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Boundedness criteria for the Calderdn singular integral, Riesz transform and Cauchy
singular integral in generalized weighted grand Lebesgue spaces Lﬁ,) ’6, 1 <p< oo, are
studied. It is shown that an operator K of this type is bounded in L{L)’a if and only if
the weight w satisfies the Muckenhoupt A, condition. Bibliography: 15 titles.

Introduction

The goal of this paper is to establish criteria for the boundedness of various singular integral
operators in the generalized weighted grand Lebesgue space qu) ’0, 1 < p < o0. In the unweighted
case (denoted by LP)¥), such spaces go back to [1], where the existence and uniqueness of a
solution to the following inhomogeneous n-harmonic equation were studied:

div A(z, Vu) = p.

It should be emphasized that the grand Lebesgue spaces LP) := LP)! first appeared in
the paper [2], where the integrability problem of the Jacobian was treated under a minimal
hypothesis. In particular, as was shown in [2], if f = (f1,---, fn) : @ — R", where Q is an open
subset in R™, n > 2, then the Jacobian determinant of f belongs to the class LIIOC(Q) provided
that g € L™, where

9(x) = |Df(x)| = {sup|[Df(2)y| : y € S" '},

The one—weighted problem in grand Lebesgue spaces was first studied in [3], where necessary
and sufficient conditions for the validity of the one—weight inequality for the Hardy-Littlewood
maximal operator in LI{U) (0,1) were established. The same problem for the Hilbert transform was
investigated in [4]. In particular, it turned out that the Hardy—-Littlewood maximal operator (the

Hilbert transform) is bounded in qu) (0,1) if and only if the weight w belongs to the Muckenhoupt
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class A,. We see below that the same assertion is valid in the case of the generalized grand

Lebesgue spaces qu) 9

1 Preliminaries

Let Q be a bounded subset of R™, and let w be a weight (i.e., an almost everywhere positive
integrable function) on 2. The generalized weighted grand Lebesgue space L]Z,) ’G(Q) (1<p<o0)
is a Banach space equipped with the norm

0 1(p-e)

— p-e

o =, 5w (g [P cuma) . 1<p<.
Q

In the case w = const, the space qu) ’G(Q), denoted by LP)?(Q), is rearrangement invariant

and is nonreflexive (cf., for example, [5, 6]).
In the case § = 1, the space LP)?(Q) is a grand Lebesgue space, denoted by LP)(Q).
In general, the weighted space v ’G(Q) is not rearrangement invariant (cf. also [3]).
It is easy to check the following continuous embeddings (cf. also [1, 3]):
LE,(92) € LM () € LE)*2(Q) € Li#(9),

w

where 0 < e <p—1 and 61 < 0-.

Throughout the paper, constants (often different constants in the same series of inequalities)

are, in general, denoted by c¢. The symbol p’ means the conjugate of p, 1 < p < oo, ie.,
/

p = b 1 We denote by I a bounded interval in R and by I the closure of I.
p —

2 Calder6n Commutators and Riesz Transforms

The purpose of this section is to characterize the boundedness of the Calderén singular
operator

where a: I — R and a € Lip 1 on I, and the Riesz transforms

Ti—Y; .
In

in the weighted spaces Lﬁ) ’9, where 1 < p < 0o and [ is a bounded interval in R.

We use the notation
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where p is a weight on 2 and E C 2.

Definition 2.1. Let 1 < p < oo. We say that a weight w belongs to the Muckenhoupt class
A(1) (w e Ay(D) if

1 1 o

Ap(w,I) :=sup ( w(J)) < w!™P (J)> < 00, (2.1)
7 \|J| /]

where the supremum is taken over all subintervals J of I.

Let 1 < p < co. In his celebrated paper [7], Muckenhoupt introduced the classes of weights
Ap and showed that the Hardy-Littlewood maximal operator is bounded in the weighted classical
Lebesgue spaces L%, if and only if w € A,. Later, it was proved [8] that the Hilbert transform
in L%, is bounded if and only if w satisfies the Muckenhoupt condition A,.

Lemma 2.1. Let 1 < p < oo. Suppose that w € A,(I). Then there are positive constants o
and L such that w € Ap_,(I) and

Hca HLgJ—EﬁL{’U—g < L

forall0 <e <o.

