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Abstract. We investigate some boundary-value problems for an
Emden—Fowler-type differential system

uh = gi(t)uyt,  uy = ga(t)u)®

on a finite or infinite interval I = [a, b), where g; : I — [0,00) (i = 1,2)
are locally integrable functions. We give the optimal, in a certain sense,
sufficient conditions that guarantee the existence of a unique (at least of
one) nonnegative solution, satisfying one of the two following boundary
conditions:

i) ui(a) = co, Pn%m(t) =¢; ii) uz(a) = co, llné ui(t) = ¢,

in case 0 < ¢g < ¢ < 400 (in case ¢cg > 0, ¢ = 400 and A A2 > 1).
Moreover, the global two-sided estimations of the above-mentioned so-
lutions are obtained together with applications to differential equations
with p-Laplacian.
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1. INTRODUCTION

Let —0o < a < b <400 and I = [a,b). Consider the system

uy = gi(tuy's b = ga(t)uy?, (1.1)
on the interval I (finite or infinite), where A; and Ao are positive numbers,
and the functions ¢g; : I — Ry = [0,400) (i = 1,2) are locally Lebesgue
integrable on I, i.e., integrable on [a, to] for any ty € (a,b). By a nonnegative
solution of the system (1.1), defined on I, we mean a locally absolutely
continuous vector function (u1,uz) : I — RZ which satisfies (1.1) almost
everywhere on I.

We study the following problems on nonnegative solutions of the system
(1.1), defined on I: (1.2), (1.3), (1.4), (1.5)

where ¢g is a nonnegative and c; is a positive constant. Observe that the
functions g¢; in (1.1) need not be integrable on I; in this sense, the problems
(1.1), (1.k) (k =2,3,4,5) are singular. As for the problems (1.1), (1.4) and
(1.1), (1.5), they are also singular if the functions g; are integrable on I, and
in this case we get the blow-up phenomena.

The system (1.1) includes the differential equation with the p -Laplacian

operator
/

((%@)p)' — h(e)dd, (1.6)

where p and ¢ are positive constants, hg : I — (0,+00) and h: I — Ry are
locally Lebesgue-integrable functions.

A locally absolutely continuous nondecreasing function v : I — R is said
to be a nonnegative nondecreasing solution of the equation (1.6) if there
exists a locally absolutely continuous function v : I — Ry such that

u'(t)\p oo
(ho(t)) =o(t), V'(t) =h(t)v'(t) ae on I.

From what was said above we can see that a locally absolutely continuous
nondecreasing function u : I — R4 is a solution of the equation (1.6) if and
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only if the vector function (u1,u2) with the components

w(t) = (;;((?))p wa(t) = u(t) (L.71)
is a solution of the system (1.1), where
M=l da— %, a(t) = h(t), ga(t) = hot). (1.8)
Analogously, the equalities
un(t) = u(t), ws(t) = (;j;i’g)” (1.72)

establish one-to-one correspondence between the set of nonnegative nonde-
creasing solutions of the equation (1.6) and that of nonnegative solutions of
the system (1.1), where

A = ]1), No=L i) = holt), galt) = h(t). (1.85)

The above-stated problems on nonnegative solutions of the system (1.1)
correspond to the following problems on nonnegative nondecreasing solutions
of the equation (1.6):

u'(t) . u/(t)
= l = N 1.9
imahot) U St Y (191)
u(a) = co, %lnllyu(t) =cy; (1.99)
(1)
= 1 = N 1.1
u(a) = co, o () " (1.101)
u'(t) )
t—a ho(t) CO7 tﬂu(t) Cl? ( 02)
u'(t) . u(t)
= 1 = : 1.11
T O e~ T (111)
u(a) = ¢, Prrll)u(t) = +o0; (1.119)
u'(t)
ula) = co. iy ) = T (L121)
_u(t .
}5131 hod) co, %I—I;I}JU(t) = +00. (1.129)
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Asymptotic properties of solutions of differential system (1.1) and equa-
tion (1.6) have been widely investigated in the literature (see, e.g., [1-21]
and references therein), where the following terminology has been used.

If b = +o00, then a positive solution (uj,uz) of the system (1.1) (positive,
nondecreasing solution u of equation (1.6)), defined in some neighborhood
+o00, is called proper. The proper solution (uj,ug) (solution u) is called
weakly increasing, if

lm u(t) < 400 ( lim w(t) < —|—oo>
t——+00 1 t——+o00 ho(t)
and strongly increasing, if
: _u(t)
tiu;réo uy(t) = 400 ( tilgloo O +oo>.

A positive solution (u1, uz) of the system (1.1) (positive, nondecreasing solu-
tion u of equation (1.6)), defined in some finite interval [t., t*) and satisfying
the condition

. B . / .
thi?* ui(t) = 400 ( tlirg u'(t) = +00)

is called blow-up, or by the terminology adopted in [14], a singular solution
of the second kind.

The problems on the existence of positive, nondecreasing proper and blow-
up solutions of different types have been investigated in details. However,
every such problem can be reduced to one of the above-formulated singu-
lar boundary-value problems. Therefore a complete description of sets of
proper and blow-up solutions of the system (1.1) and equation (1.6) can be
achieved by solving the problems (1.1), (1.2)-(1.1), (1.5) and (1.6), (1.9;)-
(1.6) (1.125). Nevertheless, these problems remain still little studied. In our
work we will make an attempt to fill in this gap.

