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The Dirichlet problem is solved for harmonic functions from variable exponent Smirnov
classes in domains with piecewise smooth boundaries. The solvability conditions are
established. Depending on the boundary geometry and value of the space erponent at
angular points, the Dirichlet problem may turn out to be unsolvable, solvable uniquely
and non-uniquely. In the unsolvable case, for boundary functions the mecessary and
sufficient conditions are found, which govern the solvability. In all solvability cases,
solutions are constructed in explicit form. Bibliography: 19 titles.

1 Introduction

The Dirichlet problem for harmonic functions of two variables was studied under various assump-
tions as to the sought for functions, boundary data, and domains in which they are considered
(cf., for example, [1]-][5] and other references). In recent years, boundary value problems were
considered in Lebesgue spaces with a variable exponent (cf., for example, [6]- [8] and other
references). Representing the sought for functions by the Cauchy type integral with a density
from variable exponent Lebesgue spaces, we investigated the following boundary value prob-
lems of the theory of functions of a complex variable: the Riemann, Riemann—Hilbert, and
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Riemann-Hilbert—Poincaré boundary value problems and also the Dirichlet problem in the class
of harmonic functions which are the real parts of above-mentioned Cauchy type integrals (cf.,
for example, [9]- [12]).

We managed to obtain a complete picture of solvability when the Dirichlet problem is con-
sidered in a bounded simply connected domain with an arbitrary piecewise smooth boundary
and the variable exponent is a function satisfying the Log-Holder condition. In that case, the
considered problem reduces to the Dirichlet problem for a circle. The Muskhelishvili method
played an important role in reducing this problem to the Riemann problem [2, Sections 40 and
41].

For p(t) = const > 1 the Cauchy type integral with a density from LP(I"), where I' is a simple
closed Carleson curve bounding the domain D, belongs to the Smirnov class EP(D) ([13, p. 29])
and thus we have additional useful information on the problem solution.

In [14]- [15], the variable exponent Hardy and Smirnov classes were introduced and studied
in simply connected domains, whereas, in [16], these classes were studied in both simply and
doubly connected domains. It turned out, in particular, that if I' is a simple closed piecewise
Lyapunov curve bounding the domain D, then the Cauchy type integral with a density from
LP")(I") belongs to the class EP()(D). The Dirichlet problem as it is formulated above is thereby
solved in the class Re EP()(D) too. However, the important and interesting case of domains with
arbitrary piecewise smooth boundaries has so far been remaining uninvestigated.

In the present paper, for such domains we study the Dirichlet problem for harmonic functions
from variable exponent Smirnov classes. Owing to the conformal mapping, this problem again
reduces to a problem for the circle, but this time in the weight class h?()(w) = Re EP0) (w),
where the weight w is more general than the power weight usually considered in such problems.
After solving the problem in the circle for harmonic functions of class h?()(w), we proceed to our
main goal which is to study the case of “bad domains.” Depending on the boundary geometry
and the values of exponent p(t) at angular points, the Dirichlet problem may turn out to be
unsolvable, solvable uniquely or non-uniquely. In the unsolvable case, a necessary and sufficient
condition is found for the boundary function, which provides the problem solvability. In all
solvability cases, solutions are constructed in an explicit form.

2 Notation, Definitions, and Auxiliary Statements

2.1 Variable exponent Lebesgue spaces

Let ' ={t € C:t =t(s), 0 < s < £} be a simple rectifiable curve whose equation is given
with respect to the arc abscissa s, and p(t) = p(t(s)) be a positive measurable function on I'.
If w is a measurable, a.e. nonzero function on I', then for measurable functions f on I' it is
assumed that

p(t(s))
ds <1 } .

14
||f||LP(')(I‘;w) = inf {)\ >0: / ‘f(t(s)):}(t(s))
0

We denote by LP()(I';w) the set of all functions f for which

1l oo (ry = 1@l ooy @y < 0.
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2.2 Curves

If T is a piecewise smooth simple curve with a finite number of angular points Ay, k = 1, n,
where the values of angles with respect to the domain D bounded with I' are equal to 7wy,
0 < v, < 2, then we write I' € C5(Ay,..., An;vi, ..., v,). The set of such piecewise Lyapunov
curves is denoted by CBL(Al, T P V) )

2.3 Classes of exponents

Let I" be a simple rectifiable curve. Denote by #21,.(I"), € > 0, the set of positive measurable
functions p on I'; for which the following conditions are fulfilled:

(a) there exists a constant B (depending on p and ¢) such that for any ¢1,t2 € I’

Ip(t1) — pt2)] < B(|In|t; — to| |)~1F9);

inf p(t) =p > 1.
(b) ;grp(t) p>

Let us expand () = 2,(T') and Z(T) = |J Z14.(D).
e>0
Proposition 2.1 (cf. [16, Theorem 7.2]). Let D be a domain bounded by a simple closed
rectifiable curve I', z = z(w) the conformal mapping of the circle U = {w : |w| < 1} onto D,

andp € P(). If ' € |J H?, where H® is the Hardy class of analytic functions in U, then the
0>1
function €(1) = p(z(7)) belongs to P(vy), v = {7 :|7| =1}.

For the Hardy classes cf., for example, [17].

Proposition 2.2 (cf. [12, Lemma 2]). If I' € CL(A1,..., Ap;va,. 1), 0 < 1 < 2,
p € P(), and U(1) = p(2(7)), then £ € P(v).

Remark 2.1. If we follow the proof of Theorems 7.1 and 7.2 in [16], then it can be easily
verified that for 2/ € |J H® and p € 2(I') we have £ € P (7).
0>1
Definition 2.1. Let I" be a simple closed curve bounding the domain D, and let z = z(w)
be the conformal mapping of the circle U with boundary v onto D. We say that a function p
on I' belongs to the class Q(T") if p € 9( ) and £ € 33( ), where ¢(7) = p(z(7)), T € 7.

As follows from Proposition 2.2, if I is a piecewise smooth curve without internal zero angles,
then Q(I') coincides with #(I"). Note that if I' is an arbitrary piecewise smooth curve and p is
a function from Z(I") such that p is constant in a neighborhood of the points with zero internal
angles, then p € Q(T).

2.4 Set of weight functions W?")(T)

Let p be a function given on I', p > 1. We say that an almost everywhere different from zero
function w on I" belongs to the class WP()(T') if the Cauchy singular operator

Svef o sef. (Sepn = /w(lT) T4 ver
r
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is continuous in LPO)(I).

2.5 Classes of functions EP0)(D;w), H?")(w), e?O)(D;w), h*O)(w)

Suppose that D is the internal domain bounded by a rectifiable closed curve I'; p is a
measurable positive function on I', w is a measurable, a.e. different from zero function in D,
and z = z(w) is the conformal mapping of the unit circle U onto D. Denote by EP()(D;w) the
set of analytic functions ® in D for which

2
sup /@(z(rew))w(rew)|p(z(ew))z'(rew)|d19 < 0.
0<r<1 0

Assume that

PO () = BPO(U;w),
e’ (D;w) = {u: Re®, ® € EPV)(D;w)},
WO (w) = PO(Usw),  hPY = pPO)(1).

When p is a positive constant, w = 1, and the classes EP()(D;w) and HP()(w) coincide with
the well-known Smirnov EP(D) and Hardy HP? classes.

Ifw e |J H?, then for all t € T every function ® of class EP()(D; w) has the angular boundary
>0
value ®*(¢) and the function ®* belongs to the class LP()(T;w™) (wt(t) is a boundary function

w; it exists since w € |J H?).
>0

2.6 Class of weight functions W?0)(U)

Assume that
wrO(U) = {w : w(re)]F e U H, wte Wp(')('y)}.
>0
Examples. 1. Let p € Z(v), ax € v, k = 1,n. Let us draw cuts ¢; connecting the points

aj with z = oo and lying outside U. Fix an arbitrary branch of an analytic function (w — ay)®*,
ar € R, in the plane cut along ¢;. The function

w(w) = [](w— ax)™, (2.1)
k=1

where

1 1 SN p(t)
o) S ) PO T -1 22

belongs to WP()(U) because wt € WP()(y) under the condition (2.2) (cf. [18]).

2. Suppose that ¢ is a continuous real-valued function on v, ax € v, ap € R, and the
conditions (2.2) are fulfilled. Then the function
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n

w(w) = H(w — ag)** exp/ plt)dt , weU, (2.3)

Pt t—w
= ol

belongs to W(U) (cf. 9, p. 57] and Theorem A below).

