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ABSTRACT. For nonlinear differential systems, the boundary value problems are investigated on infinite inter-
vals with conditions at infinity. Optimal, in a certain sense, conditions are found, guaranteeing, respectively, the
solvability and unique solvability of these problems, as well as conditional stability of their solutions. © 2007 Bull.
Georg. Natl. Acad. Sci.
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In the present paper on the interval I, where / = R, or [ = R, we consider the nonlinear differential system

dx

—L = filt,x,...,x, i=1,...,n), 1

Y ) =) 0
where f,:IxR" - R (i = 1,...,n) are functions satisfying the local Carathéodory conditions. In the case / = R, ,

for the system (1) we investigate the boundary value problem
x0)=¢, (i=1,...,m), limsupl x,(t)l <+ (i= m+1,...,n), @)
t—>+00
and in the case / = R — the boundary value problem

limsup'x,(t)l<+oo (i=1,...,m), limsup]x,-(t)|<+oo (i=m+1,....n). 3)

(——o0 {—>+00

The theorems containing unimprovable sufficient conditions of solvability and unique solvability of the problems
(1), (2) and (1), (3) are formulated in Section 1.Under these conditions, solutions of the above-mentioned problems are,
generally speaking, unstable in the Ljapunov sense. Therefore there naturally arises the question on their conditional
stability in one or another sense. The answer to this question can be found in Section 2. In the same section there are

given the notions of (m,n —m) -stability and asymptotic (m,n—m) -stability of solutions of the system (1), which in
a certain sense make more precise the well-known definition of conditional stability (see [1], [2]). Moreover, on the

basis of the results obtained in Section 1, the optimal conditions guaranteeing, respectively, the (m,n—m) -stability

and asymptotic (m,n—m) -stability of a trivial solution of the system (1), are found.
Throughout the paper the use will be made of the following notation:
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28 Ivan Kiguradze

R=]-mral, R =[0+0] R -]-w0]:

R" is the n-dimensional real Euclidian space; x = (x, )., € R” is the vector with components x, (i=1,...,n);
R'(y)= {x =X)L € R x) €750l X, ISy }; 0, is Kronecker’s symbol, i.e.,

1 for i=k
Oy = . :

0 for i#k’
X = (x,k)zk:, is the nx n-matrix with components x; € R (i,k = l,...,n); r(X) is the spectral radius of X;
A, is the set of asymptotically stable, quasi-nonnegative »nx n -matrices, i.e. H = (h,k)zk=l € A, ifand only if Ay >0
for i # k and real parts of eigenvalues of H are negative; 5,06(1) is the space of functions x:/ — R, absolutely

continuous on every compact interval containing in /; L, (1 ) is the space of functions x:/ — R, Lebesgue inte-

grable on every compact interval containing in /; L (1) is the space of essentially bounded functions x:/ — R with
the norm
||X{|Lw = esssup{|x(t)| ctel };

Ko (1x D), where D < R" | is the set of functions f: IxD — R, satisfying the local Carathéodory conditions.

1. Existence and Uniqueness Theorems
Everywhere below, when we deal with the problems (1), (2) and (1), (3), we assume, respectively, that
£ eKuolR.xR") (i=1,....n)
and

fi e IC,OC(RX R”) (i=1,..,n).
By a solution of the system (1), defined on the interval Z, is understood the vector function (x,):'=, ;I — R" with
components x; € 5,00(1 ) (i = 1,...,n), which almost everywhere on / satisfies this system.

A solution (x,)f’:] of the system (1), defined on R, (defined on R) and satisfying the boundary conditions (2)
(the boundary conditions (3)), is called a solution of the problem (1), (2) (of the problem (1), (3)).