In Section 2 we establish optimal, in a certain sense, sufficient conditions
which guarantee the existence of a unique nonnegative solution of the prob-
lems (1.1), (1.2) and (1.1), (1.3). Similarly, in Section 3 we give optimal
sufficient conditions for the existence of at least one nonnegative solution of
the problems (1.1), (1.4) and (1.1), (1.5). Moreover, for the solutions of the
problems (1.1), (1.4) and (1.1), (1.5) we obtain two-sided global estimations.
In Section 4, we apply our results to the problems (1.6), (1.91)—(1.6), (1.122).

In particular, when b = 400 (b < +00) our theorems improve the earlier
obtained results on the existence of weakly and strongly increasing proper
solutions (blow-up solutions) of the differential equation (1.6) and the system
(1.1), see [1-6], [13-19] and [21].
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Throughout the paper the following notation will be used: [z]4 = (z +
|z|)/2 for a real number z; L(I;Ry) is the set of Lebesgue-integrable func-
tions; Lioe(I;R4) is the set of functions that are Lebesgue integrable in the
interval [a, to] for an arbitrary ¢y € I.

2. PROBLEMS (1.1), (1.2) AND (1.1),(1.3)
We study the problems (1.1), (1.2) and (1.1), (1.3) in the case when

g1 € L(I;RY), g2 € Lioe(I;Ry), Go € L(I;Ry) (2.1)
and
meas{t € I: gi(t) >0} >0, (2.2)
where
Go(t) = n(0)( [ a1 (23)

For any x > 0 put
b 1
[xH —(1- )\)/ Go(s) ds} :A for A <1
b a
p(z,A) = { exp ( —/ Go(s) ds):r for A\=1. (2.4)

1

b _1
(a:lf’\ + (A - 1)/ Go(s) ds) T for A>1

Theorem 2.1. Assume (2.1), (2.2) and
0<¢ < 90(017)‘)7 (25)

where A = M Aa. Then the problem (1.1), (1.2) has a unique nonnegative
solution.

For the proof of Theorem 2.1 the following two lemmas will be needed.
Lemma 2.1. Assume (2.1), (2.2) and
0 <co < p(er, A), (2.6)

where A = Ao, Let (v1,v2) : I — Ri be a solution of the system of
differential inequalities

0 < Vi (t) < gr(t)uy" (1), 0 < wh(t) < galt)or?(t), (2.7)
satisfying the initial conditions

vi(a) = cp, wv2(a)=0. (2.8)
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Then

Ul(b—) = %i_l)lll)'vl (t) S C1. (2.9)

Proof. In view of (2.3), it follows from (2.7) and (2.8) that

t t
0=t < [ o ds <00 [ nlds

a
and 0 < v} (t) < Go(t)v(t). From this inequality it follows that v1(b—) <
v(b—), where v is a solution of the Cauchy problem

V' (t) = Go(t)v (t), v(a) = co.

Since . )
o (cgﬁ +(1- )\)/ Go(€) czg)m for \#1
v(t) = ¢ a
Co €Xp ( / Go(€) dg) for A=1,
summarizing (2.4) and (2.6), we obtain (2.9). O

Lemma 2.2. Letw; : I xRy — Ry (i =0,1,2) be functions satisfying the
conditions

wi(t,0) =0 a.e. onI (i=0,1,2), (2.10)
b
wo(-,x) € L(I; Ry), / wo(s,x)ds >0 for xz € (0,400). (2.11)

Let (v1,v2) : I — R? be a solution of the system of differential inequalities

v () sgnva(t) > wolt, [v2(t)]), vh(t)sgnwi(t) >0, (2.121)
[Wi(0)] < wi(t, [v2(D)]),  [v3(8)] < walt, [v1(2)]) (2.122)

such that
vi(a)va(a) =0, wv1(b—)=0. (2.13)

Then vi(t) =0 (i =1,2).
Proof. In view of (2.121) and (2.13)we have

d

= (v1(t)va(t)) > 0 a.e. on I, (2.14)

vi(t)va(t) >0 for t € 1. (2.15)

First, we show that
v1(t)ve(t) = 0. (2.16)
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Assume the contrary. In view of (2.14) and (2.15), there exists ¢ty € (a,b)
such that vy (t)v2(t) > 0 for {9 < ¢ < b. From here and (2.121) we get

lv1(t)] = vi(t) sgnvy(t) = v} () sgnws(t) > 0 a.e. ont € (t,b)

and |v1(b—)| > |vi(tg)] > 0, which contradicts the equality v;(b—) = 0.
Therefore (2.16) is true.
Now we will prove that

va(t) = 0. (2.17)
Assume the contrary. Then there exists an interval (a1, b1) C (a,b) such that
va(t) #0 for a1 <t < by (2.18)

and
either a1 =a, by =b or a; > a, va(a;) =0 (b1 <b, va(by) = 0). (2.19)

In accordance with (2.16) and (2.18), we have v (t) = 0 for a; <t < b;. So,
from (2.10) and (2.122) we get v5(t) = 0 almost everywhere on ¢ € (ay,by).
In view of this equality, it follows from (2.18) and (2.19) that a; = a, by = b
and vy (t) = ¢, where ¢ = va(a) # 0. Hence, by (2.121) and (2.13) we obtain

vi(t)sgne > wo(t, le]) ae.on I, wi(a)=wvi(b—)=0.

