
Then, by [37, 38],

T
Zr = %o +/g;dM,?, (3.11)
0

where ¢ = ((¢)o<t<7 is the R%valued F-predictable process with
T
[t <o
0

t ~
d th ( 'dMO) is a D-martingale.
and the process Osz $)ocrer is a P-martingale

Relation (3.11) easily implies that the process z is actually continuous.
Suppose, in addition to (c1), that the following condition is satisfied:
(c*) all P-local martingales are continuous.
This technical assumption is satisfied in stochastic volatility models, where F' = F" is the natural
filtration generated by the Wiener process.
It was shown in [25, 34] that under conditions (c1) and (c*), the density z7 of the variance optimal
ELMM is uniquely characterized by the relation

o _ Erllp—hy-MO)
T Eer((p— k) - MO’

(3.12)
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where ¢, together with the pair (L, ¢), is a unique solution of the equation

Er(( — 2k) - M)

gT(L) :Cg%(_k,M)a

where L € M&IOC(P), (L, M) =0, and c is a constant.
Moreover, the process ¢ = ((;)o<t<7 from (3.11) has the form

Gt

= (ot — k)& — k) - MO).

Here, ¢ = (p¢)o<i<r is an R%valued, F-predictable process with

T

/QD; d<M>t§0t < 0.
0

Let 7 be the F-stopping time and (k' - M)p, = (K’ - M)p — (k' - M) .

Proposition 3.1 (see [3, 18]).

(1) Equation (3.13) is equivalent to the equation

Er(p' - M)
Er(L)

k'-M
= el Mt

where the R%-valued process M* = (M )o<t<T 15 given by the relation

AM; = 2d(M)k; + dM;, Mg = 0.

(2) (a) If there exists a martingale m = (my)o<i<T, M € M(Q)’loc(P), such that

280

then o =0 and Ly = [
0

e K-M)r _ 4 mrp,  {m, M) =0,

T

—L_dmg solve Eq. (3.15). In this case,

c+m

- Er(—k' - MP)
BT = Tog 7 70 a0’
E&p(—k - MO)

the process ¢ = ((t)o<t<T from (3.11) is equal to

and

E

)1

G = —k&(—k" - MY),

1
= E(e_(k;/.M>TT/FT) .

T

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(b) If there exist an R¥-valued F-predictable process € = ({)o<i<r, [L,d{(M)l; < 0o, and
0

then L =0 and

T
e<k’.M>T — C—i—/ﬁ;th*’
0

4y
wr =

t
c+ [dM:
0

solve Eq. (3.15). In this case,

Zr = Ep(—K - M)

(:=zr,

the density of the minimal martingale measure ]3),



and

£((2) /) i

where dP* = Ep(—2k' - M)dP.
Proof. (1) By the Yor formula,
Er(p—2k) - M) =Ep(¢ - M —2k"- M)

=&r (go/- (M+ 2/d<M)tkt> - 2/¢;d<M>tkt — 2K - M)

0 0
=Er(p - M*)Ep(—2K' - M),
and
E2(—K - M) = Ep(—2K' - M)t Mt
The assertion follows.
(2) (a) First, note that (L, M) = 0. Further, by this formula, we can write

¢ ¢
1
| —Inec= ms — — s-
n(c+my) —1Ine /c—l—ms 2/ Crm)? (m)
0 0
Hence
€ln(c—i—mT)—lmc _ 5T(L),
and thus,
7<]€/M>T
(L) = c+mr _¢€
c c
Finally, by the Bayes rule and the Girasnov theorem,
s((zY J7) = E(Er(=2K - M)e ¥ Mt/ F)
57 T EQ(gT(_k/ i M)e*<k"M>T/.7:7-)
_ E*(c+mq/Fr)ER(—K - M) __ctme ek M) 1 .
(Ec+my/F))2E2(—2k - M) (c+m.)? E(eK - M)rr/F7)
The proof of case (2)(b) is similar. The proposition is proved. O