Proof. Since the class A, is open, for given w € A,(I) there exists a small constant o such
that w € A,_,(I). Using the boundedness of C, in Lj, with w € A5, 1 < s < oo (cf. [9]), and
the Riesz—Thorin interpolation theorem, we get the boundedness inequality in L, (1) for every
0 < € < o with a constant independent of €. Indeed, there exist positive constants M; (M; > 1),
1 = 1,2, such that for all simple functions

||Ca1/JHLgff’(1) S MleHLZT“(I)

and
HcalﬁHLgﬂ(I) < M2H¢||L{’U(I)>

For arbitrary 0 < € < o there exists 0 < . < 1 such that

Lt te
p—e p—o P

By the Riesz—Thorin interpolation theorem (cf., for example, [10, p. 16]), the inequality

1Cath e gy < My ™" My [l <
is fulfilled and C, is uniquely extendable to L%, preserving the last inequality. Hence
HcafHngs(I) < LHfHLg}*E(I) (0<e<o),
where L = M7 Ms. ||
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Lemma 2.2. Suppose that 1 < p < 0o, 8 > 0, and I is a bounded interval. Then there is a
positive constant ¢ such that for all f € L¥,(I) and intervals J C I

Xl e gy < Cw(J)_l/prXJ||L{;(1)HXJ||L5>,0(I)-

Proof. Let f > 0. By the Holder inequality,

1 1

p=e p—¢ € p=e
1P log = s (& [ o) = s (& [
w O<e<p—1 0<e<p—1
J J
0 e P(P €)
< sup er-e /(fp fw » / we
0<e<p—1 7

J

1 €
0 P p(p—e)
= sup er /fpw /w
O0<e<p—-1
J J

_ 1

= sup ere | fxallnan - (w(I)) P (w() e

O0<e<p—1

_1 p—e
= (w(J1) "7l fxalle | Sup <€0/Xﬂvw 6)
E\pf
1
= (w(J)) Pl oy xall o gy

The lemma is proved. [

The following lemma will also be useful for us.

Lemma 2.3. Suppose that 1 < p < 0o, 8 > 0, and I is a bounded interval. If an operator
Cq s bounded in L}Z,)’G(I) and there exists a constant m such that

0<m < la'(t)],

then
w' P (I) < . (2.2)

Proof. It suffices to show that (2.2) holds for all intervals J C I such that |J| < 1/2.
Assume the contrary. Let
w7 (J) = 0o (2.3)

for some J := (a,b). Without loss of generality, we can assume that I = [0, 1] and b < 1. Note
that (2.3) implies the existence of a function g € L}, (J), g = 0, such that

/g(x)dx = 0.

J

23



We set
fr:=gx.
Then f; € LL,(I). On the other hand,

catstol=| [0~ 5w -
J

a@; - Z(s) ’ J/ UL / g(t)dt = oo,

x—1
J

where £ € J and z is an arbitrary point in (b, 1).

Here, we used the continuity of the function

a(x) — a(t)

(Pz(t) = Tt

on [a,b] for arbitrary = € (b,1). By Lemma 2.2, f; € LI,L)’G(I). But
HcafJHng)ﬁ(I) = 00,

which contradicts the boundedness of C, in L) ’9(1 ) ||

We formulate and prove the main result of this section.

Theorem 2.1. Suppose that I is a finite interval, 1 < p < oo, and 8 > 0. Then C4 is
bounded in Lﬁ,)’g(l) if we Ay(I).
p),0

Conversely, if Cq is bounded in Ly wunder the assumption that there exists a constant m
such that 0 < m < |d'(x)| for all x € I, then w € Ay(I).

Proof. For the sake of simplicity, we assume that I := [0, 1].
Sufficiency. Note that C,f(x) exists almost everywhere on [0,1] for f € qu)’@(l). Indeed,
since w € Ap(I), there is a small positive number ¢ such that w € A,_.(I). Further, by the

definition of the space qu) ’G(I ), we have f € LL7°(I). Consequently, the existence of C,f(z)
follows immediately.

By Lemma 2.1, we conclude that there is a constant o € (0,p — 1) such that
1Catll g ey < el ey < € (001

where ¢ is a constant independent of f and e.