Consequently,

b
0= (vi(b—) — vi(a)) sgnc > / wo(s,|c|) ds,

which contradicts (2.11). Hence (2.17) holds.
In view of (2.10) and (2.17), from (2.123) we get v{(t) =0 a.e. ont € I.
From here and from the equality v1(b—) = 0 it follows that vy (t) = 0. O

Proof of Theorem 2.1. First we will prove the assertion in the case where
b < 4o00. For any natural k put

b—a a for a<t<a+4
Ok = —7—> Tk(t) :{ y (2.20)

2k t—0p for a4+ <t<b
and consider the delayed differential system
uy(t) = g1(D)up! (Tk (1)), uh(t) = ga(t)uy® (7(1)) (2.21)
with the initial conditions

ui(a) = co, uz(a)=1. (2.22)
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In accordance with (2.1) and (2.20), for every v € Ry the problem (2.21),
(2.22) has the unique nonnegative solution (uyg(-, "), u2x(-,7y)) which is con-
tinuous with respect to the parameter . Moreover, ui(-,7) has the finite
limit u,(b—,7), and u1,(b—,-) : Ry — R4 is a continuous function.

If cg = 0, then w;(¢,0) =0 (i = 1,2) and, consequently,

ulk(b—, 0) S C1. (2.23)

We will show that this inequality holds also for ¢y > 0. Indeed, it follows from
(2.20) and (2.21) that the vector function (v1,v2), where v;(t) = u;x(t,0)
(1 = 1,2), is a solution of the problem (2.7), (2.8) and so, according to the
condition (2.6) and Lemma 2.1, we get (2.23).

By (2.4) we have ¢(z,\) < x for z > 0. Therefore, from (2.5) we have
¢p < ¢1. In accordance with (2.2), there exists 79 > 0 such that

' = (a1 — Co)(/abgl(s) ds)_l.

Hence, from (2.21) and (2.22) we get uok(t,v0) > o for ¢t € I and

b
urk(b—,70) > co + 73" / gi(s)ds = c1. (2.24)
a
In view of the continuity of uix(b—,-) : Ry — R, the existence of a number
Y € [0,70] such that ui;(b—, k) = c1 follows from (2.23) and (2.24). Put
Wik (t) = wig(t, ) for t el (i=1,2).
Obviously, (u1x,dax) is a solution of the system (2.21) satisfying the bound-
ary conditions
wi(a) = co, Uik(b—) = 1.
Moreover,

t
0 <ux(t) < e, 0<Tg(t) éw+c§2/ g2(s)ds for t eI,  (2.25)
a

0 <T'(t) < G(t), 0<T'(t) < 2ga(t) ae. on I, (2.26)
and ,
0<c —u(t) < / G(s)ds for t eI, (2.27)
t
where
o [ M
G(t) =01 (t) (’YO + 612 / 92(5) d8>
0

and, as follows from (2.1),
G e L(I;R,). (2.28)
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In accordance with (2.1) and (2.26), the inequalities (2.25), (2.26) yield that
the sequences ()5 (¢ = 1,2) are uniformly bounded and equicontinuous
on [a,b — €] for any small ¢ > 0. Hence by the Ascoli-Arzela lemma there
exists a sequence of natural integers (ky,)oc_; for which (T, )00, (i =1,2)
converge uniformly on each interval [a,b — ] for any small ¢ > 0. Set

ui(t) = lim Uik, (t) (i=1,2).

Passing to the limit as m — oo in the equalities

t
Uik, (1) = co + / 91(8)T3 (T, (5)) ds,

t
T, () = Tk, (a) + / gg(s)af,gm(fkm(s))ds for a <t <b,

by the Lebesgue dominated convergence theorem and by (2.20) we obtain

ui(t) =co + / gl(s)ué\l(s) ds,

uz(t) = uz(a) + /t g2(s)ul?(s)ds for tel.

On the other hand, in light of (2.27), it holds that
b
0<ec;—u(t) §/ G(s)ds for t e I.
t

Consequently, (u1,us2) is a solution of the problem (1.1), (1.2).

Let us now prove that the problem (1.1),(1.2) does not have solutions
different from (uq,u2). Let (@1, u2) be an arbitrary solution of (1.1), (1.2).
Put

Ui(t) = ﬂz(t) — uz(t) (l = 1,2).
Then
V() = g1(0) (@3 (8) — ug" (£),  vh(t) = gat) (W2 (1) —ui*(1)).  (2.29)

Moreover, v; and vy satisfy (2.13).
It is known that if a > 1, then for any x > 0, T > 0 it holds that

2% <z YT — 2,

(T*—2)sgn (T —z) > T —z|*, |T
and if 0 < a < 1, then

(T — 2% sgn (T —x) > a2 YT — 2|, [2%— 2% < |7 — 2|,
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where z = max{z,T}. Obviously, z <z+Z <1+x+Z forz>0and T > 0.
Therefore, (2.29) yields the inequalities (2.12;) and (2.122), where

g1 (t)zM for \; >1
wo(t,z) = _ A1
)\191(15)(1 + U,Q(t) + UQ(t)) z for 0 <\ <1
and for ¢ € {1, 2},

wi(t,z) = Aigi () (L4 Ts—i(t) + us—i(t))™" @ for X >1
BN VAR for 0 < \; < 1.

Ai—1

On the other hand, taking into account (2.1) and (2.2), it is obvious that
the functions w; : I x Ry — Ry (i = 0,1, 2) satisfy the conditions (2.10) and
(2.11). Applying Lemma 2.2, we get v;(t) =0 (i = 1,2); i.e., U;i(t) = u;(t)
(i=1,2).