3.3. Misspecified asset price model and robust hedging. Denote by Ball;(0,r), r € [0,00),
the closed r-radius ball in the space L = Loo(dt x dP), centered at the origin, and let

H = {h={hy}, i,j = 1,d : h is an F-predictable (d x d)-matrix-valued process, (3.18)
rank(h) =d, hs € Ball (0,7), r€[0,00)}. (3.19)

The class H is called the class of alternatives.
Fix the value of the small parameter § > 0, as well as the (dxd)-matrix-valued, F-predictable process
o0 = (0)o<i<r = ({O’?j’t}, 1 <i,j < d); such that ]a%7t| < const, Vi, j,t, the matrix (¢%)? = o(c?)’

is uniformly elliptic, i.e., for each vector v; = (vg, ..., v) with probability 1
d
Z( Z]tvtvf >cZ|vt\2 c>0, 0<t<T, (3.20)
ij=1
and denote
As={o:0=0"+0h, heH} (3.21)
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Proposition 3.2. Every o from the class As for a sufficiently small 6 is an F-predictable (d x d)-
valued process with bounded elements and the matriz o = oo’ is uniformly elliptic.

Proof. The process o is F-predictable as a linear combination of F-predictable processes. Further,

|O'ij,t’ = |U720j,t + 6hij,t| < const+dr, 0<d<<1.

From (3.20) and (3.21), for each vector vy = (v}, ...,v{), we have
Z (02)1-]-’151/;1/? = Z (° +6n)(c + 5h)2j’tu§1/g
ij=1 ij=1
d o d o d o d o
= (0" )il +6 > (oW)ijavivi + 6> (M) )ijavivd + 62> (Wb )ijaviv]. (3.22)
ij=1 ij=1 ij=1 ij=1

Note now that the entries of the matrices ¢ and h are bounded. Hence, choosing ¢ sufficiently
small, we obtain

max (8|(c°h)ijal, 6|(h(0°))ijel, 62| (A )ija]) <

€
3
Therefore, from (3.20) and (3.22), we obtain
d ' d
Z U%7tygvg > (¢ — const -€) Z [vi|> for each € > 0.
i,j=1 6j=1
The proposition is proved. O

Consider the set of processes {R?(or X7?), o € As}, which represents the misspecified asset price
model.
Define the class of admissible trading strategies © = O(c?).

Proposition 3.3. For each R -valued F-predictable process 0 = (0¢)o<t<T and for each o € As, 6 > 0,
T T T T
CLE/ \Ht\QdC’t < E/Géatd<M>t0£0t = E/Qéatawtd(}} < AE/ \Ht\QdCt,
0 0 0 0

where the constants a and A are such that 0 < a < A < oo and the parameter § > 0 is sufficiently
small.

Proof. Recall that d{(M); = d(M*, M7); = I%deCt. Hence
T T
E/Oéatd(]\/[%a,/ﬂt :E/QgUtO'éetdCt.
0 0

Further, since ¢ = 0¥ + §h and entries of the matrices ¢ and h are bounded, the same is true for
the entries of the matrix o with 0 < 6 < const. Thus, using the inequality ab < 2(a? 4 b%), we obtain

T T
E / O,01010; dC; < AE / AR [/
0 0

On the other hand, by Proposition 3.2, the matrix 0> = ¢’ is uniformly elliptic for a sufficiently small

&, which yields the first inequality. O
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Definition 3.1. The class © = O(0”) is a class of R%valued F-predictable processes § = (0;)o<i<T
such that

T
E/ 10:]2dCy < . (3.23)
0

Let 6 € © be the dollar amount (rather than the number of shares) invested in the stock X,
o € As. Then for each o € Ag, the trading gains induced by the self-financing portfolio strategy
associated with 6 have the form

t
Gi(o,0) = /9’5 dR7, 0<t<T, (3.24)
0

where R = (R%)o<;<r is the yield process given by (3.10).
Introduce the following condition:

(c2) There exists ELMM @ such that the density process z = 29 satisfies the reverse Holder inequal-
ity Ra(P); see the definition in [33].