Theorem 1.1. Let there exist nonnegative functions g, € K,,, (R+ X R") (i=1,...,n), heL” (R+) and a constant
matrix H = (h,k )7 xo Such that
He A, @

and on the set R, xR" the inequalities

o,/ (t.x,,...,x, )sen(x,) < g,(t,xl,...,x,,)[z hy, [xk|+h(t)J (i =1,...,n), ©)
k=1

where oy =--=0,, =1 and ©,, =---=0, =-1, are satisfied. Then for arbitrary c; € R (i = 1,...,m) the problem
(1), (2) has at least one solution, and every solution of that problem is bounded on R, .
It is known (see [4], Theorem 1.18) that the quasi-nonnegative matrix H = (h,-k )Zk=l satisfies the condition (4) iff
h; <0 (i=1,...,n) and r(Hy)<l, 6)
where
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Hy = ((1 ~8, )hijn

lhii| i k=1

Thus the condition (4) in Theorem 1.1 can be replaced by the equivalent condition (6).
Note that the condition (4) both in Theorem 1.1 and in other theorems below is unimprovable and it cannot be
weakened. In particular, the condition (4) cannot be replaced by the condition
h, <0 (i=1...,n), r(Hy)<I.
Corollary 1.1. Let the conditions of Theorem 1.1 be fulfilled and

+00

J.pi(s)ds=+oo (i=m+l,..,,n), @)
0
where

p,»(t)=inf{g,(t,xl,...,x,,):(xk),':=1eR"}. ®

Then every solution of the problem (1), (2) admits the estimate

Z1xk(t)|Sp£Z|ck|+||h"Lm] for teR,, ®

k=1 k=1

where P is a positive constant, depending only on H.
From the estimates (9) it, in particular, follows that if the conditions of Corollary 1.1 are fulfilled, then an arbitrary
solution of the system (1), satisfying the conditions

x(0)=¢, (i=1,...,m) and Zn:‘xk(oﬂ>p(i|ck|+"h“ﬁ}

k=1 k=1

is either unbounded, or blowing-up.
Corollary 1.2. Let the conditions of Theorem 1.1 be fulfilled and

[—>+0

lim h()=0,  [p(s)ds=+o (i=1....n) (10)
0

where each p, is the function given by the equality (8). Then an arbitrary solution of the problem (1), (2) satisfies

the equalities

lim x,(£)=0 (i=1,...,n). )

t—>+c0
Theorem 1.2. Let there exist nonnegative functions p; € Li,.(R,) (i =1,...,n), hel® (R ), and a constant

matrix H =(h,-k)7 we1 € Ay such that, respectively, on R xR" and R, the conditions

o (it 310 0%,) = £ 305500 ) sen (= 2.) < O el = v (=1,0m), (12)
k=1
| £,(t.0,...0)|<h®) p; () (i=1....n), (13}
where oy =+ =0, =1, O, 4= =-1 ,' are satisfied. If, moreover, the equalities (7) (the equalities (10)) hold,

= O’n
then for arbitrary c¢; € R (i = 1,...,m) the problem (1), (2) has a unique solution satisfying the condition (9) (the

conditions (9) and (11)), where p is a positive constant, depending only on H.
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Let us now consider the problem (1),(3). The following theorem is valid.
Theorem 1.3. Let there exist nonnegative functions g, € IC,OC(RxR”) (i=1,...,n) and a constant matrix
H :(hik):',k=l € A, such that on the set RxR" the inequalities (5) are satisfied, where o, =---=0, =1 and

Oy = =0, =—1. Then the problem (1), (3) has at least one solution, and every solution of that problem is

bounded on R.

Unlike Theorems 11.2, and 11.2, proven in [3], Theorems 1.2 and 1.3 cover the cases in which the right-hand sides
of the system (1) are functions, rapidly increasing with respect to the phase variables.

Corollary 1.3. Let the conditions of Theorem 1.3 be fulfilled and

0 +o0
J.p,-(s)ds=+oo (i=1,...,m), J.p,-(s)ds=+oo (i=m+1,...,n)’ (14)
0

-0

where each p, is the function given by the equality (8). Then every solution of the problem (1), (3) admits the

estimates
|x,()|<p|h|. for teR (i=1,..,n), (15)

where p is a positive constant, depending only on H. If, however, instead of (14) are satisfied the conditions

