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In this paper we present the necessary and sufficient conditions ensur-
ing two-weight uniform boundedness for Cesdro summability means with
variable order for univariate and multiple Fourier trigonometric series. We
give two-weight uniform estimates criteria for above-mentioned Fourier op-
erators in general case when we have different weights and exponents of
classical Lebesgue spaces on both sides of inequalities.

Let T be the interval [—m, 7]. Let w be a 2w-periodic almost everywhere
non-negative integrable function. We denote by LP(T), 1 < p < oo the
Banach function space of all measurable 2m-periodic functions f, for which

the norm
1/p
o= ([1r@rair) <.
T

The uniform boundedness problem of Cesiro and Abel-Poisson means of
functions from weighted Lebesgue space was studied by M. Rosenbloom [1]
and B. Muckenhoupt [2]. In the paper [1] a characterization of the weights w
for which the Cesaro (C, 1) and Abel-Poisson means are uniformly bounded
in weighted Lebesgue space L2, (1 < p < o0) has been done. Later on B.
Muckenhoupt [2] established that the condition referred in [2] is equivalent
to the condition Ay, that is

1 / (2)d (1 / l—p/( \d )pl <
sup — [ w(z)dzr| = [ w x)dx 00,
auy 1

I

/]

where p’ = p/(p—1) and supremum is taken over all intervals whose lengths
are not greater than 2r. In two weight setting by B. Muckenhoupt [3]
has been proved that the necessary and sufficient condition for the uniform
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boundedness of the Abel-Poisson means as operators from LP to L is

sgp|11_|/U(x)dx(ﬁl/wl_p,(x)dx)p_l < 00. (1)

f(z ~@+ ay cos kx + by sin kx 2
2
k=1

be the Fourier series of the function f € L (T). Let 02 (-, f) (o > 0) be the
Ceséro means of the series (2), that is

1
on(x, f)=—=[ fz+1t) K (t)dt,
ﬂ-4

Let

where .
N "L AST Dy (2)

is the Fejer kernel and

is the Dirichlet kernel, with

+a n
Ar=(" N —.
(") e

In the paper [4] by the second author and A. Guven has been proved
Theorem A. Let 1 < p < g < oco. Then the inequality

1_1
HJZ( (.7f)||q,'u S cnr ||f||p,w7 o> 0 (3)

holds for arbitrary f € LP (T), where the constant ¢ does not depend on n
and f, if and only if (v,w) € A, 4 (T) ¢ e

1
7

sep |71|/v(m)dx q (ﬁ/wl_p/(x)dm)p < 0.

I I

The latter condition is appeared in the papers [3], [4] by B. Muckenhoupt.
In present paper we study the Cesaro means of variable order

o (o) = - [ Fa K (0t
T

where )
A Dy (t)
Ko (t) = 272% . >0
k:O n
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with the condition lim «, = «a, a > 0.
n—oo

It is evident that when «,, = 0 we have o0 (z, f) = S, (z, f)-partial sums
of Fourier trigonometric series.

It should be stressed that an idea to introduce and study of linear meth-
ods of summability of variable orders comes from D. E. Menshov (see e. g.
[6]). For the considerable results on divergence problems of summability
means of variable order in the spaces C' and L', we refer to the papers by
Sh. Tetunashvili [7], [8].

One of main result of this paper is

Theorem 1. Let 1 < p < g <oo. The the inequality
«a 1_1
”Unn ('7f)||q7v <cenpoa Hf“p,wr a>0 (4)

holds with a constant ¢ independent of n, oy, and f, if and only if (v,w) €

Ap,q (T).

Let us now discuss the two-dimensional case.

Let T? = Tx T and w be a weight function on T?. We denote by L?, (']I‘Q) ,
1 < p < oo, the space of functions f (z,y) which are 2r—periodic with
respect to each variable, such that

1/p
T ( [Py dwdy) < co.
T2

Let the function f € L! (’]I‘z) has the Fourier series

oo
flzy) ~ Z Amn (@mn €OS M cOS Ny + by sin ma cos ny—+
m,n=0
+Cmn cOsSMa sin ny + dyyy sinma sinny) , (5)
where
L 0
e m=mn=V.,
4
Aimn = { L
mn ok m=0, n>0 or m>0, n=0,
1, m>0, n>0.
Let also
& am—1 ABn—1
Z ZAmniz Anij Sij (:L'vyv f)
i=05=0

o) (z,y, f) = . (> 0,8, >0)

Ag A
and lim o, = a, le Bn =08, a>0,5>0.

m—r oo
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Definition 1. The pair (v, w) is said to belong to the class A, , (T?) if
the condition

1 1/q 1 , 1/p
Stlp(/v (x,y) d:zcdy) (/wl_p (z,v) d:cdy) <oo  (6)
7 \IJ| /| ] g

holds, where the supremum is taken over all rectangles J with sides parallel
to the coordinate axes and with lengths not greater than 2.

Theorem 2. Let 1 < p < q < co. Then the condition (v,w) € A, 4 (T?)
is mecessary and sufficient for the validity of the inequality

1_1
ol o p|| < e )P T I s am >0, a0 (D)

q,v

for every f € LY (Tz) , where the constant c is independent of m, n, a,,

Bn and f.

On the base of Theorems 1 and 2 we derive the following norm summa-
bility theorems in two-weighted setting

Theorem 3. Let 1 < p < oo and (v,w) € A, ,(T). Then we have
lim || f = a3 (- f)llp =0

n—oo

for arbitrary f € L? (T).
Theorem 4. Let 1 <p < co. (v,w) € Ay ,(T?). Then

lim || f— 07(,?]1"’%)(" po =0

m,n—o00
for all f € L2 (T?).
Example. Let w(z) = |x\p_1lnp‘2w—“| and v(z) = |z[P7!. Then for the
pair (v,w) Theorem 1 is valid with p = ¢. The same pair governs also
validity of Theorem 3.
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