It is well known that under conditions (cl) and (c2), the density process z = (2Z;)<i<r of the
variance-optimal ELMM also satisfies Ra(P) (see [8]).

Now under conditions (c1) and (c2), the r.v. Gr(0,0) € L?(P) for all 0 € As, and the space
Gr(0,0) is closed in L2(P), Vo € As (see, e.g., [33, Theorem 2]).

A contingent claim is an Fp-measurable square-integrable r.v. H, which models the payoff from a
financial product at the maturity date 7T

The problem we are interested in is to find the robust hedging strategy for a contingent claim H
in the incomplete financial market model described above with misspecified asset price process X7,
o € As, by using the mean-variance approach.

For each o € Ag, the total loss of a hedger, who starts from the initial capital z, uses the strategy

0, believes that the stock price process follows X7, and has to pay a random amount H at the date
T, is H-z-Gr(0,0).

Denote
J(0,0) := E(H —x — Gr(0,0))% (3.25)
One setting of the robust mean-variance hedging problem consist in solving the optimization problem
minimize sup J(o,6) over all strategies 6 € ©. (3.26)
ocEAs

We “slightly” change this problem using the approach developed in [41], which is based on the
following approximation:

sup J(0,60) = exp { sup In 7 (0 + (5h,9)} ~ exp { sup [lnj(ao,ﬁ) +4
oc€As heH heH

_ 0 Dj(aoa ha 9)
- e {op 275G

223

where
J(0° +6h,0) — T(c°,0)
5 )
is the Gateaux differential of the functional J at the point ¢° in the direction h.
Approximate (in leading order §) the optimization problem (3.26) by the problem

. DJ (% h,0)
minimize J 00,0 ex {6 sup —————=
( ) P hE?I')l j(aoa ‘9)

d
DJ(c",h,0):= 5 J (" + 0h,0)|s=0 (%II%

} over all strategies 6 € ©. (3.27)
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Note that each solution §* of problem (3.27) minimizes J (0, 6) under the constraint
DJ(a° h,0) DJ(a° h,6%)
SUp —— 5 S CI=SUp —— 5
ner  J(09,0) new  J(0°,0%)
This characterization of an optimal strategy 6* of problem (3.27) leads to the following definition.

Definition 3.2. A trading strategy 8* € O is called the optimal mean-variance robust trading strategy
against the class of alternatives H if it is a solution of the optimization problem

DJ(a% h,0
minimize J (0, 0) over all strategies 6 € O, subject to constraint sup J(o,h,0)

A N A A 3.28
ner  J(00,0) S

where c is some generic constant.

Remark 3.2. In contrast to the “mean-variance robust” trading strategy which associates with the
optimization problem (3.26) and control theory, we find the “optimal mean-variance robust” strategy
in the sense of Definition 3.2. Such an approach and term are common in robust statistics theory (see,
e.g., [12, 34]).

Does the suggested approach provide “good” approximation? Consider the following case.

Diffusion model with zero drift. Let the standard Wiener process w = (w¢)o<t<7 be given on the
complete probability space (€2, F, P). Denote by F* = (F}*, 0 <t < T) the P-augmentation of the
natural filtration F}¥ = o(ws, 0 < s <), 0 <t < T, generated by w.
Let the stock price process be modeled by the equation
dXtU:Xg'O'tdwt, Xg>0, OStST,

where o € As with
T

/(ag)th < oo
0

and h € Bally, _(axap)(0,7), 0 <7 < oco. All considered processes are real-valued.
Denote by R? the yield process, i.e.,

ng:Utdwt, Rgz(), OStST

The wealth at maturity 7" with the initial endowment z is equal to
T
VEP (o) = o + /et dRY .
0

Further, let the contingent claim H be the F7-measurable P-square-integrable r.v.
Consider the optimization problem (3.26). It is easy to see that if o € Ay, then

0?—5T§Ut§a?+5r, 0<t<T, P-as.

