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Zaremba’s Problem in One Class of Harmonic Functions

(Reported on 18.04.2002)

Different classes of boundary value problems for harmonic functions which at the same
time are the real parts of analytic functions from Smirnov classes are studied [1-4]. It
is of interest to consider in these classes the problem when an a value of an unknown
function is given on one part of the boundary and a value of its derivative in the direction
of inner normal (Zaremba’s problem) (see [5]). To formulate and study the problem we
introduce the most suitable for that case a weight class of harmonic functions of Smirnov
type.

Let U be a unit circle bounded by the circumference vy and let v, = (ag,bx), k = I,m
be arcs lying separately on . Moreover, let [a},b}] be an arc lying on v, k = 1,m

~ m .
and 5 = kLle([ak,a;c] U [b},,bx]). By c1,c2,...,cam we denote the points ay, by taken
arbitrarily. We consider also the points di, & = 1,n which are different from cg; note
that points dy, +1 - -dn, are on the set, I'y = k[’flyk, while the points dy; +1 - - - dn are on

T2 = 4\I'1. Let m1 be an integer from the segment [0,2m], and p > 1, ¢ > 1. Suppose
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If E is a finite union of closed arcs on 7, then we put 0(E) = {u: 0 < 0 < 27, e € E}.
By A(E) we denote a set of functions, absolutely continuous on 6(E), and by xg a
characteristic function of the set E.

We say that a harmonic in the circle U function u(z), z = x + iy = re’# belongs to
the class h(T'1p(w1), [, (w2)) if

sup {/ ‘u(rew)wl(rew)‘pd9+

0<r<1
(T1)
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+ / H—(re“g)‘ + ‘—(re“g)‘ ]|w2(re“9)‘qd0] < 00. (3)
ox y
6(T2)
If I'y =7, w1 = 1 this class coincides with the class hy (see [6], Ch. IX).
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Lemma 1. Ifu € h(Fip(wl),Féq(wﬂ), p>1,q>1 then:
(a) there ezists the number o > 1 such that u € hy; hence the function u has angular
boundary values ut € L7(v) and is representable by the Poisson integral with density
+.
u s
(b) if v is the function, harmonically conjugate to u, then v € h(T1p, (wl),F’Qq (w2)),
po_.

1= 515
(c) the function ¢(z) = u(z) + iv(z) belongs to the Hardy class H, and
sup / ‘d)'(reie)‘q‘wz(rew)‘q df < oo; (4)
0<r<1
(T2)
(d) if ut A(T'2), then the function g—Z(rei“’) has angular boundary values (g—Z)Jr al-

most everywhere on Ty coinciding with %(6“’0), €0 € Ty and (g_;)+ € L1(To;wa).
Lemma 2. If u(re'¥) is representable by the Poisson integral with density f,
where f € LP(T1\¥;w1), p > 1, f € A(T2 U7), f' € LI(To;w2), ¢ > 1, then u €
h(T1p(w1), T, (w2)).
Consider the problem: find the function u, satisfying the following conditions:

Au =0, u € h(Tip(w1), Ty (w2)), p>1, ¢>1,
uﬂrlw =f, feLP(T\F;wi); ut € AT2U7), (5)
utly =9, b eA®), ¢ € L1Fw2); (§4)F |, =9, 9 € LY(Tas5w2).

A solution, if any, of that problem is, be Lemma 1, representable by the Poisson
integral. By virtue of (5), its density ut is known on a part T'y. To find ut on T's,

we use the equalities g—“(re“") = g“ (reiv) = —1 g:; (ret?) and by means of simple
calculations we arrive with respect to aL at the equation (in the class L9 (T'2;w2))
1 out 0— ¢
— ——ctg ——df = , 6
o 50 8 1(p) (6)
6(T'z2)
; 1 do 1 do
= —g(e'?) — — 0)——— — — 0) ——F5——+
o) =—ale) o [ 10 S -5 [0 e
0(T1\7) (%)
ii [ aps1)ctg TP b)) et M] (7)
o k+1 g 2 k g 2 )
k=1
ak:e Sk bk:eiﬁk, am+4+1 = ai.
Equation (6) is equivalent to
out  dr 1 &
— [ = _ , a=— — (b)), 8
i 90 T — eiv in(p) +a, a o I; ["/’(ak+1) P( k)] (8)
Ty =1
with the additional condition ;- 2uL 49 — q.
6(T2)