3. Let z = z(w) be the conformal mapping of the circle U onto the domain D bounded by
a simple closed curve I' € CL(Ay, ..., Ap;v1, ..., vk), 0 < v <2, k= 1,n. Then

2 (w) ~ H(w — ag)** exp 7{_(7;) Zj— . z(ag) = Ak, wel, (2.4)
k=1 5

where 1 is a continuous real-valued function on v (cf. [13, p. 144]) and f ~ g means that

0 < inf

f‘ésup f‘ < 00.
g

If p € P(v) and 0 < v < p(A), then the following function belongs to WP()(v):

m(t) = [[(t - ax) "4 exp p(lt) v

Y

2.7 Some results to be used in the sequel

Theorem A [9, Theorem 6.1]. If w € WPO)(v) and OIJ e LP'OFe(y) for some e > 0, and ¢
is an arbitrary real-valued function on 7y, then the function

m(t) = w(t) exp / ‘Pg‘f teny (2.5)

belongs to the class WP ().
Theorem B [15, Theorem 6|. If D is a domain bounded by a curve I' from
CBL(Al,...,An;l/l,...,vn), 0<I/k<2,

pe P, and f € LPO(D), then a Cauchy type integral (Kvf)(z) belongs to EPC)(D).

3 The Dirichlet Problem in H?")(w)

3.1 Statement of the problem

Assume that (i) p € 2 () and (ii) w is an analytic function in U and w*! € |J H®. Consider
0>1
the Dirichlet problem formulated as follows: Find a function w if

{u € WO (w),

3.
ut(t)=f(t), ten, ge€ Lp(-)(%er)_ (3.1)
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3.2 Reducing the problem (3.1) to the Riemann problem

If u is a solution of the problem (3.1), then u = Re ®, where ® € HP()(w). Therefore, the
boundary condition (3.1) can be written in the form

Re[®F (1) = f(t), ® e H?O(w). (3.2)

Assume that

Then (3.2) takes the form

or, which is the same,

Ut (¢ Ut (¢
0 1o
Hence
W) = =20 ), g =200, g€ 200) (3.4

Consider the function
V(w), |w]<1,
Qw) = (3.5)
T(r), |w>1

Then the condition (3.4) takes the form

ot = a1 o), gt) =2 1) (3.6)
wH ()

Note that any function of the form (3.5) has the property
Ow) = Q. (w) (3.7)
where
O.(w) = Q(1/w), |w| £1. (3.5)

Thus, we have to seek for a solution Q of the problem (3.6) that satisfies the condition (3.7),
where ), is defined by the equality (3.8).

Since p € 2(7), we have p > 1 and therefore H?() ¢ H'. By the well-known property of
functions from H? (cf., for example, [17, p. 39]), we have

+
P(w) = 271ri / ‘Pt (_t) W weu, vt e,
v
s

Lemma 3.1. A function Q1 (w) = Q(w) — Q(c0) = Q(w) — V(0), |w| # 1, is representable
by the Cauchy type integral with a density from LPC)(~).
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Proof. Since p € Z(y) and 21(c0) = 0, the restrictions of the function 4 on U and CU
belong to HP) ¢ H' and H?)(CU) c H'(CU) respectively. Hence they are representable by
Cauchy integrals in these domains and therefore

O (w) = K (QF - Qn)(w),  (@F -07) € PO(). I

Definition 3.1. Denote by I?p(')('y) the set of analytic functions ® in the plane cut along ~
that are representable in the form

_ L [et)d P()
o (w) = o / e +const, |w|#1, @eLPY(y). (3.9)
2!

By Lemma 3.1 we conclude that © € KP0)(y).

We have established that any solution ® of the problem (3.2) obtained by means of the
equalities (3.3) and (3.5) generates a solution of the problem (3.6) belonging to K7()(v). Though,
by Theorem B, the restriction of the solution €2 € f(p(')(v) on U belongs to HP(). This fact,
speaking in general, does not give the desired solution of the problem (3.4). For this it is
necessary that the condition (3.7) be fulfilled. It is not difficult to verify that the restriction W
of any solution of such a kind on U gives the desired solution of the problem (3.4) and, in that
case, the function u(w) = Re[¥(w)(w(w))™1] is a solution of the problem (3.1).

If Q is a solution of the problem (3.6) of class K7()(v), then the function €2, (w), too, will
be such a solution. But then the function Q¥ (w) = J(Q(w) 4+ Q.(w)), too, which satisfies the
condition (3.7), will be a solution of the problem (3.6).