It remains to consider the case where b = +oo. In this case, by means of
the transformation

r=1-1+t—a)™', wt)=wiz) (i=1,2),
the problem (1.1),(1.2) is reduced to the problem
wh = hy(z)ws", wh = ho(z)ws?, (2.30)
w1 (0) = o, gljlgi wy(x) = ¢, 2.31)
where clearly, the symbol ’ denotes the derivative with respect to x, and
hi(z) = (1 —2)2gi(a+ (1 —z)"t = 1) (i=1,2).
On the other hand, by the conditions (2.1) and (2.2) we have
heL([0,1);R), ha€Lioe([0,1);R ), meas{ze[0,1):hy(2)>0}>(2.32)

1 +o00
/ Hy(z)dx = Go(t) dt < +o0, (2.33)
0 a

where
Ho(w) = a) ([ hate) dc) "

However, according to the above-proved result, the conditions (2.32), (2.33)
and (2.5) guarantee the unique solvability of the problem (2.30), (2.31). Con-
sequently, the problem (1.1),(1.2) is uniquely solvable as well. O

Remark 2.1. The condition (2.2) is necessary for the unique solvability of
the problem (1.1),(1.2). In fact, if g1(¢) = 0, then for ¢y # c¢; the problem
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(1.1), (1.2) does not have a solution, and for ¢y = ¢; it has an infinite set of
solutions.

Remark 2.2. In Theorem 2.1 the condition (2.5) is optimal and it cannot
be replaced by the condition
0<cop<opc,\) +e¢ (2.34)

for any small € > 0. Indeed, if ¢y € L([;Ry) is any function satisfying
condition (2.2),

g2(t) =0 and ¢y =1 + ¢,
the problem (1.1),(1.2) does not have a nonnegative solution even if all
conditions of Theorem 2.1 are fulfilled except (2.5), which is replaced by
(2.34).

Now we consider the problem (1.1),(1.3). Suppose

G0 =01+ [ o))"

For any x > 0 and y > 0, put

(L \ N
(x>\2 —|-y)1_ A 1— /G1 ds for A <1
Y(z,y,A) = A2+y—exp /01 ds> A for A=1 .
=2 = 1-A
x P2 —(:L‘AQ—i-y) —1/G1 ds for A>1
\

Theorem 2.2. Let the conditions (2.1) hold and, moreover, either co = 0
or
co >0 and (co,c1,\) > 0. (2.35)

Then the problem (1.1),(1.3) has a unique nonnegative solution.
To prove the theorem, we need the following lemma.

Lemma 2.3. Assume (2.1) and (2.35). In addition, let the system of dif-

ferential inequalities (2.7) have a solution (v1,v2) satisfying the conditions
vi(a) =0, wa(a)= cop. (2.36)

Then the inequality (2.9) is valid.

Proof. Put

l

v(s) = ¢p? + vi(s).
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Then we have from (2.7) and (2.36)
1 1 1

v(at) =¢)?, v(b—)=c)® +vi(b-), v(t) >¢)?,

t
0 <wvat) < e —I—/ g2(s)v12(s) ds <
0

t

< ¢+ v72(t) /Ot g2(s)ds < v2(t) (1 + /0 92(s) ds)

and
v t
vk((?) N vAl(t) /0 g1(s)vy" (s)ds < Ga(t) for teI.

Integrating this inequality from a to b, we get

¥(co,v1(b—),\) <O0.

Since 1) is an increasing function with respect to the second argument, from
here and (2.35) the inequality (2.9) follows. O

Proof of Theorem 2.2. If g;(s) = 0, then the unique solvability of the
problem (1.1),(1.3) is obvious. Hence, in what follows, we assume that the
condition (2.2) is satisfied. The proof of the existence of a nonnegative
solution of the investigated problem will be omitted because it is similar to
that of the problem (1.1),(1.2). The only difference is that one must use
Lemma 2.3 instead of Lemma 2.1.

Now we prove that the problem (1.1),(1.3) has no more than one non-
negative solution. Assume to the contrary that there exist two different
nonnegative solutions (u1,uz) and (uy,ug).

If w1 (s) = ui(s) for some s € I, then by Theorem 2.1, w;(¢) = uy(¢) for
s <t < b. Thus, because (u1,u2) and (u;,us) are different solutions, there
exists to € I such that u;(t) # w1 (t) for a <t < tp and

w(to) = w1 (to). (2.37)

Without loss of generality we can assume that

uy(t) > up(t) for a <t <tp. (2.38)
Then

To(t) — ug(t) = /t 92(5) (T2 (s) — uy2(s)) ds > 0 for a <t <ty

and

(@i (t) —ui(t)) = g1(t) (@2 (t) — u)>(t)) > 0 a.e. on (a,ty).
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The last inequality gives a contradiction with the conditions (2.37) and
(2.38). If ui(s) # wi(s) for any s € I, the argument is similar and so
the proof is complete. O

Remark 2.3. It can be easily seen that if g1 € L(I;Ry), g2 € Lioc({; Ry)
and Gg & L(I;R,), then for any ¢y > 0 and ¢; € (0,400) the problems
(1.1),(1.2) and (1.1),(1.3) do not have solutions. Consequently, in Theo-
rems 2.1 and 2.2 the condition Gy € L(I;R) is necessary.

3. PrROBLEMS (1.1),(1.4) AND (1.1), (1.5)

We study the problems (1.1),(1.4) and (1.1), (1.5) in the case when (2.1)
holds but the assumption (2.2) is replaced by the stronger one

meas {s € (£,b) : g1(s)ga(s) >0} >0 for a <t <b. (3.1)
Below we will use the following notation:
(IT+ )1+ A2) 1+ X .
A=MAe, u= o= (=1,92), 3.2
o p= O R 1 )
1 1
9®) = (1) " (n2g2(t)) ™ (3.3)
t A1
Go(t) = g1(t) (p +/ g2(s) ds) (p>0). (3.4)

Obviously, when Gy € L(I;R;), we have G, € L(I;Ry). Put
b a1
1—X
r1(t; p) = K(/\ — 1)/t Gp(s) ds) — 1]+,

o) = [ () (52 p) ds,
and for g € L(I;R;) put
i (t: )=+ (141 / 50 ((u-1) / a(s) ds) i) (i=12). (36)

