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ON THE APPROXIMATION IN WEIGHTED LEBESGUE
SPACES

V. KOKILASHVILI AND Y. E. YILDIRIR

ABSTRACT. In this paper we deal with the estimation of the best
approximation and generalized modulus of continuity of derivatives
of periodic functions in weighted reflexive Lebesgue spaces.
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1. INTRODUCTION AND THE MAIN RESULTS

In this paper the approximation problems for periodic functions are in-
vestigated in weighted Lebesgue spaces with the Muckenhoupt weights. For
this case we obtain inverse type inequality for the derivatives of 27 periodic
function in terms of generalized modulus of continuity. The introduction
of such structural characteristic of functions was caused by the failure of
continuity of shift operator in weighted spaces.

In unweighted Lebesgue spaces the inequalities for classical modulus of
continuity and the best approximations of derivatives were derived in the
papers [1], [2]. For the approximation in weighted Lebesgue spaces we refer
to [3], [4], [5).

Let T denote the interval (—m, 7). A positive almost everywhere, inte-
grable function w : T — (0,00) is called as a weight function. With any
given weight w we associate the w-weighted Lebesgue space LE (T) consist-
ing of all measurable functions f on T such that

11l

w

) = lfwllpo() < oo
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Let 1 <p<ooand 1/p+1/q=1. A weight function w belongs to the
Muckenhoupt class A,(T) if

(m / w(a)is ) v (7 [ rie) Ve

I

with a finite constant C independent of I, where I is any subinterval of T
and |I| denotes the length of T.
Let 1 < p < oo and w € A,(T). We define an operator on L? (T) by

x+h
/g(t)dt, O<h<m

x—h

1

Anlg)(@) = 55

It is known that the operator ~; is bounded uniformly with respect to A in
LP(T), when w € A,(T), 1 < p < oo. The modulus of continuity Q(g,-).»
of g € L (T) is defined by

Qg,8)r, =sup {llg — Anllp , 0 <h <6}.

It is easily proved that Q(g, -)» is a continuous, nonnegative, nondecreasing
function satisfying this conditions

;13%9(9,6)% =0, Q(91 + g2, ')qu < 9(917 ')L{j, + 9(92, ')qu-

The best approximation of f € LP (T) in the class II,, of trigonometric
polynomials of degree not exceeding n is defined by

En(f)pr, = nf {|If = Tullpp : Tn € I}
Theorem 1. Let f € LE(T), 1 <p < oo, and w € A,(T). If

(oo}
S ETUEN(f)n < o0
k=1

for some natural number r and v = min {2, p}, then there exists the abso-
lutely continuous derivative =1 (x), f) € LP (T)and the estimate

o 1/~
B < e{w Buue + (X KB )

k=n+1

holds with a constant c independent of n and f.

Theorem 2. Let f € LY (T),1 < p < o0, and w € Ay(T). If

o0
S ETUEN(f)n < o0
k=1
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for some natural number r and v = min {2, p}, then there exists the abso-
lutely continuous derivative =1 (x), £ € LP (T)and the estimate

n 1/y
Cc . —
O mie < (KB e )

n
k=1
oo - 1/~
+c< > kT E,Z(f)Lgu)
k=n+1

holds with a constant c independent of n and f.

Corollary. If

then for v = min {2, p}

n2

QU“JNM@=O(Qm£ﬁ)

This corollary shows that the smoothness of function in weighted Lebesgue
spaces depends not only on the rate of convergence of the best approxima-
tion but also on the metric of the space. For unweighted case see [1], [2].

2. AUXILIARY RESULTS

Lemma 1. Let {f,} be a sequence such that every f, are absolutely
continuous and let w € Ayla,b]. If the sequence {f,} converges to the func-
tion f in LP [a,b] norm and the sequence of first derivatives {f],} converges
to some function g in LP [a,blnorm, then f is absolutely continuous and
f'(z) = g(x) almost everywhere.

Proof. Since ||fn — fll» — 0 there exists a subsequence {fy,} of the se-
quence {f,} such that f,, () — f(z) almost everywhere. Let z( is a point
of convergence. By using Holder’s inequality, we get

7f{zk (t)dt — 79(t)dt

Zo

xT

<o ol ot

Zo

where % + % = 1. Since w € A4, and [|f;, — gl[,» — 0 we have

7fék(t)dt - 79(t)dt

°0

— 0.
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Therefore, we obtain

x x
ottt = fim [ 11, (@0t = i (£uy(@) = foy(00) = £(2) = F(20)
—00 k—o0
o x

almost everywhere. This completes the proof. O

Lemma 2. Let 1 < p < 0o and let w € Ay(T). Suppose that f € L? (T)
and

iw—lEg(f)Li < o0, (1)

where v = min {2, p}. Then
lim n"E,(f)pe = 0.