Thus, the following theorem is valid.
Theorem 3.1. If p € P(v) and [w(w)]*' € U HY, then any solution of the problem (3.1)

>0
by means of the equalities (3.3) and (3.5) generates a solution Q0 of the problem (3.6) that belongs

to KPO)(v) and satisfies the condition (3.7).

Conversely, if Q € KPO(v) is a solution of the problem (3.6) that satisfies the condition
(3.7) and W is the restriction of  on U, then u(w) = [¥(w)(w(w))~], w € U, is a solution of
the problem (3.1).

All solutions of the problem (3.1) are given by the equalities

1 Q Q.
u(w) = _ Re (w) + 8. (w) , uel, (3.10)
2 w(w)
where Q0 is an arbitrary solution of the problem (3.6) of class I?p(')('y).

Note that in this subsection we have followed the method used in [2, Sections 40 and 41].

3.3 Solution of the Dirichlet problem in the class h*)(w) when

w(w):(w—a)aexp< ¢<T)d7>, a€vy, a€R, Imyp=0, ¢el(y)

T — W
y

Keeping in mind further applications, we investigate the problem (3.6) under the following
assumptions as to a:
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I. — <a< ,
p(a p'(a
o — <a< +1,
p'(a) p'(a)
1
. a= , .,
p'(a)
1
IV. a=—
p(a)

1 1
I. Let — <a< ( . Assume that

X(w) = —w(w), |w| <1, (311)
w ( 1), lw| > 1.

w

It is easy to verify that
[X(w)] ™t € K”O(y) € K'().

Therefore, only the functions
X(w) g(t) dt
Q = X 12
(w) 2mi /X+(t) t—w +OX(w), (3:12)
¥

where C' is an arbitrary (complex) constant, can be a solution of the problem (3.6). Since
+ e WPL) by assumption I (cf. Subsection 2.6), we have Q € K?()(y). Thus, the function

X () g(t)  dt
2(w) + Qufw /X+ t—w < 2mi )/Xﬂt)t_}u
+ [CX (w) + (CX (w))4] (3.13)

is a solution satisfying the condition (3.7).
The condition [CX (w)], = CX(w) implies ReC' = 0. From (3.10) and (3.13) we obtain

f(t) t+w
u(w) = 27”/ (3.14)

X (w) = X(w)(w —a)™t, (3.15)

where X (w) is given by the equality (3.11), then the function Q(w)[X;(w)]~! may have a pole
of first order at infinity. Therefore, all solutions of the problem (3.6) lie in the set of functions
given by the equality
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p TX1W)Pw), g(t)= 2f(t)w™ (1), (3.16)

1 1
where P(w) is an arbitrary polynomial of first order. Since (o — 1) € <— . ) by
p(a) " p'(a)
assumption 11, we have X;~ € WrO (4). Therefore, the functions  given by the equality (3.16)
are solutions of the problem (3.6) of class K?()(v).

Solutions of the homogeneous problem (3.6) (i.e., the problem (3.6) with f = 0) are given
by the function

Qo(w) = X1 (w)(dw + B), (3.17)

where § and (3 are arbitrary complex numbers. Using the condition (3.7), we establish that the
number f in (3.17) can be taken arbitrarily and ¢ € Sa (cf. [13, p. 159]). Then

wBa + 3 — MTRe wPa + S
N w—a

w—a

ww) = MRe| o (w(w)

where M is an arbitrary real constant. Hence (cf. [13, pp. 159-160])

a—+w

= MR . 3.18
uo(w) © (3.18)
According to (3.13), the function
1 1 f&)(t —a) aw? [ f(t) t—a
= dt — dt 1
ug(w) = Re w—a 271'2'/ t—w 271'2'/ t t—w (3.19)
v ¥
is a particular solution of the inhomogeneous problem (3.1).
1
III. Let a = . First we consider the homogeneous problem. If X is defined by the

P'(a)
equality (3.11), then the function F(w)=Q(w)[X (w)]~! in the circle U belongs to the class H"
with n > 0, whereas, in CU, we have [F(w) — F(o0)] € H"(CU). Moreover, F(t) = F~(t),
t € v. By the same reasoning as in [13, pp. 161-162], F' is an analytic function of the form

Fw)=6+B(w—a)"?,

where § and (3 are arbitrary constants. But then all solutions of the homogeneous problem (3.6)
lie in the set of functions

Qo(w) = 6X (w) + B(w — a) ' X (w) = 6X (w) + X1 (w).