{——o0 >+

0 )
lim h,-(t)z lim h,(t)= 0, Jp,-(s)ds = J.p,-(s)ds = +00 (i = 1,...,n)’ (16)
—o0 0

then every solution of the problem (1), (3) along with (15) satisfies the conditions
tl_i)Iwa,-(t):tl_i)Iwa,.(t)=0 (izl,...,n). a7)
Theorem 1.4. Let there exist nonnegative functions p; € L, (R) (i = 1,...,n), helL” (R) and a constant matrix
H= (hik)?,k=1 € A, such that, respectively, on RxR" and R the conditions (12) and (13), where o, =---=0,, =1,

o --=0, = -1, are satisfied. If, moreover, the equalities (14) (the equalities (16)) are fulfilled, then the prob-

m+l =

lem (1), (3) has a unique solution satisfying the condition (15) (the conditions (15) and (17)), where p is a positive
constant, depending only on H.

2. Theorems on the Conditional Stability

Let us consider first the case where for some y >0,

fi e IC,OC(RJr xR"(;/)) (i=1,...,n).
and the system (1) on R, has a trivial solution, i.e. £,(t,0,...,0)=0 (i=1,...,n).
For the system (1) we have to consider the following boundary value problems

x(a)=c, (i=1,...,m), x(b)=c, (i=m+1,...,n) 18)
and
x,(a)=c, (i=1,...,m), limsuplx,-(t)|<+oo (i=m+1,...,n), 19)
t=>+0

where m € {1,...,n—1}.
Introduce the following
Definition 2.1. A trivial solution of the system (1) is said to be (m,n—m)-stable on R, if for any ¢ € lo, ;/[ there
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exists 0 € ]0,5[ such that:
(i) for arbitrary ae R, , b e]a,+oo [, and ¢, € [— R 5] (i = 1,...,n) , the problem (1), (18) has at least one solution,

and every solution of that problem on [a,b] satisfies the inequality

Z|xi(t)l<£; 20
i1

(ii) for arbitrary a€ R, and ¢; € [— 5,5] (i = 1,...,m), the problem (1), (19) has at least one solution, and every
solution of that problem satisfies on [a,+oo[ the inequality (20).
Definition 2.2. A trivial solution of the system (1) is said to be asymptotically (m,n—m)-stable on R, ifitis

(m,n—m)-stable on R, and there exists &, e]O,y[ such that for arbitrary a€ R, and ¢, € [— 60,50] (i=1...,m)
every solution of the problem (1), (19) satisfies the equalities (11).

Theorem 2.1. Let on R, x R"(y) the inequalities
o,f,(t,xl,...,x,,) sgn(x;) < g,-(t,xl,...,xn) Zh,-k| xkl (i=1,...,n) 21
k=1

be fulfilled, where oy =---=0,, =1, 0,1 =""=0,=-1, (h,-,c):’,kz1 € A4,, and g, elC,OC(R+ xR"(y)) (i=1,...,n)
are nonnegative functions. If. moreover, the conditions (7), where each p, is the function given by the equality (8),

are fulfilled, then a trivial solution of the system (1) is (m,n—m)-stable on R_. If, however, instead of (7) we have

Ip,-(s)ds =+ (i=1,...,n), 22
0

then a trivial solution of the system (1) is asymptotically (m,n—m)-stable on R,.
As an example, consider the case when

f,-(t,xl,...,xn)=—p,-(t)x, (i=l,...,m), ﬁ(t,xl,...,xn)=p,»(t)x, (i=m+l,...,n), 23)

and p, €L, (R,) (i= 1,...,n) are nonnegative functions. Then for the system (1) to be (m,n—m) -stable (asymp-

totically (m,n—m)-stable), it is necessary and sufficient that the conditions (7) (the conditions (22)) be fulfilled.