We fix € € (0,p — 1). Then
p—o
p—e¢
Using the Holder inequality with the exponent (p — o)/(p — ) and observing that

o
p—e/ e—0o’

1/(p—o)
||Caf||L{’[€(I) < (/Caf(;g)P—Uw(x)dx> w([)(f—o)/[(p—a)(P—a)}' (2.4)
I

> 1.

we find
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Further, since 0 < p—1 and € € (o,p — 1), we have

E—0 p—l—U —1/(p—0)
< , —1)o /P79 > 1.
(p—o)p—2) " p-o w1

Using (2.4) and the Holder inequality, we find

0<

9
HcafHLgﬂ(D :ZHHD({OigEUEP <|ICq fHLP (1> Sup 5p_EHCafHLg—ﬂ[)}

o<le<p—1

0 —0o
rnax{ sup er- €||C fll e <y Sup ere |Cafll pp—ow(I) <pf,)<p,s>}
0<e<o o<e<p—1 w

o o 0 _
= max{ sup el ICafllp-2rys sup er—co r-oar=|Cof|p-ow(l) (p_f,>(;_€)}
0<e<o o<e<p—1 w

rnax{ sup el 1Cafll o<

<e<o

0 0 e—o
( sup gpfeo-ipfo'w(l) (p—(r)(p—e)) ( sup epr— EHC fHLp s )}
o<le<p—1

0<e<o

Using the notation

S:= sup er- EHC Fll e~ (

0<e<o
6 _ 9 c—o
T := sup ep—eqg pfow(I) <p,a)<p,s>7
o<le<p—1
we find
ICafll, o0 py < max{1,T} - S
¢ _ 0 e—o
< max{l, sup er—<g r (1l +w(_f))(p_q>(p_€)) .S
o<le<p—1
We set

g(e) == (1 +w(I)) (=) (p—2)
We see that h and ¢ are increasing in (o,p — 1)

Therefore, using the boundedness of the Calderén singular integral operator in the classical
L%, spaces [9] and Lemma 2.1, we conclude that

_ 0 p—1l—0o
[Cafll oy, < emax {1, (p = 1)00 " (1 w(D) v }

sup v Nl e
0<e<o

0 — 0 p—1l—0c
< elp— 1) s (1t w(D) 7l o,
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Necessity. Since w is integrable on I, se have

1] < 00

Lp)

It suffices to prove that

s (1 J/ vt () J/ “’l_pl“)dt)p_l <o

|JI<

Let J := (a,b) be a subinterval of I such that b —a < 1/4. We set
J' = (b,2b — a)

if (b,2b — a); otherwise,
J' = (2a — b,a).

First we claim that there is a positive constant ¢ independent of .J such that
HXJHL{?U%Q(I) < CHXJ’HLZJM)(I)' (25)

Indeed, without loss of generality we can assume that J' = (b,2b — a). Then t — 2 < 2|J|
whenever t € J' and x € J. Let f := x . Then

catt@l=| [0 7 el -
J

for arbitrary = € J and some & € [b,2b — a. Thus,

m

a(m)—a(ﬁ)‘/ dt 1

x—E& Jlt—x/2

1
2 2m||XJHL5J)v9(I)'

HCafHng),e(I) P ||Caf||qu>,0 mH / t—x

Lp) 0

On the other hand,
171 oy = Il oy

Consequently, the boundedness of C, in v ’G(I ) implies (2.5).

Consider the test function f = w!'™? y ;. For z € J' we have

Caf (@) = ‘ / “((”;)__f;gt)w”/(t>dt‘ > 1 / wl™
J J

which implies the estimate
1 l_p/
ICafll oy > o gy [ w7 Ot Icr ooy
J
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Taking into account the last estimate, the boundedness of C, in Lﬁ,) (I), Lemma 2.2, and the
inequality (2.5), we get

1 .
|J|w1 P (J)HXJ/HLlPU)»Q(I) < CHCafHng)ﬁ([) < chHLﬂ)’Q(J)

1/p<

T () 7 (! () < e,

where the positive constant ¢ is independent of J. [

//\

1/p
W 0d) g

S —

By Lemma 2.3 ,

Theorem 2.2. Let I be a bounded interval, and let 1 < p < co. Then the Riesz transforms
are bounded in Lﬁ)’g([”) foralli=1,...,n, if and only if w € A,(I™), i.e.,

1 . 1 1ot AT
sup<|len (Qﬁ[))(QmInw p(QﬁI)dt) < 00,

where the supremum is taken over all n-dimensional cubes Q with centers at I™.

The proof is similar to that of Theorem 2.1.

Finally, we note that the one-weight theorem for the Hardy-Littlewood maximal operator

Mf _Sup|J|/f ‘dy’ JJGI,

),0

remains true for the generalized grand Lebesgue spaces Lt under the condition that w € Ap
(cf. [3] in the case § = 1). Namely, the following assertion holds.

Theorem 2.3. Suppose that I is a bounded interval, 1 < p < oo, and 8 > 0. Then the
Hardy-Littlewood mazimal operator M is bounded in L}Z,)’G(I) if and only if w € A,.

Proof. We follow [3].

