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ON THE CONFORMAL MAPPING OF SIMPLY

CONNECTED DOMAINS WITH NON-JORDAN

BOUNDARIES

G. KHUSKIVADZE AND V. PAATASHVILI

Abstract. We consider the domains G with the boundary consisting
of the Jordan curve γ and mutually disjoint Jordan rectifiable arcs
γ

AkBk
lying in G and connecting the points Bk ∈ γ and Ak ∈ G.

It is proved that if z = z(ω) is a conformal mapping of the unit
circle onto G, then z′ belongs to the Hardy class H1. When γ and
γ

AkBk
are either piecewise smooth, or piecewise Lyapunov curves,

the representation (8) of the function z′ is given which characterizes,
in particular, its behaviour in the neighborhood of the points mapped
at angular points γ and at the points Ak.

îâäæñéâ. à�êæýæèâ�� æïâåæ G �îâ, îëéèæï ï�ä�ã�îæ öâáàâ�� íë-

îá�êæï γ ûæîæï� á� æé íëîá�êæï å�ê�ñçãâå γAkBk
îç�èâ�æï�à�ê,

îëéèâ�æù γ-äâ éáâ��îâ Bk ûâîðæèâ�ï �âîåâ�âê G-öæ éáâ��îâ Ak

ûâîðæèâ�å�ê. á�éðçæùâ�ñèæ�, îëé: åñ z = z(ω) �îæï âîåñ-

èëã�êæ ûîæï G-�îââ�äâ çëêòëîéñè�á �éï�ýãâèæ òñêóùæ�, é�öæê

z′
âçñåãêæï ÿ�îáæï H1

çè�ïï. îëáâï�ù γ á� γ
AkBk

ñ��ê-ñ��ê

àèñãæ �ê ñ��ê-ñ��ê èæ�ìñêëãæï ûæîâ�æ�, éëùâéñèæ� z′
-æï (8) û�î-

éëáàâê�, îëéâèæù �ý�ïæ�åâ�ï �é òñêóùææï õëò�óùâã�ï ûîâûæîæï

æé ûâîðæèå� éæá�éëâ�öæ, îëéèâ�æù �æï�ýâ�æ�ê γ-ï çñåýñî ûâî-

ðæèâ�öæ �ê Ak ûâîðæèâ�öæ.

Conformal mappings of the unit circle on the domains with Jordan bound-
aries are well studied (see, e.g., [1]), but the same cannot be said about the
mappings on domains with non-Jordan boundaries. In the present paper we
consider the simplest cases of such mappings and some of their properties.

10. Non-Jordan Curves with Branches. Let γ be a closed rectifiable
Jordan curve bounding the domain G. Let B1, B2, . . . Bm be the points lying
on Γ, and A1, A2, . . . , Am be the points from the set G∪ {B1, B2, . . . , Bm},
assuming the point Ak may coincide only with the point Bk. Consider the
Jordan rectifiable curves γ

AkBk
, k = 1, m which connect the points Ak and

Bk, lie in G and are mutually disjoint, (if Aj = Bj , then γ
AjBj

is a closed
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curve). Choosing from G the set
m
⋃

k=1

γ
AkBk

, we obtain the domain whose set

of prime ends consists of the points of the curve γ and of the curves γ−
AkBk

and γ+
AkBk

which are in fact the left and the right sides of the curves γ
AkBk

.

For the sake of brevity, we call this set the non-Jordan curve with branches

of the first step, and assume that Γ =
m
⋃

k=1

γ−
AkBk

∪ γ
m
⋃

k=1

γ+
AkBk

.

If on the branches γ
AkBk

we take the points Ckj
, l = 1, mk and consider

mutually disjoint Jordan arcs γ
Dkj

Ckj

, Dkj
⊂ G \

m
⋃

k=1

γ
AkBk

lying in the do-

main G\
m
⋃

k=1

γ
AkBk

and then cut it along the union of curves
m
⋃

k=1

mk
⋃

j=1

D
kj

C
kj

,

we will obtain the domain having the non-Jordan boundary with branches
of the second step. Continuing such constructions, we will get curves with
branches of any step.

20. Belonging to the Hardy class H1 of a derivative of conformal

map of a circle onto the domain having the non-Jordan boundary

with branches. Let G be an arbitrary simply connected domain. Denote
by Ep(G), p > 0, the Smirnov’s class, i.e., the set of analytic in G functions
φ for which

sup
r

∫

Γr

∣

∣φ(z)
∣

∣

p
|dz| < ∞, (1)

where Γr is the image of the circumference of radius r under the conformal
mapping of the unit circle U = {ω : |ω| < 1} onto G.

If G = ∪, then Ep(G) is the class of Hardy Hp.
If G is the domain bounded by the rectifiable Jordan curve, and z = z(ω)

is the conformal mapping of U onto G, then z′ ∈ H1 (see, e.g., [2], p. 405).
This statement remains valid for domains having boundaries with branches.