Let us consider two cases: (a) X1 ¢ HP() and (b) X; € HP(),

(a) In this case, {29 may belong to f(p(')(v) only when § = 0. Furthermore, the condition
(3.7) yields the equality 0.X (w) = —0X(w), i.e., Red = 0. Thus, under condition (a), a general
solution of the homogeneous problem (3.6) satisfying the condition (3.7) is given by the equality
Qo(w) = 6X(w), Red = 0. Therefore, (3.10) implies ug = 0.
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(b) In this case, Qy(w) = X;(w)P(w), where P(w) is an arbitrary polynomial of first degree,
and a solution of the homogeneous Dirichlet problem is given by the equality (3.18).

Let us return to the inhomogeneous problem.

Since X le I?p/(')('y), all possible solutions lie in the set of functions given by the equality
(3.13), where X (w) is replaced by the function X;(w). Using the reasoning from [13, pp. 162
163], we see that the desired solution can be constructed by formula (3.13) only for those g for

which the function
T =
( g)( 27_‘_2 / X+ ) CO S v

belongs to LP() (). Since
X7(Q) = (¢ —a) '™ (0),

we therefore proved the following assertion.

Proposition 3.1. If

w(w) = (w — a)?@ exp v(r)
T —w
5
and a function f is such that
_ -1
(Co — a) . wt(¢o) /W+ CdCCO c Lp(')(’y), g=2fwt (3.20)

~

then the problem (3.1) is solvable and its solution is given by the equality

flt)t + w
u(w € o / dt + up(w),
where ot w
uo(w) = M(p) R a—w
and
1 (1)dr
0 if Xq(w) = (w—a) p@ ex / Hp(')’
)= fXi(w) = (w—a) roexp | [ ) ¢
gl
an arbitrary real constant M if X, € HPO).
1 /
IV. Let o = — (@) Then [X (w)]~! € K7 ()(y) and thus we find that Qy = 6X and ug = 0.
pla
The inhomogeneous problem is solvable if and only if
w* (o) / 9(¢)  d¢
, e LPO(y), g=2fwt. 3.21
e e R (3.21)

Y
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Remark 3.1. The conditions (3.20) and (3.21) are equivalent to the condition

(¢o—a) 7@ gQ) A
7O ().
' / ¢ - a)_p(l«w ¢—Co © @

T
B

Let us summarize the obtained results.

Theorem 3.2. Let p € P (v), and let

() dr

T —Ww

w(w) = (w—a)®exp (

Y

)7 a €, Im¢:0> ¢€C(7)

Consider the Dirichlet problem

{ Au=0, ueh’(w),
ut(¢) = £(Q), fe P (ywh).

Then the following assertions hold.

I. For —1/p(a) < a < 1/p/(a) the problem is uniquely solvable and its solution is given by the
equality (3.14).

II. For 1/p'(a) < a < 1/p/(a) + 1 the problem is solvable and its general solution contains an
arbitrary real constant M,

u(w)ZUf(w)+MRea+w,

a—w

where uy is the function defined by the equality (3.19).

III. For a =1/p'(a) the problem is solvable only if the condition (3.20) is fulfilled and, in that
case, the solution is defined by the equality

u(w) :ujc(w)+M(p)Rea+w,

a—w

where uyg(w) is given by formula (3.14) and

0 if Xq(w) = (w — a)fz?(la) exp < / p(7) Zj—> Qpr('),

M(p) =

an arbitrary real constant if X, € HPO).

IV. For o = —1/p(a) the problem is solvable if the condition (3.21) is fulfilled and, in that case,
a solution is unique. The solution is given by the equality (3.14).

3.4 The Dirichlet problem in h**)(w) for weight functions w of the form (2.3)

Using the results of Subsection 3.3, we obtain the following assertion.
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Theorem 3.3. Let p € P () and w be given by the equality (2.3), where

+1, k=m+1,m+j,

s k=mebaLmegts,
p'(ag)

1

, k=m+j+s+1,n.
p(ay)

o = —

Then for the Dirichlet problem to be solvable in the class hp(')(w), it is necessary and sufficient
that the condition

wi (0) g(t) dr 0 B
17Ti /wi"(C) T _C S (7)) g = 2fw+, (322)
¥
be fulfilled, where
mﬁ+s( )7L ifj s>
wi(w) = p(ww(w), p(w) = { ki1 w — ag ifj+s>1,
1 if j+s=0.