Necessity. Consider an interval J C I. By the definition of the maximal operator,

J/f Nt < M(f-x)@), we

By the boundedness of M in Lﬁ,)’a([),

L 1
<J J/If(y)ldy>ll><JHL5),e(I) = H<|J| J/f(y)dy) Y

< HM(f 'X‘])HL{?’B([) < CHf ’ X‘]HLﬁ,)’G(I)

e (n)

. / P @) P w(y)dy
O<e<p—1 7
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1

—c sup <0/ f<y>p—€w”f<y>w?<y>dy>

O0<egp—1
J

, - » ; . » M;i@

1/p
:C</f(y)pw(y)dy> sup 6P€€w(J)p(pis>
7 0<egp—1

1

=cw1/p(J)</f(y)pw(y)dy>p sup (evew(T) <)
J

O0<eg<p—1

1

:cwl/pm( / f(y)”w(y)dy> Xl oy
J

Consequently,

1/p
0] |f<y>|dy<cw—1/pu>< / If(y)lpw(y)> . (26)
J J

Substituting
1
f=w rtxy
into (2.6), we have w € A,(I).

Sufficiency. The proof is similar to that of Theorem 2.1. In this case, we need to use
Muckenhoupt’s [7] result on the one-weight inequality for M (cf. also [3] in the case 6 =1). ||

3 Cauchy Singular Integral Operator and
Maximal Functions on Curves

In this section, we present a necessary and sufficient condition for the Cauchy singular integral
and Hardy-Littlewood maximal function defined on Carleson curves to be bounded in weighted
generalized grand Lebesgue spaces.

Let
F={teC: t=t(s), 0<s<Il<oo}

be a simple rectifiable curve of finite length with an arc-length measure v. We set
D(t,r) :=TnB(t,r), r>0,

where
B(t,r)={z€C: |z—t| <r}.
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We recall that a rectifiable curve I is called a Carleson curve (a regular curve) if there exists
a constant cg > 0 such that
vD(t,r) < cor

for arbitrary t € I' and r > 0.

The weighted grand Lebesgue space L{Z)’H(F), 1 <p<oo, 8 >0,is a Banach function space

equipped with the norm

1

gf p—e
— p—¢
10 gpoqey = 0<225_1<ur / FOPcwodr)

where w is an almost everywhere positive integrable function on I' (i.e., w is a weight).

Our goal is to characterize weight functions w governing the one-weighted norm inequality
for the following two operators: the Cauchy singular integral

L [ f(7)
T T—1
I

(Srf)(t) = dr

and the Hardy-Littlewood maximal function

(M) (t) = sup / () ldv

r>0 T

defined on Carleson curves.

A well-known theorem due to David [11] asserts that St is bounded in LP(I") if and only if
I' is a Carleson curve.

The main result of this section is contained in the following assertion.

Theorem 3.1. Let I' be a Carleson curve, and let w € Ay(I'), 1 <p < o0, i.e.,

supi / w(7)du<i / wl—P’(T)du>p1<oo, (3.1)

D(z,r) D(z,r)
where the supremum is taken over all z € I' and r such that 0 < r < diam I'. Let 8 > 0. Then
(1) St is bounded in Lﬁ,)’e(l“), (3.2)
(ii) My is bounded in LE)°(T). (3.3.)

If for a rectifiable curve I' and a weight w the operator Sr (respectively, Mr) is bounded in

L{)U)’H(F), p>1,0 >0, then the condition (3.1) is fulfilled.

We refer to [12, 13] for the equivalence of the boundedness of Sr in L%, (") and the condition

(3.1) in the case of the classical Lebesgue spaces.

In the case of the real line, the condition (3.1) coincides with the well-known Muckenhoupt
Ap(I) condition.

From Theorem 3.1 we deduce the following assertion.
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Corollary 3.1. Let 1 < p < co. An operator Sy (respectively, My) is bounded in LP(T) if
and only if I' is a Carleson curve.

Proof of Theorem 3.1. Sufficiency can be derived in the same way as in the case of the

Hilbert transform. We focus only on the necessity for the Cauchy singular integral.

Our goal is to prove that the boundedness of Sr in L]Z,) ’G(F) implies

1 1 -
sup / w(7)du< / wl_pldu> < 00,
tsr T r

0<r<g D(t,r) D(t,r)

where

d = minmax [t — 7|.
tel’ 7€l

We fix t € I'. Let € ' be such that |z — t| = 3r. For a nonnegative function f € LI,L)’G(F) we
introduce a function g € v ’H(F) by the formula

dr iarg (t—x
9) = () g @ X
(cf., for example, [12, p. 128]).