Theorem 1. If G is the domain bounded by the non-Jordan curve with

branches of any finite step, and z = z(ω) is the conformal mapping of the

circle ∪ onto G, then z′ ∈ H1.

Proof. As it will be seen from the proof, without loss of generality, we can
restrict ourselves to the case in which the boundary of the domain G is the
non-Jordan curve Γ obtained by the Jordan curve γ and the branch γAB.

Consider on γ two sequences of points {B′
n} and {B′′

n} converging to
B, such that the arc B′

nB′′
n contains the point B, and B′

1B
′′
1 ⊃ B′

2B
′′
2 ⊃

· · ·B′
nB′′

n ⊃ · · · . We connect these points with the point A by means of
smooth mutually disjoint curves γ

AB′
n
, γ

AB′′
n

in such a way that: (i) the

domains Gn bounded by the curves (γ \ B′
nB′′

n) ∪ γ
AB′

n
∪ γ

AB′′
n

form an
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increasing sequence i.e., G1 ⊂ G2 ⊂ · · · ⊂ Gn ⊂ · · · ; (ii) sequences of the
curves {γ

AB′
n
} and {γ

AB′′
n
} converge uniformly to the curve γ

AB
.

It can be easily verified that the domains Gn converge to G as to the
kernel (for the notion of a kernel, see, e.g., [2], p. 56).

Let z0 be some point from G, z = z(ω), z(0) = z0, z′(0) > 0 be the
conformal mapping of U onto G, and let zn = zn(ω), zn(0) = z0, z′n(0) > 0,
n ∈ N, be the conformal mapping of the same circle onto Gn.

According to the Caratheodory theorem ([2], p. 56), the sequence of
functions zn converges uniformly in U to the function z.

Since the boundary of the domain Gn is the Jordan curve, the function
zn is continuous in U , and z′n ∈ H1 ([2], p. 405). Therefore

zn(ω) =
1

2πi

∫

|ζ|=r

zn(s)dζ

ζ − ω
, |ω| < r < 1 (2)

and hence

z′n(ω) =
1

2πi

∫

|ζ|=r

zn(ζ)dζ

(ζ − ω)2
. (3)

As far as the sequence of functions zn converges on the circumference |ζ| = r

uniformly to the function z, it follows from (3) that

lim
n→∞

z′n(ω) =

=
1

2πi

∫

|ζ|=r

z(ζ)dζ

(ζ − ω)2
=

( 1

2πi

∫

|ζ|=r

z(ζ)dζ

ζ − ω

)′

= z′(ω), |ω| < r. (4)

On the other hand, due to the fact that z′n ∈ H1, we have
∫

|ω|=r

∣

∣z′n(ω)
∣

∣|dω| ≤

∫

|ω|=1

∣

∣z′n(ω)
∣

∣|dω|=mes FrGn = |γ|+|γ
AB′

n
|+|γ

AB′′
n
|, (5)

where |γ|, |γ
AB′

n
|, |γ

AB′′
n
| are lengths of the curves γ, γ

AB′
n
, γ

AB′′
n

respectively.

Since {γ
AB′

n
}, {γ

AB′′
n
} converge uniformly to γ

AB
, therefore starting from

some n0, we can assume that |γ
AB′

n
| < |γ

AB
| + 1, |γ

AB′′
n
| < |γ

AB
| + 1 and it

follows from (5) that for any r < 1 the inequality
∫

|ω|=r

∣

∣z′n(ω)
∣

∣|dω| ≤ M = |γ| + 2
(

|γ
AB

| + 1
)

(6)

is valid.
Passing to the limit in (6) and taking into account (4), we obtain

∫

|ω|=r

∣

∣z′(ω)
∣

∣|dω| ≤ M, r < 1 (7)
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and hence z′ ∈ H1. �

30. On a derivative of conformal mapping of the circle onto the do-

main bounded by the non-Jordan boundary with piecewise smooth

branches. If boundary branches of the domain Gn are piecewise smooth
curves, then the domains Gn constructed in Section 20 have Jordan bound-
aries which are piecewise smooth curves. In this case we have representa-
tions of functions z′n describing, in particular, their behaviour in the neigh-
bourhood of angular points (see [1], [3]–[7]). On the basis of the above-said,
the passage to the limit allows us to establish representations for z′ in the
case of domains which are bounded by non-Jordan curves with branches of
any step. To avoid cumbersome notation and concentrate on the essence of
the problem, we restrict ourselves to the consideration of the simplest case.

Theorem 2. Let z = z(ω) be the conformal mapping of a unit circle onto

a simply connected domain with a non-Jordan boundary Γ = γ−
AB

∪γ ∪γ+
AB

,

where γ
AB

is a smooth curve, γ
AB

is a piecewise smooth curve with one

angular point B, and the sizes of angles at that point with respect to the

domain G are equal to πα, πβ, 0 ≤ α ≤ 2, 0 ≤ β ≤ 2, α + β ≤ 2. Then on

the unit circumference ℓ there exist the points c, d and e such that

z′(ω) = (ω − c)α−1(ω − d)β−1(ω − e)z0(ω), (8)

where

z0(ω) = exp

{

1

2π

∫

ℓ

ϕ(t) dt

t − ω

}

, ℓ = {t : |t| = 1}, (9)

with the continuous function ϕ, dependent of Γ, and hence

z±1
0 (ω) ⊂

⋂

p>1

Hp. (10)

But if γ and γAB are the Lyapunov curves, and α > 0, β > 0, then z0(ω)
is the function of the Hölder class which is different from zero in the closed

circle U .

