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SOME NOTES ON TRIGONOMETRIC APPROXIMATION
OF (a,¢)-DIFFERENTIABLE FUNCTIONS IN WEIGHTED
VARIABLE EXPONENT LEBESGUE SPACES

R. AKGUN AND V. KOKILASHVILI

ABSTRACT. Improved Bernstein type inequality obtained and some
inequalities of simultaneous approximation by trigonometric polyno-
mials are proved. Also we proved an inverse theorem for functions
having («,v) derivatives in weighted variable exponent Lebesgue
spaces.
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1. INTRODUCTION

We define required notations. Let the function w : T—[0,00] be a
weight on T'. We suppose that P is the class of Lebesgue measurable func-
tions p(z) : T — (1,00) such that 1 < p, := essinfzerp(x) < p* :=
esssupgerp () < co. In this case we define the class LP@) of 27-periodic
measurable functions f : T' — R satisfying

/ 1 @) do < oo
T

for p € P. Tt is known that the class LP(*) is a Banach space with the norm

p(z)
11y :=inf{a>0:/T /(@) dxgl}.

@
By Lf,(') we will denote the class of Lebesgue measurable functions f :

T — R satisfying the condition wf € LP(). The weighted variable exponent
)

Lebesgue space LP") is a Banach space with the norm 11l = N fllpcy-
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For given p € P the class of weights w satisfying the condition [3]
-1

for all balls Q in T will be denoted by A,(.). Here p’ (z) :=p(x) /(p(z) — 1)
is the conjugate exponent of p(x). The variable exponent p (z) is said to
be satisfy log-Hdélder continuous on T if there exists a constant ¢ > 0 such
that

c
< g+ 1/l — )
We will denote by P8 (T') the class of those exponents p € P such that
1/p:T — [0,1] is log-Hélder continuous on T.

If p € Plo¢ (T) and f € LE"), then it was proved in [3] that the Hardy-
Littlewood maximal function M is norm bounded in Lf,(‘) if and only if
w e Ap(.).

We set f € L2 and

|p (z1) — p(x2) for all 1,20 € T.

z+h/2
Anf (z) ::% / f()dt, zeT.
z—h/2

If p € P8 (T) and w € Ay, then Ay, is bounded in o, Consequently if
x,h € T, 0 <r, then we define, via Binomial expansion, that

r N T _ = (_1)kl“(r+1)
b f (x) = (I — Ap) f(w)—kZ:OF(kH)p(

r—k+1) (Ah)k

where f € Lﬁ('), I" is Gamma function and I is the identity operator.
For 0 < r we define the fractional moduli of smoothness for p € P8 (T),

we Ay and f € I as
[r]
[T -0 1
i=1
0
where Qo (f,6),0y.0 = Ifll,)0; IT (I —An)oif =0ff for 0 <r <1
i=1
[r] denotes the integer part of the real number r and {r} :=r —[r].

If p € P8 (T) and w € Ay, then wP() € L' (T). This implies that
the set of trigonometric polynomials is dense [5] in the space Lﬁ('). On the
other hand if p € P'°8 (T') and w € A,.), then 2O ¢ LY (T).

For given f € Lﬁ('), let

U= 30,

) 0 > Oa
p(),w

F@) o ) S (o () coskar + by (Psinka) = 3 A s, £)
k=1
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and
o0

F@) " (ax (f) sinka — by (f) cos kx)
k=1
be the Fourier and the conjugate Fourier series of f, respectively.
We will say that a function f € Lf,(‘), p € P,we Ay, has a (a,1))-
derivative f¥ if, for a given sequence v (k), k = 1,2,...
«a € R, the series

g@(ak(f)cosk(x—i-%) +bk(f)sink(x+%))

is the Fourier series of function f¥.

Let 90t be the set of functions ¥ (v) convex downwards for any v > 1 and
satisfying the condition lim,_, % (v) = 0.

We associate every function ¢ € 9 with a pair of functions 7 (t) =
(Y () /2) and p (t) =t/ (n(t)—t). Weset My :={p € M: 0<p(t)<K}.
We start with proving an improved Bernstein inequality.