Theorem 3.1. Assume (2.1), (3.1) and

A>1, 0<c< ((A—l)/abGo(s)ds)ﬁ. (3.7)

Then the problem (1.1), (1.4) has at least one nonnegative solution (u1,us),
g € L(I;Ry) and there exists a positive number p such that (ui,u2) satisfies

ri(tip) S ui(t) < ri(tsp) for tel (i=1,2). (3.8)
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To prove this theorem, we need the four lemmas below.
Lemma 3.1. Let
gi € LloC(I;R-F) (Z = 172)7 A > 17 (39)

and the condition (3.1) be satisfied. In addition, let the system (1.1) have at
least one nontrivial nonnegative solution (ui,usz) on I. Then

/bg(s) ds < 00, (3.10)

and (u1,ug) satisfies

1

b
uﬂﬂmﬁ)g(wljliﬂ$dgl“ for tel. (3.11)

Proof. In view of (3.1) and the fact that (u;,us2) is a nontrivial solution of
(1.1), there exists ag € I such that

v(t) = ui(t)ua(t) >0 for ag <t <b. (3.12)
Moreover,
either ap =a, or ap >a and v(t) =0 for a <t < ap. (3.13)
It is clear that
V() = gi()up (1) + ga(t)uy* T (8). (3.14)
Since A > 1, it follows from (3.2) that
P>l m>1 (=12, L4t o1
K1 H2

Using this and the Young inequality, we get

1

g (1) = ((mgr ()71 (1)) (n2g2(0)) 2 (1)) <
< g1 (Huy T (t) + ga(t)uy2 T (t) for ag <t < b.
Hence it follows from (3.12) and (3.14) that
v'(t)
vh(t)
Integrating this inequality from ¢ to s, ag <t < s < b, we have

L 1 +(u—1)/t89(7)d7>(u—l)/:g(f)dﬂ

vh=L(E) T orTl(s)

> g(t) a.e. on (ag,b).
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and, consequently, as s — b,

1 b
> - .
oo =~ Uu—l(t) > (p 1)/t 9(7') dr for ap <t<b

From here and the fact that g € Ljo.(I;R4), the inequalities (3.10) and
(3.11) follow. I

Lemma 3.2. Let the assumptions of Lemma 3.1 be fulfilled. Then there
exists a positive constant p such that any solution (uy,us) : I — Ra_ of the
system (1.1) satisfies the estimation

ui(t) <ri(t;p) for tel (i=1,2). (3.15)
Proof. In view of (3.1), there exists ag € (a,b) such that
ao
/ gi(s)ds >0 (i=1,2). (3.16)

On the other hand, according to Lemma 3.1, the condition (3.10) is satisfied.
Since A > 1, we have u > 1. Put

pL= <(# —-1) /abg(S) ds) =1)xa (/aao l8) ds>_%’
"o <(M - /abg(s) d8>(1}% (/ao 91(s) d8>;1,

a

and p = max {1, p1, p2}. Let (u1,uz) : I — R be a solution of the system
(1.1). According to Lemma 3.1, the estimation (3.11) holds. If uy(a) < 1,
then, obviously,

ui(a) < p. (3.17)
We will show that this estimation holds also when w;(a) > 1. In this case
we have uj(ag) > ui(a) > 1, and from here and (3.11) we get

wfan) < (6= 1) [ o(s)a5) ™.

ao

Taking into account this and the condition (3.16), we have from (1.1)

ug(ag) = ua(a) + /ao gz(s)ui‘Q(s) ds > u1\2(a) /ao g2(s) ds

and so
1 1

£ ao — 4
ui(a) < uy? (a0)</ g2(s) ds) 2 <.
Hence, (3.17) holds.
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From (1.1) we have

(™1 (1) = (14 M) g (1) (ua (82 (1)) ™.
From here and the inequalities (3.11) and (3.17) we have

A

b ESH
(ui—p\l(t)), < (1+)\1)g1(t)((ﬂ_ 1)/1‘, Q(S)ds) -

and by integration
t b RS
ul ™M) < ptM (14 )\1)/ g1(7')((,u - 1)/ g(s) ds) “tdr for tel.
a T
Consequently, using (3.2) and the inequality (x + y)? < 2?7 + y? for x > 0,
y>0(0<qg<1), wehave
ui(t) < rj(t;p) for tel.
Analogously, the second estimation (3.15) can be proved. O

Lemma 3.3. Let A > 1 and the conditions (2.1) and (3.1) be satisfied.
In addition, let the system (1.1) have at least one montrivial nonnegative
solution (uj,uz) on I. Then there exists a positive number p such that u;
satisfies the estimation

14w () > (5+ (A — 1)/pr(s) ds)ll* for tel, (3.18)

where
0 =lim(1 + up () (3.19)

Proof. By Lemma 3.2, there exists p > 0 such that any solution (u,us2) :
I — R% of the system (1.1) satisfies the estimation u;(a) < p (i = 1,2).
Taking into account this and (3.4), from (1.1) we have

ug(t) = ug(a) + /at gz(s)ui\Q(s) ds < p—+ (/at 92(s) ds) ui‘Q (t) <

< <p—i— /atgg(s) ds) (1+up(t)* for tel

and

(= D (1)
m < (A=1)Gp(t) for tel.

Integrating this inequality from t to b, we get

b
(I+u () <d+(0N— 1)/ G,(s)ds for t € I.
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From here, the estimation (3.18) follows. O
In the sequel, we will also use the following obvious lemma.