Proof. Let γ
AB′

n
and γ

AB′′
n

be the curves constructed when proving Theo-

rem 1, satisfying the conditions (i)–(ii) with the additional condition that
at the points B′

n and B′′
n they make with γ the angles of sizes απ and βπ,

respectively, while at the point A the angle of size 2π. These curves can be
chosen so as the angular functions of the curves Γn = γ

AB′
n
∪ γ ∪ γ

AB′′
n

to

converge uniformly to the angular function of the curve Γ = γ−
AB

∪ γ ∪ γ+
AB

(for the definition of the angular function, see [5], p. 138).
Let Gn be the domain with the boundary set (γ \ (B′

nB′′
n)∪γ

AB′
n
∪γ

AB′′
n
,

zn = zn(ω) be the conformal mapping of U onto Gn, and ωn = ωn(z) be
the inverse mapping.
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For the function zn, the following representation (see, e.g., [4] and [6],
and also [5], Ch. III) is valid:

z′n(ω) = (ω − cn)α−1(ω − dn)β−1(ω − en)zn,0(ω), (11)

and cn = ωn(B′
n), dn = ωn(B′′

n), en = ωn(A), zn,0(ω) = exp
{

1
2π

∫

e

ϕn(t)dt

t−ω

}

,

ϕn(t) is the continuous on ℓ real function which represents the difference of
the angular function of the curve Γn and the piecewise continuous function
δn(t) (see, e.g., [5], p. 138).

Since the sequence of angular functions of the curves Γn converges uni-
formly to the angular function of the curve Γ, it is not difficult to state that
the function δn(t) is likewise the same, and therefore the sequence ϕn(t)
converges uniformly to the continuous on ℓ function ϕ(t). Moreover, from
the sequence of points {cn}, {dn}, {en} lying on the circumference ℓ one
can choose sequences converging, say, to the points c, d and e. Now, passing
in (11) to the limit and applying Caratheodory’s theorem, we find that

z′(ω) = (ω − e)α−1(ω − d)β−1(ω − e)z0(ω) (12)

where z0 is the function given by equality (9). For the functions written
in the form of (9) with the continuous function ϕ we obtain inclusions (10)
(see [2], p. 401).

When γ
AB

is the Lyapunov arc and γ is the piecewise Lyapunov curve
having angular point in B with a non-zero angle (i.e., when α > 0, β > 0),
we take the curves γ

AB′
n

and γ
AB′′

n
so as the sequences of functions βn(t) to

converge uniformly to the function ϕ(t) which, by our assumptions regarding
γ and γ

AB
, belongs to the Hölder class on ℓ. �

40. Remarks.

1. It can be easily shown that z(e) = A, lim
ω→c

z(ω) = B, lim
ω→d

z(ω) = B.

2. If A = B, i.e., if γ
AB

is the closed curve, then (8) takes the form

z′(ω) = (ω − c)α−1(ω − d)β−1z0(ω). (8′)

3. If at the point B the curve γ is smooth, then α + β = 1, and in the
representation (8) we have β = 1 − α. In particular, when γ

AB
meets γ

under the zero angle (α = 0), the representation (8) takes the form

z′(ω) = (ω − c)−1(ω − e)z0(ω).

4. The investigation of the function z′ can be performed in the following
natural way.

Let Γ = γ−
AB

∪ γ ∪ γ+
AB

and C 6= B be some point on γ. Consider a
simple smooth curve γ

AC
lying in G and not intersecting γ

AB
. The curve

γ
AB

∪ γ
AC

divides the domain G by two parts G− and G+. If ω = ω(z) is
inverse function of z = z(ω), then ω(G−) and ω(G+) represent the domains
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U− and U+ in the circle U , are bounded by the piecewise smooth curves.
Using the corresponding result from [7], we obtain

z′(ω) = (ω − c)α−1z
0,1

(ω), ω ∈ U−, z
0,1

∈
⋂

p>1

Ep(U−), (13)

z′(ω) = (ω − d)β−1z
0,2

(ω), ω ∈ U+, z
0,2

∈
⋂

p>1

Ep(U+). (14)

Drawing the cuts of somewhat different character, we can get a local esti-
mate z′ in some subdomain U closely adjoining to the point ω(A).

Relying on this fact and also on (13) and (14) which characterize local
behaviour of estimate z′, we could have endeavored to get conclusions for
(8) and (10) of global nature. But this would require additional study. We
have given preference to the proof of Theorem 2 in which, besides inclusions
(10), we have obtained explicit representation of the function z0 by means
of formula (9).
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