It is easy to see that for almost all z € D(z, )

s =L [ e L[ I e,

i T—2 i |7 — 2|
D(t,r) D(t,r)

where «a(t, z) := arg (t — x) — arg (7 — z). Since

|T— 2| < |t — x|+ 2r =br

and
. o2 2\2\: V5
|sin (T, 2)| < (g)r =3 cos a(T, z) > (1— (3) ) 3

for 7 € D(t,r) and z € D(z,r), for such 7 and z we have

Spg(z)|>7lr/ /() cosa(T,z)du>*/5/ 1(7) > / fFdr (3.4

T — 2| ~ 3r |7 — 2|
D(t,r) D(t,r) D(t,r)

for almost all z € I'(z, r).
From (3.4) it follows that

1

60 p—04
- p—9
150950 by =, SuP <VD(JU, r) / 591! w(z)d”>

0<o<p—1
oS D)

1
> (¢ [ s o [ wien
> 7)dv su w(z)dv )

r 0<5<E—1 vD(z,7)
D(t,r) D(x,r)
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Thus, we have

1509 ooy > [ FOIxDE gy
D(t,r)

From the boundedness inequality and (3.5) it follows that

&
19 s ey > & [ Tl oy
D(t,r)

But
Hg(z)Hng)ﬁ(D(x’T)) < HfHng)v‘)(D(t,T))'
Now, (3.6) yields
| 1@ avlxoenl o < el ilgemsy
D(t,r)
for arbitrary f > 0.
For f =1 the last inequality implies

1
r VD(ta T) HXD(x,T) HL:ZJ)’Q(I‘) < CHXF(t,T) ||qu>»9(r)'
Since I' is rectifiable, we have

||XD(:):,T) ||qu>»9(r) < c”XD(t,r) ||qu>»9(r) .

Exchanging the roles of D(x,r) and D(t,7), we obtain the inequality

XDl oo py < XDl ooy
for arbitrary t, z, and x such that |t — x| =3r, z € I'(x,r), and 0 < r < gl.
Now, we set
9(r) = w' P (T)Xpir
in the definition of g. According to (3.4), we have

/

C
S92 = £ [ ' ()
D(t,r)

for almost all z € D(x,r).
The boundedness of St and the last inequality imply

lg(z) HLIJJ)v‘)(F) > CHSFQHLZJ)’Q(D(z,T)

1

C 1 / (50 P*é
> w P (r)drv- su / w(z)dy
T / ™ 0<5<E—1 vD(z,r) =)

D(t,r) D(z,r)

— ¢ 1- '
= / w P AT)Av XD | 120 (-
D(t,r)

(3.5)

(3.6)

(3.8)
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On the other hand,

1—p'
HgHLﬁ})ve(F) < H’U) P XD(t,T)HLZZJ)vf)(F)'
From the last inequality and (3.9) we deduce that

1

r / wlip, (T)dV HXD(IL,T’) HLﬁ,)’G(D(x,r)) < cleip,XD(t,r) HL{)U)’B(F)' (310)

D(t,r)

Now we need the inequality

!
XDl oy < e@DEN) 7 I xpen g m - IXoenl o (3.11)

for arbitrary f. It is proved in the same way as in the case of a finite interval (cf. Lemma 2.2).
Using (3.11), from (3.10) we find

1
P

’ _1 7
/ wl_p (T)dVHXD(z,T)HLg) < C(wD(t>T)) p< / wl P (T)d’/> "XD(t,r)"Lg)»e(p)'

D(t,r) D(t,r)

1
r

Taking (3.8) into account, from this inequality we find

1

p
/ wl_p (T)dl/) ||XD(Z‘,T‘) HL‘Z,)’G(F) .

1 ) _1
r / wl P (T)dVHXF(z,T) HL‘SJ)’G(I‘) < c(wD(t, 7’)) P <
D(t,r)

Thus, w € A,(T). ||

Arguing in a similar way as in the proof of Theorems 2.1 and 3.1, we obtain the following
assertion.

Theorem 3.2. Suppose that I" is a Carleson curve of finite length, 1 < p < oo, and 6 > 0.
Leta:T'— C and a € Lip 1 on I'. Then the operator

Corf ) = [ “((? _ f)(?fmdf
r

is bounded in L{’,,)’G(F) for w e Ay(I"). Conversely, if there exists a constant m such that 0 <
m < |d/(t)| for arbitrary t € T' and Cq 1 is bounded in L}Z,)’G(F), then w € Ap(T).
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