Lemma 3.4. Let g; € Lipo(I;Ry) (i = 1,2) and (uyp,ugg) : I — RE (k =
1,2,...) be a sequence of solutions of the system (1.1) such that
limsup uix(t) < +oo for t €l (i =1,2).
k—+o00
Then there exists a solution (ui,us) : I — R% of the system (1.1) and a
subsequence of the given sequence (uig, ,usg,, ) (m =1,2,...) such that for
any by € (a,b),
Hm g, (1) = wi(t) (i=1,2)
k—oo
uniformly on [a, bo].
Proof of Theorem 3.1. In accordance with (2.4) and (3.7), there exists
¢ > 0 such that ¢g < p(c+ k,\) (k = 1,2,...). By Theorem 2.1, for any
integer k the system (1.1) has a solution (uyg, ugy) : I — R2 satisfying the
boundary conditions

uip(at) = co, up(b—) =c+k. (3.20)

On the other hand, by Lemmas 3.1-3.3, the condition (3.10) is satisfied
and there exists a positive constant p such that for any integer k there are
satisfied the following inequalities:

uik(t) <ri(t;p) for tel (i=1,2) (3.21)
and
1
1

1+ ug(t) > (5k+<x—1)/tbc;p(s) ds)j for tel (i=1,2), (3.22)

where §;, = (c+ k)'~*. By Lemma 3.4 and the condition (3.21) without loss
of generality we can suppose that for any by € (a,b) the sequence (uyy, usg)
(k =1,2,...) is uniformly convergent on (a,by) to some solution (u1,us) :
I — R? of the system (1.1). Then in view of (3.5) and (3.20)—(3.22) we have
that (u1,us) is a solution of the problem (1.1), (1.4) satisfying the inequalities
(3.8). 0

Theorem 3.2. Assume (2.1), (3.1) and
A>1, 0< ¢ < <()\ - 1)/ Gi(s) ds) . (3.23)
a

Then the problem (1.1), (1.4) has at least one nonnegative solution (uy,usg)
and there exists a positive number p such that (ui,ug) satisfies (3.8).
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Theorem 3.2 can be proved analogously to Theorem 3.1. The only differ-
ence is in using Theorem 2.2 instead of Theorem 2.1. O

4. PROBLEMS FOR THE EQUATION (1.6)

For an arbitrary p > 0, we set

Hi,(t) p+/ ho(s ds . Hap(t) = ho(t)(p+/0t h(s) ds)l/p. (4.1)

We study the problems (1.6), (1.9;) and (1.6), (1.10;) in the cases when

he L(I;Ry), ho€ Lie(I;(0,+00)), Hio € L(I;R,); (4.21)
ho € L(I;(0,400)), h€ Lio.(I;Ry), Hgo € L(I;Ry) (4.29)

and
meas {t € I : h(t) >0} > 0. (4.3)

When investigating the problems (1.6), (1.11;) and (1.6), (1.12;), instead
of (4.3) we assume that

meas {s € (t,b) : h(s) >0} >0 for t €. (4.4)

If for some ¢ € {1,2} the condition (4.2;) is fulfilled, then for arbitrary
x>0 and y > 0 we define

( u Ijg
[a: / Hio(s ds} P for £ <p
_l’_
iz, l,p) = exp ( / Hio(s ds for £=p, (4.5;)
=t P
(J: P + — HzO ds) for £ >p

p—2L _
(a:p—l—y)T —xpz——/ Hyi(s)ds for £<p
b p a
Y1(z,y,4,p) = :cp+y—exp</ Hn(s)d:;)xp for £ =1p,

L

R
Pl — (aP 4 y) S Hii(s)ds for £>p
Db Ja

\
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( ¢

(:rl/é+y)pp . ——/ Hy(s)ds for £ <p
Ya(,y, L, p) = xl/“—y—exp( H21( )ds) 1/¢ for t=p.

$p£_;€_($1/g p_——/ Hy(s)ds for ¢ >p

Theorem 4.1. Leti € {1,2}. Assume (4.2;), (4.3) and the condition
0 <co < gi(c1,4,p) (4.6:)

hold. Then the problem (1.6), (1.9;) has a unique nonnegative, nondecreasing
solution.

Proof. As mentioned in Introduction, formulas (1.7;) establish a one-to-one
correspondence between the set of nonnegative, nondecreasing solutions of
the problem (1.6),(1.9;) and that of nonnegative solutions of the problem
(1.1),(1.2), where the numbers A;, A2 and the functions g;, go are given
by the equalities (1.8;). On the other hand, from the equalities (4.1), (4.5;)
and the conditions (4.2;), (4.3) and (4.6;) follow the conditions (2.1), (2.2)
and (2.5). However, by Theorem 2.1, the last three conditions guarantee
the existence of a unique nonnegative solution of the problem (1.1),(1.2).
Consequently, the problem (1.6),(1.9;) has likewise a unique nonnegative,
nondecreasing solution. (Il

Analogously, from Theorem 2.2 we have the following.

Theorem 4.2. Leti € {1,2} and the condition (4.2;) hold. Moreover, either
co =0, orcog > 0 and Y;(co, c1,¢,p) > 0. Then the problem (1.6), (1.10;) has
a unique nonnegative, nondecreasing solution.

Let v, v1, and 1o be the numbers and h; the function defined by

(1+0)(1+p) p+2p+1 p+2p+1
V=—7—" " —"", N=—"T7T—"—", V=—"""; (4.7)
Ip+2p+1 1+p p(1+2)
P (t) = (vih(1)/" (vah(t)'/2. (4.8)

If ¢ > p, then for an arbitrary p > 0 we put

o )= [ (2 61 a5)7T1] . st )= nun(ss0) )
wnttip)=[ (22 [ g1 a5) 1] (4.10)

+
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* 1 ¢ b 1 p(1—v) 1+p
w (t,p)—p—l—((14—5)/&110(7')((1/—1)/7 m(s)ds) ™7 dr) ™ (41)
We study the problem (1.6), (1.11;) in the case when

E - [ =
£>p, 0<c< —/ Hl'(](S) dS . , (4121)
and the problems (1.6), (1.121) and ( 6), (1.122) in the cases when
> p, 0< ¢ < / H11 dS , (4.131)
and
C—p [° o
{>p, 0<c< (—/ Hgl(s) dS) P , (4132)
p a
respectively.