Proof. Since the sequence {En (f)rr, } is decreasing, we have

n
nVE)N(f)y, < e Y KTTEN(f)s, — 0. O
k=[3]

2

Lemma 3. Under the conditions of Lemma 2, the trigonometric series

ZkTBM(x) (2)
converges in LE, where By, .(x) = ay cos(k + 15 )+ b sin(k +73) and ag, by,
are the Fourier coefficients of the function f.

Proof. Let n and p be the arbitrary natural numbers, p > n. Suppose
2™~ <« p < 2™ and 257! < p < 2°. We have

25— 1
Zk By(z ZkTBkr + Y kK Biy(2)
k=2m
+ Z k" By, (). (3)

k=2s—141
Applying the weighted version of the Littlewood-Paley’s theorem (see [7]),
we obtain

g1 1 1antl_q 1
> K Brr(w)| <c <Z > K B >
k=2m LY p=m ' k=2~ L%,
For 1 < p <2 we have
s—1 2r Tt -1 2\ 2 b
</<Z Z k" By () > w(m)d:c) <
T p=Eml k=2
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< (Z(Zl >w(x)daz>% <

w( )d:c) ' =

(%
o)

<é 120t -1
Now suppose that p > 2. Applying Minkowskii’s inequality, we get

gntl_q

Z k" By, (

k=2#

gntl_q

Y K B(a)

k=2~

ZkBk'r
pu=m

k=2~

s—1 21+t _1 2 m
</<Z Z k" By r(x > w(:c)d:c) <
T p=Eml k=2

(S(g e

k=2

2) ‘z’w(x)dx) %) 3 .

s—1 ontl_q 1
s(Z(Zk’BM ) ) <
pn=m k=2~ LE;
s—1 2+ttt 3
< <Z Z k7Bk7 )
p=m' k=24 LY
Thus
251 s—1 2ttt 2
> K Bi.(x)| < <Z > K Bi(x ) . (4)
k=2m L? pu=m k=2~ L%

Using Abel’s transform, we get

ont1l_1q gu+1l_o
S EBre@)| <Y ((B+1)" = k) Tk — Touwsr_ylpp +
k=2~ L? k=2~

4 (2 = 1) | Touer — Tous |1

where T}, denotes k — th partial sum of the trigonometric series

> Bi(). (5)
k=1

Note that the series (5) is the Fourier trigonometric series or its conjugate
series multiplied by +1 or —1 depending on r. Thanks to the theorem
Hunt-Muckenhoupt-Wheeden [6], we obtain that the best approximation
by trigonometric polynomials in L (T) with w € A,(T) has the same order
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as deviation by the partial sum of the Fourier series. It means that for
¢ e L

||90 - S"(CP)HLﬁ, < CEn(‘P)L{L
with a positive constant ¢ independent on ¢ and n. Note that by the theorem

mentioned above, for the best approximations of the given function and its
conjugate in L? | we have

~

ClEn(f)qu < En(f)LﬁJ < C2En(f)qu

where ¢; and ¢y don’t depend on n and f.
Taking into account all the mentioned above we get

ontl_q

> K Bi()

k=2#

< 2" Eou_1(f)1
LY

D
w

and then from this inequality and (4), we have

251 v s—1
> K Brr(x)|  <ed 2"EL ()i
k=2m LE, p=m
On the other hand
s s—1 2K 1

KB (f )y, > Z Z KOYEN (g, >
3]

k:[ p=m k=2n—-141

s
>y 2L ()

p=m
Thus
2° -1 v s
k"Br(z)|| < Z K B (f) -
k=2om qu k:[%]

From the condition (1), we obtain that

2°—-1

> K Bir(x)

k=2m

=0.
LY

lim
S§— 00

m— 00
On the other hand, using Bernstein’s inequality in L2, (see [3]), we get

om_1

Z kTBk,T (x)
k=n

2m—1
<

Z Bier(2)
k=n LY

S c2™Ena(f)ry <cn—1)"En1(f)rs-

S c 2m'r
LY
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By Lemma 2, the right side tends to zero and therefore the left side tends
also to zero when n tends to infinity. By the similar way we can see that

p

> K 'Bir(x)

k=2s"141

LY,

tends to zero when p tends to infinity.
Now, from (3) we conclude that the series (2) converges in LP. (]

Lemma 4. Under the conditions of Lemma 2 there exists the absolutely
continuous derivative f"=Y and f") € LP and we have the equality

f(T) (x) = in" By, ()
n=1

almost everywhere.