If (3.22) holds, then a general solution is given by the equality

u(w) = ug(w) + us(w), (3.23)
where
m+j+s a + w
up(w) = Y Mj(p) Re g —w’ (3.24)
k=m+1
0 ifk>m+j and X), ¢ HPC),
1
Xi(w) = (w—a) v exp [ VDI
T—w

My (p) = 5
an arbitrary real constant My ifm+1<k<m+j,
m+j<k<m+j+s, and X}, € H?O),

uf(w):Re' 1 ( 1 /f(gpg) i (-1p 7ﬁf ak/f(f) pC(C_)iC)} (3.25)
Y Y

L p(w) \ 2mi (—w 271 Pl
where ‘
m—+7
I[ ax=1 ifj=0
k=m+1
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4 The Dirichlet Problem in h*")(CU;®)

4.1 Class H"(CU;®)

Let CU = C\ U, and let

B(w) = ( w—a )aexp IZJ(T)dT’

w—w T—w
’ 5 (4.1)
weCU, wyelU, Imyp=0, ¢eC(v).

We say that an analytic function ® in CU belongs to the class H?)(CU;®) if

27
sup / 1B (re™ o (re™) PO d9 = sup / 1B ()@ () POd¢| < oo. (4.2)
0 r>1

r>1
I¢l=r

Lemma 4.1. Let & € H?O)(CU;@) and p(w) = @ (2), lw| < 1. Then ¢ € HP) @(2))
and ©(0) = 0. Conversely, if ¢ € HP() (@ (5})) and ¢(0) = 0, then ®(w) = ¢ (5}), lw| > 1,
belongs to the class HPO)(CU;@).

Proof. Since w(oo) # 0, from (4.2) it follows that ®(co) = 0 and therefore ¢(0) = 0.

Consider the function
1 1 1
ewa(,)=(,)a(.)
w w w

This function is analytic in U and

2T
sup o(w)w
o<r<1 , w

p(¥) 2T 1 1 p(?)
dy = sup/@( )CD( ) dv
o<r<1 w w
0
2
i i\ |P(0)
:sup/¢><e )&(6 ) dv
o<r<1 , r r

27
= [ 3(OEOPO T <o (43)
0

cl="1 o

Therefore, ¢ € HP() (Uu (5}))
Conversely, assume that ¢ € HP() (CU;@ (L)) and ¢(0) = 0. Since p > 1, from (4.3) it

follows that
1

w

d(w) =g ( ) e HPO(CU;B(w)). N
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4.2 The Dirichlet problem in H?")(CU;)

Consider the following problem: Find a harmonic function V' in CU satisfying the conditions

AV =0,
VehPO(CU;@) ={V :V =Re®, & e H’V(CU;)}, (4.4)
VI =f felViyah),
where .
Sw) =] (Z:Z)’;)ak exp < i@f), Imy =0, ¢ eC(v).
k=1 5
We have

V =Red, &e H)(CU;D).

Hence u(w) =V (! ) is a harmonic function in U and u = Re® (). According to Lemma 4.1,

u € hP0) (Uu (;)) :
hmo<@<i>)::M*Nw%

ww) = [[(w = ax) exp ( v dT).

T —W
k=1

we have

It is easy to verify that

where

Y

Thus, the function u(w) = V (}) satisfies the conditions
Au=0, uehOww)), u(0)=0,
1 (4.5)
dyet(D) s e
T

If w is representable by a Poisson integral, then

2T 2T
u@:;/ww:;/m%w:a
0 0

Therefore, in this case, to solve the problem (4.5) and thereby the problem (4.4), it is necessary
that the condition

2w

/j@wmﬁ:o (4.6)
0
be fulfilled.

If this condition is fulfilled, then, under the assumptions of Theorem 3.3 as to the weight
function w, a solution u of the problem (4.5) is given by (3.23)—(3.25) provided that (3.22)
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is fulfilled, whereas the solution of the problem (4.4) will be the function V(w) = u (). In

w
particular,
1 - ap+ | a apw + 1
Vo(w) =uo< ) = M;(p)Re © =57 My(p)Re "
w pt ak = arw — 1
n n
ap(wg + ag w+ ag
=3 M Re P S g e
1 E\WE k 1 k
where

n

> Mi(p) =0, Mi(p)=0 ifke0,mork>m+j+s,
k=1
and My(p) is defined according to Theorem 3.3 if k =m + 1,m+ j + s.

