Proceedings of A. Razmadze
Mathematical Institute
Vol. 143 (2007), 79-94

ZAREMBA’S PROBLEM IN SMIRNOV CLASS OF
HARMONIC FUNCTIONS IN DOMAINS WITH
PIECEWISE-LYAPUNOV BOUNDARIES

G. KHUSKIVADZE AND V. PAATASHVILI

ABSTRACT. Zaremba’s problem is studied in a weighted Smirnov class
of harmonic functions in domains bounded by piecewise-Lyapunov
curves. The conditions of solvability are obtained and the solutions
are constructed in quadratures. In the case of domains with Lya-
punov boundaries, the same problem is investigated under weaker
assumptions regarding boundary data.
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In [1-3], by analogy with the classes of analytic functions E? introduced
by V. I. Smirnov ([4], see also [5] Ch. X), we defined weighted classes of har-
monic functions e(Li,(p1), Ly, (p2)), investigated some of their properties
and studied mixed boundary value problem, when values of an unknown
function are given on one part of the boundary, and those of its derivative
to the interior normal are given on the other part of the boundary ([6],
Zaremba’s problem). As for the domain in which we consider the problem,
it assumed to be bounded by a simple Lyapunov curve.

In the present work we continue our investigation of Zaremba’s problem,
but this time for domains which are bounded by piecewise-Lyapunov curves.
Moreover, for the domains bounded by Lyapunov curves, this problem is
considered in a new statement.
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1°. DEFINITIONS, NOTATION AND AUXILIARY STATEMENTS

1.1. Let D be a simply connected finite domain bounded by a simple
rectifiable curve L and let £ = (Ag, Bk), k = 1,m be the arcs lying sep-
arately on that curve (the points A;, Bi, As, Ba, ..., Apm, By, follow each
other in the positive direction). By Cy,Cs, ..., Cs, we denote the points

taken arbitrarily. In a plane, cut along a set of curves L; = kﬁlﬁk, we

consider analytic functions

where m; is an integer from the interval [0; 2m]; we take any branch of the
first function, while the second one we choose such that the function

R(z) = () [IL(z)] @)
decomposes in the neighborhood of the point at infinity as follows:
R(z) = 2™ "™ 4 qy 2™ ™1 ...
(see [7], p. 277). For z =t € L, under II;(t), II5(¢), R(t) we mean a value
which takes the function on the left side of L.

1.2. Let p > 1, and p(t) be a measurable function on L, almost every-
where different from zero. By L,(L; p) we denote a set of measurable on L
functions f (in the arc measure ds) for which |fp|P is Lebesgue measurable.

1.3. Let [A}, B;] be the arcs lying on £y, (the points By, follow A} in the
direction of Ly). Denote

L= k’glck, L= k’gl [Ag; A}] k’gl [Bi;Bi], Lo=I\L.. (3)

1.4. Suppose U = {w : |w| < 1}, and let z = z(w) be the conformal
mapping of U onto D, and w = w(z) be an inverse mapping. Denote

Fl :U}(Ll), ﬁ:w(L), Fg :’UJ(LQ)7
ar = w(Ag), by =w(By), (4)
L(r) = {w:w:reiC,CGG(Fj)}, Lj(r):z(Fj(r)),

where O(I') = {¢:0< (< 2m e €T}, I Cy={r:|r| =1}

1.5. Let the points Dy, Ds, ..., D, belong to L and be different from C};
D1, D, ...,Dp, lie on Ly, while Dy, 41,...,Dy on Lo, Let p > 1, ¢ > 1;
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assume

p(z) = [TIz = Dl™, ()
k=1

mi 2m n

pa(z)=[[lz=Cul™ T lz=Cl™ T] 12— Dul, (6)

k=1 k=mi41 k=ni+1

where
p ’ q

=< <, —<B<5, P=E—o d=—=, (7
ap < — e <—, p o1 1T o (7)
— <y <0, 0< < — (8)

1.6. We say that the harmonic in D function u(z), z = x + iy = re'®
belongs to the class e(Llp(pl), L’Qq(pg)), if

swp | [ um@ i [ (|5 |G )] <o o

Li(r) La(r)

When D = U (and hence L = Ty, kK = 1,2), we will write

h(T1p(p1), Thy(p2)) instead of e(T'1p(p1),Th,(p2)). I Ty =7, p1 = 1, then
this class coincides with the well-known class h,, (see [5], Ch.IX).