Proof. By Lemma 3 the series (2) converges in L2 to some function g.
From the openness of A, class it follows that it converges in L?°, for some
p, 1 < pg < p. From the last we obtain that the sequence of norms of partial
sums of the series (2) is bounded and consequently the sequence of norms
of Cesaro means is bounded. Thus, the series (2) is the Fourier series of
function g. Note that by the condition (1)

> T EN(f)pn, < oo
n=1

for arbitrary 1 < s < r. Using Lemma 1 we conclude that f("~1 is absolutely
continuous and

g(z) = [ (x)
almost everywhere. By Hunt-Carleson theorem the series (2) converges
everywhere and so we have

f(r)(x) = ZnTBn,r(x)
n=1
almost everywhere. O

3. PROOFS OF THE THEOREMS

The proof of Theorem 1. Let 2™ < n < 2™+ We have

[ £ = $uts),, <[|Samsa 7 D) = S5

, T
Lw

£ S = sun )

k=m+2

e
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By the weighted version of Bernstein’s inequality, we have

1Sams2 (1) = Su(F) | 1o = 152 () = S5, <

< 2 Eyia (f) s, < en” En(f) -

Applying the weighted version of Littlewood-Paley’s theorem we obtain

S [Snn(f) = 8u (s | <
k=m+2 L%
o) ok+1 0% %
< c< Z Z w' By () ) .
k=m+2!l =2k 41 Li

Using the estimation of the inside norm derived by Lemma 3, we get

Therefore we have

Z [Sgk+1(f(’“)) _ Sgk(f(r)):| < c< Z 2kr’YE27k1(f)Lﬁ’>
k=m-+2 L3 k=m-+2

> [Sarrr (F7)) = S (£)] Sc( > kT“Ez(fmy.
k=m-+2 L% k=n+1

(6)

(7)

Summarizing the formulas (6) and (7) we deduce the desired inequality.

O

The proof of Theorem 2. Let 2™~ 1 < n < 2™, n = [ﬁ} , W% <h< 2%”

Let o, = I — A, We have
on(f) (@) = on(fT) — S5 (@) + on (S5 (@)

(8)

Note that Séfn) is r-th derivative of partial sum of function f. It means that it
is partial sum of series (2). Using the boundedness of operator oy uniformly

with respect to h in LP, we get

Hah(f(” )

<c Hf(r) - Sérn)
LY,

< cEom (f)
o S B2 (f)
By Theorem 1 for 2™~ < n < 2™, we have the estimate

> 1/~
EQm(f(T))Lﬁ, < c{2mTE2m(f)qu +( Z ij’Y—lElZ(f)Lﬁ)) }

k=2m+1

o) 1/~
< c{2mTE2m(f)qu + ( Z kr,y_lElZ(f)Lﬁr) }

k=n-+1
Since the sequence {Ej(f)} is decreasing, it is clear that

n 1/~
. C . _
2™ Eom (f)pz, < en"En(f)re, < E(ZWHM 1E131(f)qu) :
k=1
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Therefore, we have

c n 1/~
(r+2v—1py
LL, =z (Zk TR (f)Lf“) i

on(r) - 58
k=1

o0

+c<z

k=n+1

1 sinkh
kh

1/~
kTW-IE,z(f)Lg) . (10)

Then

Hdh Séw?

LY

m  2H—1 .
kh
S5 e (1o
p=1lg=2on—1 LY,
sin 2™h
—|—H2m’”32m7,«(3€) <1— o, > y =L +1

For the first term, by weighted version of Littlewood-Paley theorem, we
have, as in the proof of the previous theorem

N\ U7

LY

S sin kh
L< (Y| Y. Bes(a)(1- o

p=1"g=2n-1

for ¥ = min {2, p}. Applying Abel’s transform, we get
2= sin kh> B

> k' Bi,() (1 o

3w (S

k=2r-1
X (Tk — T2M71,1) +
- sin(2* — 1)h
+(2¢-1) (1 — ﬁ) (Ton—1 — Tou-1_4)
and
2m—1 .
sinkh
Z k" By (x (1 ) <
., kh Lr
oK _2
ol sin kh ” sin(k + 1)h
— > A"k (1— o )—(k+1) (1—7(;“)2 )‘x
k=2#1—1

X Byur_1(f)rn, + 2" 202 Eyues i (f) 1, (11)
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On the other hand, as the function z" (1 — %) is increasing, we have

21 —2 : :
c sin kh sin(k + 1)h
— RTE" (11— —k+D)(1-———— )| <
7, 2 e (1) - e (1 ) <
< £2’““h7' 1 sin(2* — 1)h < con(r2)p2
= hr @ —Dh )~
From this and (11) we have
or—1 .
kh
Z k" By (x) (1 - Slzh > < 2R By (f) -
k=2#n—1 L

Therefore, we obtain

m 1/~
I < ch? (ZQMHQME;M_l(f)Lg) <

p=1

k=1

n /v
c r _
= (Zk< " 1E,Z_1<f>m> -

On the other hand,

I < 2™ Dp2(|agm| + |bym

S C 2m<r+2)h2E2m (f)L?u S Cerh2E2m (f)L?u .

) <

Taking into account (9), we get

n 1/~
c —
b=z (Zk““” IE;_1<f>Lﬁ,> -

k=1

Therefore, we have

n 1/~
c . _
L? = n2 <Zk( 2 1E13—1(f)Lﬁ> :

k=1

Hoh(Sg‘,?)

From (8), (10) and (12) we deduce the desired estimate.
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