Equation (8) has been solved for a particular case with weight wy (when vy, = —%
Ak = 2—;,) has been solved in [7] (pp. 35—46; see also [8], pp. 104-108). Following these

works, it is not difficult to solve equation (8) for weight wo for which

11 1 1 11
<ot <, - < -5 < (9)
q 2 q q 2 q
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If these conditions are fulfilled, equation (8) is, undoubtedly, solvable in the space
L%(T2;w2), if mi < m and the solution contains an arbitrary polynomial P._; of or-
der r = m — m, satisfying the condition

R(e¥)P._1(e'¥) dyp = 0, (10)

6(I2)

where R(t) = [R(2)]T, t = €%, R(z) = Hl(z)Hgl(z), IIi(z) = 1/kﬁ[l(z —cp), Ma2(z) =

2m
[T (2—=cg). If, however, mi > m, then for equation (8) to be solvable, it is
k=mq+1
necessary and sufficient that the conditions

/tk [R(t)] " (in(t) + a)dt =0, k=0,1—1, I =m1 —m. (11)
)

be fulfilled. If these conditions are fulfilled, then equation (8) is uniquely solvable. In
both cases the solution is given explicitly (in quadratures).

Having solved equation (8) and obtained %, we can find the function ut on I'y. The
solution, besides P,_1, contains 2m arbitrary constants. Conditions (10) can be fulfilled
automatically, if by choosing free constants, according to the condition ut € A(TY7)
from (5), we achieve equalities uT(by) = (b)) and ut(ar) = ¥(ag)). If uT is known on
the whole «, by using Lemma 2 we can construct the solution of problem (5). As a result
we state the following

Theorem. If for all w1 conditions (1) and for wa conditions from (2) and (9), i.e.,
1

1 . 1 1 1 1
——<1/k<m1n(0;—,——), max(O,———)
q q 2 g q

2

are fulfilled, then for problem (5) to be solvable:
(1) for m1 < m, it is necessary and sufficient that the conditions

ap+1 .
Re [R(efa) in(r) +a
i R(r)(r — et®)
Br 6(v2)

be fulfilled;

(II) for mi1 > m, it is necessary and sufficient that conditions (11) and (12) be
fulfilled;

(IIT) if the above-mentioned conditions are fulfilled, then the solution of problem (5)
is given by the equality

dT] do = (ag +1) = ¥(be), k=T,m; (12)

u(re’®) = u*(re?) + uo(re'¥), (13)

where

woet) =~ [ 1P e+ [ w0 oo+

27
6(T1\7) (%)
1
+ E / WFQ (G)P(Ta 0 — (P) e, (14)
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where in which

( )= 1—r2
r, T _—
p 1472 —2rcosz’

[4

la + a
Wr, (0) = /Xe(FQ)( / Rr)(r — i) dr] do + By,
r=m-—mi,"
S za
By, = ¢(ag+1) — / X6(ry) (@) / R~ em) d’r] da, (15)
b1
0, for mi > m,
uo(z) = { 1 27 W* (0)P(r.0 do . (16)

27 Jo 1“2( ) (7'7 _W) ) for m1 < m;

here
[ pt1
ngz(g) = /Xe(rz)(a) Re [R(eia)Prfl(eia)] do — / Re [R(e"™)Pr—1(re'®)] da,
B1 Bk
. r—1 -
uL e(b k+1) pr—l(elﬁ):Z(l‘jJriyj)e”g,
7=0

where z;, y;, j = 0,7 — 1 is the solution of the system

o1 S

Z / [z; Re R(e®) cos j0 — y; Tm R(e™) sin j0] df = 0,

I=0 gy

r—1 Q41

Z / [z; Im R(e™) cos j0 + y; Re R(e?) sin j0] df = 0,
I=0 gy

If v is the rank of the matriz of that system, then the solution (To - Tr—1Yo - Yr—1)

contains 2(m — m1) — v arbitrary parameters.

Similarly to (5) one can formulate and solve Zaremba’s problem (using conformal
mapping) for simply connected domains bounded by the Ljapunov curve.
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