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The Riemann Boundary Value Problem for Analytic
Functions in the Frame of Grand Lp) Spaces
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ABSTRACT. We solve the Riemann boundary value problem for analytic functions in the class of  Cauchy-type
integrals with the density in  the grand Lebesgue Lp)(Γ) spaces. We consider the case when a coefficient in
boundary condition is everywhere nonvanishing continuous function and the right side function belongs to the same
Lp) space. The solvability conditions are established and the explicit formulas for solutions are given. © 2010 Bull.
Georg. Natl. Acad. Sci.
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1. Introduction

Let Γ be an oriented rectifiable simple closed curve in the complex plane. We denote by D+ and D– the bounded

and unbounded component of Γ/ \C , respectively..
The aim of the paper is to investigate the Riemann problem: find an analytic function Φ on the complex plane cut

along Γ whose boundary values satisfy the conjugate condition

( ) ( ) ( ) ( ) Γ∈+Φ=Φ −+ ttgttGt       , , (1)

when G and g are given functions on Γ, and Φ+ and Φ– are boundary values of Φ on Γ from inside and outside Γ,
respectively. This problem is also known as the problem of linear conjugation.

Problem (1) comes from Riemann [1]. Important results on which the posterior solution of problem (1) was based,
were obtained by Yu. Sokhotski, D. Hilbert, I. Plemely and T. Carleman. A complete solution of the Riemann problem
in the frame of Hölder continuous functions was given in the papers of Gakhov [2] and N. Muskhelishvili [3]. We refer
also to the works  [4-8] for investigation of the Riemann problem in classical Lp spaces.

Preliminaries. In the sequel we denote

( ) ( ) 0      ,,, >Γ= rrtBrtD I

where ( ) { }rtzCzrtB <−/∈=    :, .

A rectifiable curve Γ is called the Carleson curve, if there exists a constant c0>0 not depending on t and r, such
that

( ) rcrtD 0, ≤ν ,

where ν is the arc-length measure on Γ.
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The grand Lebesgue space Lp)(Γ) (1<p<∞) is a Banach function space defined by the norm
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The grand Lebesgue space Lp) was introduced by T. Iwaniec and C. Sbordone [9].
Let
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The mapping properties of the Hardy-Littlewood maximal functions and Hilbert transforms defined on finite
interval in weighted Lp) spaces were studied in [10] and [11] respectively. Recently we established the boundedness
criterion in weighted Lp) spaces (1<p<∞) for Cauchy singular integrals and maximal functions defined on Carleson
curves [12].

2. Main Result.

We proceed with the solution of the problem in the following setting: let Γ be Carleson curve. Let G be a

continuous function on Γ with the condition ( ) 0≠tG , Γ∈t . Let æ= ( )[ ]ΓtGarg
2

1

π . Find an analytic function

( )Γ∈Φ )pK , (1<p<∞), satisfying the condition (1), where ( )Γ∈ )pLg .

Theorem. The following statements  hold:

i) for æ 0≥ , problem (1) is unconditionally solvable in the class K p)(Γ) and all its solutions are given by
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where Qæ–1 is an arbitrary polynomial of degree æ-1 (Qæ–1(z)=0);
ii) for æ<0, problem (1) is solvable in the class K p)(Γ) if and only if

( )
( ) ;1æ,,1,0    ,0 −==∫

Γ
+ Kkdt

tX

ttg k

(5)

and under these conditions problem (1) has the unique solution given by (3) with Qæ–1=0.
In forthcoming papers we will solve problem (1) in the case of oscillating coefficients G.
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maTematika

rimanis sasazRvro amocana analizuri funqciebisaTvis

Lp)
 sivrcis CarCoebSi

v. kokilaSvili

akademiis wevri, a. razmaZis maTematikis instituti, Tbilisi

naSromSi amoxsnilia rimanis sasazRvro amocana analizuri funqciebisaTvis im koSis tipis

integraliT warmodgenad funqciaTa klasebSi, romelTa simkvriveebi Lp)
 (1<p<∞) sivrceebs

miekuTvnebian. Cven ganvixilavT im SemTxvevas, roca sasazRvro pirobaSi koeficienti yvelgan nulisagan

gansxvavebuli uwyveti funqciaa da marjvena mxare Lp)
 klasis mocemuli funqciaa. Cven vamtkicebT

amoxsnadobis pirobebs da amonaxsnebs vwerT cxadi saxiT.
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