By the martingale representation theorem,

T
H=FH+ /cp,f{ dwg, P-a.s.,
0
where ¢! is the F-predictable process with
T
E/((ptH)th < o0. (3.29)
0
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Hence
T

= (EH — 2)% + E/(gof — 040;)* dt.
0

E(H - V(o))

From this, it directly follows that the process
7t (0) = (o - O att oy THoi0} + (07 +0r) i Igrop, 0<t<T,
B 20

{(G<ot)

is a solution of the optimization problem

2

maximize E(H — fo’e(a)) over all o € As with a given 6 € ©.

It remains to minimize (with respect to €) the expression

9)
T
EO/ — o7 (0)0,)* dt.

From (3.30), it easily follows that the equation (with respect to 6)
il — 0/ (0)6: =0
has no solution, but

t

solves problem. We assume that 0/0 := 0.
Now we consider the optimization problem (3.28).
For each fixed h,

2
J(J,G)—E(H—x—/ﬁtd]%t —E(H—x—/@tat duwy — 5/9thtdwt)

T T

(3.30)

(3.31)

= J(O‘O’G) —2(5E|:<EH—IE—|—/((,0 —etO't dwt /Gthtdwt] +52E/0t2h§ dt,

0 0

and hence

DJ(0° h;0) = 2F / (0109 — )0, hy dt,

as follows from (3.29), the definition of the class H, and the estimate

T T T
E / bi0f — 1! Oihy dt / 0i00 — 01) dt E / 02h? dt
0 0

T
§const-7“< /920't dt+E/cpt dt)E/H dt < oo.
0

Since, further, D.J(o", h;0) = 0 for h = 0, using (3.33), we obtain

0 < sup DJ(0°, h; ) < oco.
heH

(3.32)

(3.33)
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Hence we can take 0 < ¢ < oo. Now if we substitute #* from (3.31) into (3.32), then D.J(c°, h;0*) =0
for each h, and thus,
sup DJ (00, h; 0%)
heH
J(oV,6%)

Recall that 0* = arg ngn J(0,0); we obtain that #* defined by (3.31) is a solution of this optimization
e Ag

=0.

problem as well.
Thus, we prove that

(a) the mean-variance robust trading strategy 6* = (6f)o<i<7 for the optimization problem (3.26)
is given by the formula

H
*x (pt .
0 = o0 Ii90};

(b) at the same time, this strategy is an optimal mean-variance robust trading strategy for the
optimization problem (3.28).

Hence, in this case, the suggested approach leads to the exact solution of the initial problem (3.26).
To solve problem (3.28) in general case, we need to calculate DJ(c" h,0). Assume that k =
(kt)o<t<r = (kit, 1 <i < d)o<t<r from (3.10) is such that |k; | < const for all i and t.

Following [11, 33], we introduce the probability measure @) ~ P on Fr by the relation
~  3r o~ ~  Z
dQ =L dp <and hence dQ = =L dP). (3.34)
20 20

Using [11, Proposition 5.1], we can write

2 T 2
J(0,0)=E %?( —:1:—/9'th> =319 (H—x—/egath;))
0 ~T 0

o %
7
T Y 5
/ ()" dz—;50> = T (o, 9% ') (3.35)
0

T
32
:zolEQ<HZ° /w (0)d =5 —
“t
0
(or J(o,1) with 1 = (4°,91)’), where
O =pl(o) = ol Y=o /9’ osdM? — 0jo M, 0<t<T. (3.36)

Thus,
Ui (o) =i (0°) + 60t (h),  ¥P(o) = ¥P(0°) + d¥) (h).