Consequently, conditions (7), (conditions (22)) in Theorem 2.1 are optimal, and they cannot be weakened.
Consider the linear differential system

n

dx.
7’: pik(t)xk (i=1,...,n) (24)
! k=1

with coefficients p; € L,()C(R+) (i,k =1,...,n). We call this system (m,n—m)-stable (asymptotically (m,n—m)-

stable) on R, if its trivial solution is (m,n—m)-stable (asymptotically (m,n—m)-stable) on R, .
From Theorem 2.1 it follows
Corollary 2.1. Let on R, the conditions

Pii(t)=°'1€zipi(t)’ |Pik(t)|$€ik|171(t)| (i,k=1,...,n; iik) (25)

be satisfied, where oy =---=0,, =1, 0,, =—-=0,=-1, and (7 )z"l,k=1 € A,. If, moreover, the equalities (7) (the

equalities (22)) are fulfilled, then the system (24) is (m,n—m) -stable (asymptotically (m,n—m) -stable) on R, .
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It can be easily seen that under the conditions of Corollary 2.1 the bounded solutions of the system (23) form an
m-dimensional linear space. Moreover, if the equalities (22) are fulfilled, then all solutions from the above-mentioned
space are vanishing at +o .

Let us now consider the case, where for some y >0,

fi € IC,,,C(RXR"(;/)) (i= 1,...,n)
and f,(t,O,...,O)s 0 (i = 1,...,n). In this case, for the system (1) along with the problems (18) and (19) we have to

consider also the problem
x,(a)z Ciom (i = m+1,...,n), limsup] x,(t)] < +o0 (i = 1,...,m). (26)

P

Definition 2.3. A trivial solution of the system (1) is said to be (m,n—m)-stable on R if for any & € ]O,y [ there
exists 56]0,8[ such that:

(i) for arbitrary ae R, b e]a,+ 0 [ , G € [— g, 5] (i = 1,...,n), the problem (1), (18) has at least one solution, and
every solution of that problem satisfies on [a,b] the inequality (20);

(ii) for arbitrary ae R and ¢, € [—6,5] (i= 1,...,m) (for arbitrary ge R and ¢, € [—5,5] (i= 1,...,n—m)), the
problem (1), (19) (the problem (1), (26)) has at least one solution, and every solution of that problem satisfies on
[a,+ ][ (on ]-o,a]) the inequality (20).

Definition 2.4. A trivial solution of the system (1) is said to be asymptotically (m,n—m) -stable on R if it is
(m,n—m)-stable on R, and there exists &, e]O,a)[ such that for arbitrary ae R, ¢; € [— 50,50] (i=1,..,m) (for

arbitrary ae R and ¢, € [— 50,50] (i = 1,...,n—m)) every solution of the problem (1), (19) (of the problem (1), (26))
satisfies the equalities

lim x,(6)=0 (i=1....n), (nm x(1)=0 (,-=1,...,n)j,

=+ t—-o

Theorem 2.2. Let on RxR" (}’) the inequalities (21) be satisfied, where oy =---=0, =1,0,,, =-=0,=-1,
(h,,‘):?‘k:1 €A, and g, e IC,UC(RXR”(;/)) (i= 1,...,n) are nonnegative functions. If, moreover, the conditions (14)

are fulfilled, where each p; is the function given by the equality (8), then a trivial solution of the system (1) is

(m,n— m) -stable on R. If, however, instead of (14) we have

0 +00
Ip,-(s)ds = Ipi(s)ds = +00 (i = 1,.,.,n), 27

—00 0
then a trivial solution of the system (1) is asymptotically (m,n —m)-stable on R.
If the right-hand sides of the system (1) are of the form (23), where p, € L;,.(R) (i=1,...,n) are nonnegative

functions, then for a trivial solution of the system (1) to be (m, n —m) -stable (asymptotically (m,n - m)-stable) on R,

it is necessary and sufficient that the conditions (14) (the conditions (27)) be fulfilled. Consequently, the conditions
of Theorem 2.2 are in a certain sense unimprovable.

For the linear differential system (24) with coefficients p, € L, (R) (i, k= 1,...,n) from Theorem 2.2 it follows

Corollary 2.2. Let on R the conditions (25) be satisfied, where oy =---=0, =1, 0, =-=0,=-1 and
(h,k)z i1 € Ay . If, moreover, the equalities (14) (the equalities (27)) are fulfilled, then the system (24) is (m,n—m)—

stable (asymptotically (m,n—m)—stable) on R.
It is clear that under the conditions of Corollary 2.2 the system (24) has no nontrivial bounded solution on R, and

a set of bounded on R, (bounded on R_) solutions of that system forms an m-dimensional (an (n-m)-dimensional)

linear space.
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