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ABSTRACT. The paper deals with the fundamental inequalities for single variable trigonometric
polynomials in new function spaces, variable exponent Morrey spaces and their applicationsto the
trigonometric approximation in appropriate vanishing new function spaces. In present paper weexplore
trigonometric approximation problem of periodic functionsin that subspace of variable exponent Morrey
space, which isthe closur e of smooth functionsby the norm of initial space. The generalized moduli of
smoothnessis defined via the Steklov means. In terms of thisstructural characteristic the direct and
inver se inequalities of approximation are obtained. We state two-sided estimate of K-functional by
generalized moduli of smoothness. © 2017 Bull. Georg. Natl. Acad. Sci.
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The paper deals with approximation problems of 2p-periodic functions by trigonometric polynomials
within the framework of new nonstandard function spaces, namely variable exponent Morrey spaces. The
subject of our presentation are the following topics:

i) Fundamental inequalitiesfor trigonometric polynomialsin variable exponent Morrey spaces. We mean
the Bernstein-Zygmund type inequality for fractional derivatives of trigonometric polynomials and Nikol’skii
type inequality

ii) Onthebasis of the aforementioned inequalitieswe provethedirect and inversetypeinequalities (in the
Bernstein’s terminology) for trigonometric approximations in approximable subspace of variable exponent
Morrey spaces. The latter one is sited in the literature as vanishing variable exponent Morrey spaces.
Moreover, theinversetypeinequalitieswill be donein such form where on different sides of inequalitiesthe
space exponents are different.

Let T=[-p.p] and p:T —(1,) be 2p-periodic continuous on the real line function. By definition

peP(T)if l<p.<p(x)<p, <o and p. = min p(x), p, = max p(x).Afunction p(x) iscalled of
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class P'*(T) if it satisfies the log-continuity condition.

[p(x)-p(y)|<

_m, xeT, yET.

By L?(T) we denote the variable exponent L ebesgue space defined by the norm

. f(x P
||f||Lp~<T>=mt,{' g dxs1}.

When pe P(T) then L") isreflexive, separable Banach function space.
Let

I, =(x=r,x+r)NT, r>0.

The variable exponent Morrey spaces are defined as
M P(')v' () = { f . || f ||M () (')(T) < +OO} y

where

-1(x)
” f "L”(’)(IXV,) :

Theorem 1 (Bernstein-Zygmund type inequality). Let a>0 and let pe PN P'® (T) . Suppose that

I X,f

” f "M PO () T Sl’up

X,

| (x)eP™(T) and O<I_<I (x)<I, <1. Then for arbitrary trigonometric polynomial the following
inequality

a

T@)

n

<
VO con

Tn

M POI )
holds with a constant independent of T, and n.

Here by Tn(a) thefractional derivative of order a in Liouville sense is denoted.

Theorem 2 (Nikol’skii type inequality). Let pe PNP®(T) and |,(x)eP™. Suppose that

L_Lzsﬂ) and | Z(X):M, I, (x)< 1 , 0<5<i.Thmforarbitrarytrigonomet-
P(x) a(x) P(x) P(x) P.
ric polynomial the following inequality
11
Ty M A 20) <cn™ T, M POII0)

holds with a constant independent of T, and n.

The space M OO g non-separable. The following statement is valid.

Proposition. The closure of the set of infinite differentiable functionsin M "' V) is characterized by the
condition

| - (x)|

lim sup

=0, 0<r<r

[l =0

X,r

We denote this subspace by M "' (T) . Thus M *' U (T) isan approximable by trigonometric poly-
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nomials subspace of MP0'0.

For f e M"'0 we introduce constructive and structural characteristics

E.(f),m ._|nf||f ~Tfywro k<n
-the best approximation by trigonometric polynomials and
1 x+h
f.d) o0 = f(x)—— | f(y)d
Q(f,d)yp0 = Sup | (x) o) (¥) .

-generalized moduli of smoothness.

Theorem 3 (Jackson’s first type direct inequality). Let p(x)e PNP*(T), | (x)eP'*(T),

0<l_<I (x)<I, <1. Thenfor f eMP")"0 the following inequality

1
E (f) yuo <cQ| f,=

holds with a constant ¢ independent f and n.
Theorem 4 (Jackson’s second type direct inequality). Let a >0 and f® e M PO () Then under the

hypothesis of previous theorem we have

C 1
E (f) wio<—Q f@-)
n( )M ()1 () n? [ POl 0

n
with a constant ¢ non-depending on f and n.
Theorem 5 (Inverse type inequality). Let p(x)ePNP"*(T). Suppose | (x)e P*(T) and

0<l_<I(x)<I, <1. Then for arbitrary f e M """ the following inequality

Q(f,lj S%(ZUEH j
N Jye0ro

holds with a constant independent of f and n.

Corollary. Let f e MP"Y(T) and

Then

Let usintroduce the Lipschitz type class of function.
Definition. A function f e NP0 issaid to be of class Lip, (M"'1)) if

Q(f.,d), .m0 =0(d"), b>0.
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Theorem6.Let p(x) e PNP(T), | (x)e P (T), 0<I_<I (x)<I, <1.Then f € Lip, (M p(). (-)),

O<b <2,ifandonlyif

Now we present the inverse type inequality when on different sides of inequalities the space exponents
aredifferent.

Theorem 7. Let the conditions of Theorem 2 be fulfilled. If f « M "':0) and the condition

Zu SﬁlEn ( f )M i) < 0

holds. Then f e M %)':0) and the following inequalities are true:

E. ( f )Mq('J“ 0 S C((n+1) E. ( f )M o0+ Z US_lE‘_| ( f )M p(v)‘ﬂ-)j

u=n+1
and
1 1 +1 S -1
Q( ¢ ,_j < c[—z WE, () + 3 USE, (1 )Mp(,,.ﬂ,,j
N Jypa0i20 n" = u=n+l
with a constant independent of f and n.

Similar resultsin classical Lebesgue spacesand for classical moduli of smoothnesswere obtained by S. B.
Stechkin[1] andA. F. Timan[2].

The proofs of the aforementioned results are based on the Theorems 1 and 2 (Bernstein-Zygmund and
Nikol’skii type inequalities), boundedness of harmonic analysis fundamental integral operators in variable
exponent Morrey spaces [3] and on the following proposition.

Theorem8.Let p(x)e PNP™(T), | (x)eP*(T), 0<I_<I (x)<I, <1. Thenfor arbitrarytrigo-
nometric polynomials the following two-sided estimates hold.

1
cn” "Tn("M 010 S Q(Tn ’_j <cn” "Tf:"M P
N Jyri0)

with some constants ¢, and ¢, non-depending on T, and n.
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