We write solutions of the homogeneous problem (4.4) in the class h?)(CU ,; &), where U, =
{w: |w| > p}. Then Vo(w) = u (”) and therefore for aj, = pe’’* we obtain

w
n P + 14 n 0 P
B pe—z'ﬁk wo (& +
Vb(w) - ;Mk(p) Re ﬁ'ﬁk o 5] - kZle(p) Re eiﬁk — g
= pe” " =
n —i9 n
B w + pe Wi _ w + ag
- ;Mk(p) Re =~ P ;Mk(p) Re, .-
n
=5 My(p)Re U T
1 w — ag

> My(p) = 0.
k=1

5 The Dirichlet Problem in ¢’)(D) in Simply Connected
Domains with Piecewise Smooth Boundaries

Let I' € Ch(t1, ... tnsve, ... ), 0 < v < 2, and let p € Z(T). Consider the following
problem: Find a harmonic function U(z) in D satisfying the conditions

U e e?(D),
(5.1)
Ut(t)=f@t), tel, feLPO@).

From the definition of EP()(D) and HP®)(w) it follows that if U(z) € eP()(D), then the
function u(w) = U(z(w)) belongs to the class h?*(") (m), where

. 1 . .
m(w) = |z'(re“9)\P(z(T>>, w = rew, T= 6“9, (5.2)



and, conversely, if u € hP(*(")) (m), where m is defined by (5.2), then U(z) = u(w(z)) € e?®)(D).
Therefore, the problem (5.1) is equivalent to the following problem: Find a function if

{u e RO (m), (1) = p(2(1)),

9.3
ut(r) =g(r), g(r) = f(z(r)) € LO(y;m"). >

In the sequel, to study the problem (5.3), we need that ¢ would belong to ﬁ(fy) So, we
assume that p € Q(I).

Thus, we study the problem (5.3) under the assumptions ¢ € ﬁ('y) and g € L‘O) (y;mt).
Let tx = z(ag). Then for 2’ we have (cf. (2.4))

n

2 (w) ~ H(w—ak)”’“_lexp/w(i)jj, weU, Imyp=0, ¢el(y).

k=1

Together with the weight m given by the equality (5.2), we consider the weight

- el 1 P(§) d§ 9 i
— ay,)ter) =ret =e". 5.4
|_| ag) “x) exp o) e w | w=re’, T=e (5.4)
= ¥

Lemma 5.1. If m and mg are given by (5.2) and (5.4) respectively, then m ~ my and
mf € L0 ().
Proof. We have

F(w) = I:)(ZUQU)) _ kl;Il(w B ak){e(l_r)—e(;k)](uk—l)'

In the proof of Proposition 2 in [15], it is shown that for ¢ € ﬁ(fy), the functions [F'(w)]*! are
bounded in U. Hence m ~ mq. Let us show that mJ € L) (v).

We have ‘ S '
1= [ () = fm ()0, 7= .

Therefore,

n o) (v —1) ¢
I < exp(2mrmax (7)) H(T_ak Lar)  ex p/

k=1
S

=M H exp(vg — 1) In(7 — ag) exp E(T)E— l(ay,) (v, — 1) In(T — a) exp/ ¥(¢) iC) ’
gl

e (ar) ¢ —

n
=M H (1 —ap)”* Lexp
v

In(T — ag)|.

¥(<) dC’ ’ — l(ax)

{(ax)
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Since ¢ € ﬁ(fy), we obtain

But 2/ € H!. Therefore,

/ mE ()| dy < oo
and thus md € LfC)(y). The above arguments show that the lemma is valid. ||

The above discussion leads to the following assertion.

Lemma 5.2. If the domain D is bounded by a simple closed curve I' € Ch(t1,... ty;v1,. ..,
vp) and p € Q(T'), then all solutions of the problem (5.1) are given by the equality U(z) =
u(w(z)), where u is a solution of the problem

(5.5)
ut(r)=g(r), g(r) = f(2(r)) € L'O(y;m]),

where { € ;77(7) and mg is defined by (5.4).