Theorem 4.3. Let i € {1,2} and the conditions (4.2;), (4.4) and (4.12;)
hold. Then the problem (1.6),(1.11;) has at least one nonnegative, nonde-
creasing solution u and there exists a positive constant p, independent of cg,
such that u satisfies the estimation

w;(t; p) < u(t) <w*(t;p) for tel. (4.14)

Theorem 4.4. Let i € {1,2} and the conditions (4.2;), (4.4) and (4.13;)
hold. Then the problem (1.6), (1.12;) has at least one nonnegative, nonde-
creasing solution u and there exists a positive constant p, independent of cg,
such that u satisfies (4.14).

Theorem 4.3 (Theorem 4.4) is proved similarly to Theorem 4.1. The only
difference is that instead of Theorem 2.1 we use Theorem 3.1 (Theorem 3.2).
As an example, let us consider the case when b = 400,

a>0, %im ho(t) =1 (4.15)
—a
and there exist constants v1 > 0, v2 > 1, 0 € R and 0¢ € R such that
1t < h(t) < y9t?, 7t < ho(t) < 49t a.e. on (a,+00). (4.16)

In this case, the boundary conditions (1.11;) and (1.12;) (¢ = 1,2) take,
respectively, the form

/ _ : —00,,/ _ .
u'(a) = cp, tl}—ni-loo (t7U/(t)) = +oo; (4.171)
u(a) = co, tliin u(t) = 4o0; (4.172)
u(a) =co, lim (¢t77°U(t)) = +oo; (4.187)

t——+o0
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m u(t) = o0, (4.189)

/ _ .
v =t
where u/(a) = lim u'(t).

—a
Along with (1.6), (4.17;) and (1.6), (4.18;) (i = 1,2) we consider also for
every tg € (a,+0o0) the problem on the existence of a blow-up solution u of
the equation (1.6) which satisfies one of the following two conditions:

v (a) = cop, tlintl u(t) = +oo; (4.191)
—10

u(a) = co, tlirgl u(t) = +oo. (4.192)
—t0

In view of (4.1) and (4.16), to fulfil (4.2;) it is necessary and sufficient
that

either o9 > -1, o < —1—4{(op+1), or op < -1, o <—1, (4.207)

and to fulfil (4.29) it is necessary and sufficient that

1
either o > -1, og < —1— o+t , or 0 <—1, o9 < —1. (4.202)
p
We consider the problems (1.6),(4.17;) and (1.6), (4.19;) in the case when
Y —p +o0o 2,
£>p, 0<¢cy< (— Hio(s) ds) P (4.21;)
p a

and the problems (1.6), (4.181) and (1.6), (4.183), respectively, in the cases
when

{—p [T =
> p, 0< < (T Hll(S) dS) , (4.221)
and
(—p [T =
0> p, 0§c0<(—;— Hay(s)ds) ™" (4.22,)

Corollary 4.1. Leti € {1,2} and assume (4.15), (4.16), (4.20;) and (4.21;).
Then the problem (1.6), (4.17;) has at least one nonnegative, nondecreasing
solution u and there exist constants p1 > 0 and pa > p1, independent of cy,
such that u satisfies the inequalities

pr < lminf(t~u(t)) < limsup(t~u(t)) < pa (4.23)

t—+00

where
_ 1+0+p(l+0g)

p—1F

o . (4.24)
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Proof. According to the above, if along with (4.16) the condition (4.20;)
is fulfilled, then the condition (4.2;) is likewise fulfilled. On the other hand,
(4.16) and (4.21;) guarantee the fulfilment of the conditions (4.4) and (4.12;).
Moreover, (4.15) shows that the boundary conditions (1.11;) and (4.17;) are
equivalent. Consequently, all the conditions of Theorem 4.3 are fulfilled.
Therefore the problem (1.6),(1.17;) has at least one nonnegative, nonde-
creasing solution u and every such solution satisfies (4.14), where p is a
positive constant, independent of ¢o. If i =1, 09 > —1, 0 < =1 — l(0¢g + 1)
(i=2,0>—1,and 0y < —1 — ZH1), then in view of (4.15) and (4.16), it
follows from (4.1), (4.9) and (4.10) that

wi(t; p) > p1t® for t > ay,

where agp > a and p; > 0 are independent of ¢y and u. Therefore from (4.14)
we find that

liminf (¢~ %u(t)) > p1. (4.25)

t—-+o0
Let us now show that the above inequality holds even in the case when
i=1l,00<—-1l,0<—-1(i=2,0<-1,and 0p < —1). Let v : [a,+0) — R
be a locally absolutely continuous function such that

. ul(t) p . ¢
v(t) = (ho(t)) , V' (t) = h(t)u"(t) a.e.on (a,+00). (4.26)
Then by virtue of (4.16), almost everywhere on (a,+00) we have
VP (1) > L ool (1) (8), (4.27)
72
VP (1) < L2100yt (#)ul (1), (4.28)
gil