T
Z0 = <— Z0> / dUt + L, (3.37)
0

(d+1)_

Let (following [33])

3=

be the Galtchouk—Kunita—Watanabe decomposition of the r.v. %20 with respect to the R
valued Q-local martingale U = (ZO Mo Eo) , where o = (pOH ¢LHY ¢ [2(U,Q), the space of
F-predictable processes 1 such that fd/dU € M2(Q) of the martingale, and L € MOlOC(Q), L is

@—strongly orthogonal to U.
Recall that

o= (09" (3.38)
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Then, using (3.35), (3.36), and (3.37), for each h, we can write

T

T (0% 4+ 6h, ) = T(0°, ) + 5 - onlE@{ Kx _pe zo> — Ly + /(¢t(00) - ¢{’)'dUt}

T
0

T
/ dUt
0

T
(n(0®) — Y dU, / ) dU;
0

T

X / @t(h))/dUt} + 52'50—1]369

0

2

= J(0°,0) + 8- 22, BV + 622 B9 . (3.39)

o\ﬂ

T
/ (@u(h)Y dU:
0

Using [33, Proposition 8], for each h, we have

_ T
f_ﬂ Gr(h7 @) = {/(w(h))/dUt : ¢(h) S LQ(Ua @)}7

2T
0

and hence, by (3.24),

T 2 T 2
- ~ 32
E9 ( / (wt<h>>’dUt) = B9 20 G3(h,0) = HEG3(h,0) = ZE ( / 0, ng>
0 0

T

T 2 T T 2
= 50E< / eghtdw) = 50E< / 0 hed (M) k; + / eghtht>
0 0

T

(/WH k> +E(/

0
T T 2
/(T/ft(‘fo) —¢g{)ldUt/(¢t(h))/dUt )

0 0

T 2 T 2
< E@( [wio®) - u )’dUt> E@< / wt(h))’dUt) < oo (3.41)
0 0

From these estimates, we conclude that

(1)

< const

2
eghtht> ] < const 7°E / |0:]2dCy < o0.  (3.40)
0

Further,

(E@

T

DT (0", 1) = 25 B2 [ (u(a®) — uf!Yd(0)wnh) < o (3.42)
0
owing to (3.40).
(2) DI (0% h,v)|p=0 = 0, since ¥(0) = 0 by (3.38) and (3.36). Thus,

sup DJ (62, h, ) > 0. (3.43)
heH
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(3) From (3.41) and (3.40), we obtain
~ T T
(DT (0", h,))? < const Z, *r*E? / (We(0®) =) dU) (e (0°) — {1 E / 16,2dC; < oo
0 0

Thus, |DJ (6%, h,1)| is estimated by an expression independent of h and is equal to zero if we
substitute ¢ (%) =, 0 <t < T.
Hence, by (3.43),

0 < sup DJ(a°, h, V)| p=yn < sup |IDJ (6°, h,¢)|‘w:¢}, =0. (3.44)
heH heH N

Further, from (3.43), it follows that we can take c € [0, 00) in (3.28).
Now substituting ¢ = ¥ in J(c°,v) and DJ (", h,v), we obtain
T(0* ") = minT(0%,v) = 5 (B H o) + 5 BOLE

(see [11, Lemma 5.1]) and
DJ(a" h, ™)
SUp ——— %
ner  J(00,%H)
Hence the constraint of problem (3.28) is satisfied.

Remark 3.3. If + = EPH and L7 = 0, then we obtain
DJ(a° h, ") 0

T (00, pH) 0
which is assumed to be zero, since if we consider the shifted risk functional j = J+1, the optimization

problem and the optimal trading strategy are not changed, but Dj(ao, h, ") = DT (0, h, ") =0
and J (o0, ¢H) = 1.

Finally, using [33, Proposition 8] we obtain the following theorem.

Theorem 3.1. In model (3.10) under conditions (cl) and (c2), the optimal mean-variance robust
trading strategy (in the sense of Definition 3.1) is given by the formula

0 = (o)) ™ + G (V7 — ('Y Uy)], 0<t<T, (3.45)

where

t
2 MP ' . &
QZJ{{ = (¢?7H?w§’H),7 U= <_07 —L ZO> ’ V; = 70 <ZL‘ + /(th),dUt>>

Zt 7%t Zt
0
VI and (; are given by the relations (3.37) and (3.11), respectively, and Z; is defined in (3.11).
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