, and a number

Theorem 1.1. Let p € P8 (T), w0 € Ap()/po) for some py € (1,p.),

recRY, fe Lﬁ('), T, is the best approximating trigonometrical polynomial
for the function f, ¥(k), k € N, be a nonincreasing sequence of non-negative
numbers such that (k) — 0 as k — oo and W be nondecreasing. Then

for anyn =1,2,3,... the following inequality holds:

& () [ (T); 0 < 2Ty 1/0) )
Proof of Theorem 1.1. By definition

sl = | S st om)| -
- | kil ¢(1k) (cos(rm/2) Ay, (x, T)) — sin(rm/2) Ag(z, T,)) e =
<| ki:l w(lk) cos(rm/2)Ay(e. )|+
4 zn: % sinfrn/2)Ax(x T)| =
kz o m/2>((1££i)i;))r/2(1 - SH%”)T/QA @)
z": _ sin(rm/2) ((1?3)))/2(1 - Si%Z)T/QAk(x,TNn) o
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Using Marcinkiewicz multiplier theorem [4] for weighted variable expo-
nent Lebesgue spaces we obtain

n sin £\ r/2
[ e ";(1— ) |
n ink\r/2 —
¢ n sin £ r/2
k] PO Gt R P
+C‘<i(1_mft)”2Ak(x,Tn)>~
CION A 0 P

In the last equality we used the linearity of conjugate operator. Hence using
boundedness of conjugate operator we have

n sk
c sin £\ 7/2
(Tn)y < (1 - ”) A (2, Tn) +
H pOw — P(n) ,; = p()w
C n sin £\ /2
P(n) || &= " p()w
C /2
e
() (I =0oum) p().w
__¢ H I — o A2 p <
oo I~ 1m) "l =
c [r/2] r/2)
S sup I—Uhi I—Uu " Tn S
1,/)(71) O<hi,u§1/n g ( )( ) p(-),u.)
i=1,2,...,[r/2]
c
< ——Q, 0 (Th,1 .
= ¥(n) r/2 (T, /n)p(%w
Then we have the improved Bernstein inequality
c
T,)Y < Qo (T, 1/n) 0 0 - .
H( Iy < iy P2 T o0

The following Simultaneous approximation therem was proved in [1] but
Professor V. Chaichenko informed us that there was a gap in its proof. He
informed an example that the hypotesis on v of that theorem is not enough.
Below we prove complately this theorem taking a stronger hypotesis on 1,
namely, 7 ¥ € My”.
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Theorem 1.2. Let p € P8 (T), w0 € A () /po) for some py € (1,ps),

a € [0,00) and f, f¢ € P, If ¢ € My, then there exists a T € Ty,
n=1,23,... and a constant ¢ > 0 depending only on o and p such that

&~ T’/’H()wch (fa )p()w

holds.
Proof of Theorem 1.2. We set W, (f) := W,(-, f) = n%rl QZ% S, (-, f) for
n=20,1,2,.... Since o
Wl ££) = Wa(, D)2

we have

1F2C) = (Suls F)ENp(y 0 < NFEC) = Wales S lpey ot

HI S Wa(N))E = (Su (s ) e llpe)ot
HIWa (s NG = Sul Wa(M) &) w = I + o + Ia.

In this case, from the boundedness of the operator S;, in Lﬂ(') we obtain the
boundedness of operator W, in Lﬁ(') and there hold

I < [|£C) = SuCo fD |y oo + 190G f&) = Wb FD |y <
< CEn (1), 0+ Wl SalF2) = £y < cBn (£2)
From Bernstein Inequality of Corollary 2.1 in [1] we get
I < e )7 18 WalF)) = SuCs Pl
Iy < c(z/)( 20)) " Wl ) = Snls W (F) 0 <
(0 (20) ™ B (W)

Using inequality (13) of [6 [ | we have that the fraction ¢ (n) /4 (2n) is bounded
from above by a constant and hence

I3 <c(y (n))fl En (Wn(f))p(-),w

p(+),w p(),w p()w’