{ Au=0, ueh®(m), 0(1) = p(z(7)),

Lemma 5.3. Let

n

) (€)d¢ ¥(¢)
wo(w) = | | (w — ag)*@x) exp v . p(Q) = , weU,
’ kHl ’ / —w ()

and let ¢ € ﬁ('y) Then mp(w) ~ wo(w), w € U.
Proof. We have
¥(¢ /W(C) g /E(C) — (1) ¢(C) d¢
exp exp = exp exp . 5.6
( / () ¢—w (e c—w B9
¥ v
As is proved in [2, Sectlon, pp. 50-52], if a function ¢(() satisfies the Holder condition, then the

function ' '
[0
(—w
5
uniformly tends to the limit
(0 —
10,
C—T
5

as w — 7. Owing to this proof, we easily establish that for ¢ € ﬁ('y)

£(¢) ~ £(r) £(¢) ~ £(r) (¢
[ eoac— [T w0 v =)

v Y
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uniformly with respect to 7 € v as w — 7.

By virtue of this fact, from (5.6) we conclude that (mgwy')*! are bounded functions in U.

Therefore, mg ~ wg in U. |

Since, by Lemma 5.3, in the problem (5.5) we can take wy instead of my and wg has the form
(2.3), Theorem 3.3 is applicable to the problem (5.5). If we assume that

v, — 1 ( v — 1)
A = = s
FT o) Tt
then the following statement is valid.

Theorem 5.1. Assume that

(i) D is a simply connected bounded domain with boundary I' € Ch(t1,... ,ty; V1, .., Vn),

(il) w=w(z) is the conformal mapping of the domain D onto the unit circle U with boundary-y,
(iii) p € Q(T),
(

iv) v is a real-valued continuous function from the relation (2.4) for 2’ and

olr) = 97

(1)’
Assume also that

0<wvy <p(ty),...,0 < vy < p(tm),

Vm+1 > P(tmg1), - - - s Um+j > p(tm+j)a
Umtj+1 = D(tmajt1)s - > Vmtjt+s = P(tmtjts),
Vm+j+5+1 = 0, ooy Up = 0.

Then the following assertions hold.

L. If among the points ti there are no points such that vy = p(ty) or v = 0, then the problem
(5.5) and therefore the problem

ut(z) = f(t), tel, feLPO(D),

is solvable and its solution contains j arbitrary real constants (i.e., as many as there are points
at which v > p(ty)). In that case, a solution of the problem is given by the equality

u(z) = up(2) + uo(2), (5.7)
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m-+j
B . w(ty) + w(z
e U (0 e,
urE) =Re |y (m! r—w(z)
(17 ey T [ FE)) ]
_  wt(2) a dr )|, (5.9)
271 kl;I_H b ] (T —w(z) >
where -
p(w) = H (w—a)™t forj>1

k=m+1

if {k v >p(ty)} = @, then p(w) =1, and

m—+j

H ap,=1 forj=0,

k=m+1

My, are arbitrary real constants.

In particular, if I' is a smooth curve or at all angular points t;, we have 0 < v < p(tg),
k = 1,n, then the problem is uniquely solvable and the solution is given by the equality

1[G Tl
u(z) =R 27ri7/ T T—w(z)d '

I1. If among the points ty, there are such points that vy = p(ty) or vy = 0, then, speaking in
general, the problem is not solvable. For the problem to be solvable, it is necessary and sufficient
that the function f(z(7)) satisfy the condition

w;fig) / f(j(i))ng e L'O(y), (5.10)

where

() = [T (w = wiee)) 0 exp [ 277,

r—
keT
T ={k:v,=p(ty) or v =0}

If the condition (5.10) is fulfilled, then the problem is solvable and its general solution is given
by the equality (5.7), where uy is defined by (5.9), whereas ug(z) is given by the equality

m-+j+s
B o w(ty) +w(z)
ug(z) = k;m;l M. (p) R witn) — w(z) (5.11)
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where My11,. .., My are arbitrary constants, and for m 4+ j < k < m + j + s we have

0 if X, ¢ H'O) and

My (p) = Xi(w) = (w — ag) o exp/ plridr (5.12)

T—w
¥
an arbitrary constant My, if X5 € HO).

III. If, in addition to all the other assumptions of Theorem 5.1, it is assumed that I' €
CBL(th ces bV, ey V), then for vy = p(ty) we have Xy ¢ HO) and therefore, in that case,
uo(2) is given by the equality (5.8).

In the formulation of assertion III, we took into account that Xy ¢ H (), This follows from
Warschawski’s theorem [19] by which

where [y(w)]*! are continuous functions.
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