Consider first the case when o < oy. We choose tyg > a and t; > tg so
that v(tg) > 0 and

p+1

Bit?~0utt (tg) < v’ (tg) for t > t1,
where 31 = ((11:51;12. Integrating (4.27) on (tg,t), we obtain
il el (P+Dm

ve (t)>vr (tg) + / s7700ut (s)u/ (s) ds

b2 to
+1
>0 (to) + But7 7 (uf T (t) — u' (1))
> Bit7o0ut () for t > ;.
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Hence it follows from (4.26) that

_pt1) 2og—0)
v'(t)v p(E+D) (t) <ﬁ2t"Jr = a.e. on (ty,400),

4
+1

where B2 = v23; “'. The integration of this inequality on (¢, +o00) yields

=t bt otltl(ogtl)
vPEED (t) < Byt AT for t > ty,

where
By = ( (£ —p)Bs )%
ST\ 4o+ (T+o0)0))
Taking into account (4.16), we get from the last inequality

and
u(t) > pit® for t > ty,

where p; = (7103)/a. Consequently, the inequality (4.25) is valid.
The validity of the inequality (4.25) for o > o¢ can be proved analogously.
In this case instead of (4.27) we have to apply the inequality (4.28).
To complete the proof, it remains to show that
limsup (¢~ *u(t)) < p2, (4.29)
t—+o00
where py is a positive constant, not depending on ¢y and .
Since, along with the condition (4.20;), the inequality ¢ > p is likewise
fulfilled, then from (4.7) and (4.24) we obtain

1 1 1+4)(1
£+@+1:( +p)(1 +0) +p(l+0)( +UO)<07
vy 1 lp+2p+1

o o) 1 P

Lo+ (= + 24 1) ) —a
( T T p(l—v)/ 1+p

By virtue of these conditions and the inequalities (4.16), from (4.8) and
(4.11) we have

w*(t; p) < pot® for t > a,

where py is a positive constant, depending only on a, p, ¢, v1, ¥2, 00, and
o. Taking into account the above estimation, from (4.14) we obtain the
inequality (4.29). O

Reasoning analogously, from Theorem 4.4 we obtain the following.
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Corollary 4.2. Leti € {1,2} and assume (4.15), (4.16), (4.20;) and (4.22;).
Then the problem (1.6), (1.18;) has at least one nonnegative, nondecreasing
solution u and there exist constants p1 > 0 and pa > p1, independent of cg,
such that u satisfies the inequalities (4.23), where o is given by (4.24).

Remark 4.1. According to Corollaries 4.1 and 4.2, it is clear that in Theo-
rems 3.1 and 3.2 (in Theorems 4.3 and 4.4) the two-sided estimations (3.8)
and (4.14) are optimal in the sense that they cannot be replaced by the
estimations

M (t)ri(ts p) < wilt) < m(t)ri(tip) for tel (i=1,2)
and
m(wits p) < ult) < m(tw*(t:p) for te I,
where 7; : [a,+00) — (0,400) (i = 1,2) are continuous functions such that
either
lim i (1) = oo, or lmna(t) = 0.

Corollary 4.3. Leti € {1,2} and assume (4.15), (4.16), (4.20;) and (4.21;)
are fulfilled. Then for an arbitrary ty € (a,+00) the problem (1.6), (4.19;)
has at least one nonnegative, nondecreasing solution u and there exist con-
stants p1(to) > 0 and p2(tg) > p1(to), independent of co, such that u satisfies
the inequalities

p1(to) < litrl_ljtglf ((t—to)

+1 +1
szpu(t)) < lim sup ((t—to)gfp

t—to

u(t)) < palto). (4.30)

Proof. First, notice that the boundary conditions (4.191) are equivalent to
the conditions
v (a) = cop, tlil? u'(t) = +oo0, (4.197)
—to

because the functions hg and h are bounded in the interval (a,tp).
Let ag = tg — a. Using the transformation
2
a
x = ﬁ . v(x) =u(t) for a <t <ty, (4.31)
0 —
the equation (1.6) is reduced to the equation
/

(<f012x)>p>/ = fla), (4.32)

where, clearly, the symbol ’ denotes the derivative with respect to x, and

folw) = () (0= 0), s = () n(t—D).  39)

X X X
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As for the boundary conditions (4.19]) and (4.192), they take, respectively,
the form

v'(ap) = co, lir+n (%' (z)) = +o0 (4.347)
and
v(ag) = o, lir_ir_l v(x) = 4o00. (4.342)

By virtue of the conditions (4.15), (4.16) and (4.21;), it follows from (4.33)
that
lim fo(z) =1,
£ (4.35)
(51(t0) S :L’Qfo(a?) S (52(t0), (51(t0) § fo(a:) S 62(t0) for = Z ag

and N
g _ (e.]
£>p, 0<¢c< <Tp/ Fio(s) ds), (4.36;)

where 1 (t9) and da(tp) are posmve constants, depending on g,

Fro(z /fo ds . Foolz) = folz) / fo(s)ds)l/p.

By Corollary 4.1, under the conditions (4.35) and (4.36;) the problem
(4.32), (4.34;) has at least one nonnegative, nondecreasing solution v and
there exist constants 71 (tg) > 0 and n2(tg) > n1(to), independent of ¢g, such
that v satisfies the inequalities

ptl ptl
m(to) < liminf (z»=?v(z)) < limsup (z7—Cv(z)) < na(to).
z—+00 T—+00

On the other hand, according to the above, the transformation (4.31) es-
tablishes a one-to-one correspondence between the set of nonnegative, nonde-
creasing solutions of the problems (1.6), (1.19;) and (4.32), (4.34;). Therefore
it is clear that the problem (1.6),(1.19;) has at least one nonnegative, non-
decreasing solution and every such solution satisfies the inequalities (4.30),

where
2(p+1)

pi(to) = ay”™" nilto) (k=1,2). O
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