Now we have

”Sn('u Wn(f)) - Sn('a f)Hp(~)7w <
< 1S WalF) = Wl Ly +
Wl ) = £ Ol + 15 ) = Suls Dllyr <
< chy (W7l(f))p(~)7w + cEx (f) +CE, (f)

p(+),w p(-),w *
Since

En (Wn(f))p(),w < CEn (f)P(')W-’
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we get
[ IORCHORIN [
< B (f3) )y + €@ ()7 B Wa(f))pey0+
+cEn (f)p(~),u} < cEy (f;p)p(‘)w ey (n))fl Ey, (f)p(-),w :
Since by Theorem 1.1 in [1]

E, (f)p(.),w <cp(n+1)E, (f:f)p(.)’w

and we obtain

FEC) = (SuC, )Y

< B (f2) 0w - 0

p(-),w

Now we give an inverse theorem for (a,) differentiable functions in
weighted variable exponent spaces. The next theorem was proved in [2] and
changing in the above Theorem 1.2 forced us to change the hypotesis. The
proof will not change.

Theorem 1.3. Let p € P8 (T), w0 € Ay /p,) for some po € (1,p.),
ac€Rand fe It . Ifp € My, 7 € (0,00) and

o0

Z(W/J (V))il E, (f)p(.),w < o0, (1.1)

v=1
then there exist constants ¢, C > 0 dependent only on v, r and p such that

n

m(ﬁ’vl)pm,wﬁ VT W W) By (et

2r
n n
v=1

+C > W ) B (D)

v=n-+1

hold.

Proof of Theorem 1.3. The proof is the same as in the proof of Theorem 1.2
of [2]. So we will outline only. First of all we have

QO (Tymi1,6),0 , < 82 | T, (1.2)

p()s

p(-),w .

Indeed using

(1 - smx) < z? for z € Rt
T
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and Marcinkiewicz Multiplier theorem for weighted variable exponent Lebesgue
spaces we get

[r]

Q. (T,,0), ., = sup I—Ap, U{T}Tn =
(T 0<h; t<5 g( o ()
- sin khy sin khyy) sin kt {r}

— sup (1— )...(1— )(1— ) Ay (2, T, <
0<hy,t<o ; khy khir kt + (&) p()w
<c sup hi... h[QT]tQ{T} Z K22 A (2, T) <
0<h;,t<d —1 p(-),w
oS ac@Ty| =

k=1 p(+)w
ol "= 9 2rm 2rm 4\ .
=cd Zk [Ak<x+—,Tn) Cosr7r+Ak<x+—7Tn) smmr]
2k 2k
k=1 p('),w
Since
2
Ay (I’, Tézr)) = kerk (:c + ﬂ, Tn)
2k
we get
— (27)
O (T, 6), < e (|20 +(7) ).
(Lo Oy < P()w P()w
. . @)

Now using the boundedness of conjugate operator f — f and (Tn) =
T,SQT) we conclude

Q, (Tn,a) < ed?" || 720 :

p(-)w p(-)w
Using last inequality we get by standard computations that
. (rl) Ly () (1.3
"\""p p()w — N — V= p()w* :

Hence we have

n

1 c
P 2r—1 P
2 (fa ’ )p(~),w - Z v Eva (fa )P(')»W ’

2r
n n
v=1

A

Using Theorem 1.3 of [1]

oo

B (1) 00 = 000 B (Dt 3

v=n-+1

b ) B (), )
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and therefore the required result

1 ¢ < r— -
(8 5) 0 S 7 7 WO e (gt

+C Y @) B ()

v=n-+1

follows. ]
Note that the latter estimate in refined form is given in [2] (see Theo-
rem 1.3).
Namely, there the following statement is proved.

Theorem 1.4. Let p € P8 (T), w™P° € Ay /poy (T) for some po €
(1,p« (T)). Suppose that @ € R, ¢ € My, v :=min{2,p.}, r € (0,00) and

S @)™ (B (Nyy) < o0

v=1
Then there exist positive constants ¢ and C' depending only on ¥, r and p
such that the inequality

() S (; v @)™ (B, <f>,,(.),w)”)1”+

+C< Y W@ (E (f)p(.),w)7 > .

v=n-+1

holds.
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