1.7. If f(z) is the function defined on the set of E-finite union of closed
arcs lying on L, and t = t(s), 0 < s < [ is the equation of the curve L
with respect to the arc abscissa, then we say that f is absolutely continuous
on E and write f € A(F): if, the function f(¢(s)) is absolutely continuous
on the set {s : t(s) € E}, i.e. for any ¢ > 0 there exists a number
d > 0, such that for any intervals [t(sg), t(o%)], lying on E with the condition
2 1(0k = 8k) mod 1| < 8, we have 3 | f(t(ok) — f(t(sk))| <e.

It can be easily proved that if f(z) € A(E), and z(7) is the restriction
on 7y of the conformal mapping z = z(w), then the function f(z(7)) € A(e),
e = w(E); and vice versa, if ¢ € A(e), where e is a finite union of closed
arcs on v, then p(w(t)) € A(E), E = z(e) ([2], Lemma 9).

1.8. Below we will present some properties of functions from
e(Lip(p1), Lbg(p2))-

Statement 1 ([2], Lemmas 2-4). If the functions p1,p2 are given on
v by the equalities (5)—(6), the conditions (7)~(8) are fulfilled, and u(z) €
h(Flp(pl)vréq(pQ)); then:

(1) there exists o > 1, such that u € hy;

(i) if v is the function which is harmonically conjugate to u, then v €

h(Flpl (pl)a FIQq(pQ))7 where p1 = pi_agf
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(iii) if u € e(Lip(p1), Ly, (p2)), then the function U(w) = u(z(w)) be-
longs to the class h(Iyp(wi(w)), Th,(wa(w))), where

wi(w) = p1(z(w)) /12" (w)],  wa(w) = p2(2(w)) V]2 (w)] .
Statement 2 ([3]). Ifu € h(T1,(p1),Th,(p2)), then u(z) is continuously
extendable on every closed arc lying on T's, and the boundary function u™ (t)

is such that there exist the limits

_ — . + — . +
u(ak—) tllglkliu (), wu(bg+) tllilliru (1),

thus the obtained on Ty function ut(t) is absolutely continuous on I'y and
out o ra(r,.
¢ € ( 2,/72)'

1.9. It follows from Statement 1 of item (i) that if w belongs to
h(T1p(p1), I, (p2)), then there exist angular boundary values u™(¢) almost
everywhere on 7, and u(re’?) is representable by the Poisson integral with
density ut ([5], Ch. IX).

20 ZAREMBA’S PROBLEM IN A DOMAIN WITH
LyaApuNOvV BOUNDARY

Let us consider the boundary value problem: find a function u satisfying
the following conditions

Au =0, uee(Llp(pl),L’Qq(pg)), p>1, ¢g>1,

utl g =F FeLl(L\Lp), u*eAlLUL), (10)
+ ’ q ~ 8U + q
U |Z:\I/v Ve LY(L; p2), (&) . =G, G e LYLy;ps).

2

Using the results obtained in [8]-[9] and Statements 1-2 in [2], the fol-
lowing theorem is proved.

Theorem A. Let D be a finite simply connected domain bounded by a
simple closed Lyapunov curve L; p1 and ps are defined by the equalities
(5)—(7), and moreover,

1 . 1 1 1
—— < v < min (O;—, — —), max (0;— — —)
q q¢ 2 2 q

Then for the problem (10) to be solvable:
I. For my < m, it is necessary and sufficient that the conditions

<A< —. (11)

e i (7)) +a T
gZRe [R(; )@(F/z) Mg%();)r Ti(em)]da:

:\Il(AkJrl)*\Il(Bk)a k= I,m (12)
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be fulfilled; here R is the function given by the equality (2) and it is assumed
that

e’ =w(Ay), € =w(By), Gk €0,27], Cmi1 =G, Amy1 = A,

1 ¢ Chr1 — ¢ Yr—p
=—-G(z — (A t — U(Bg)ctg ——— | —
u(r) g 2o [Pty B w2
1 . d¢ 1 ; d¢
_Z ] Yy — > = F Yy >
2 / (=fe ))2sin2 —‘/34; 2w / (afe ))251112 —‘342 ’
o) O(T1\¥)
where
, 1 &
T=e"%ely, =5 Z (Agg1) — U (By)].

II. For my > m, it is necessary and sufficient that the conditions (12)
and also

Lo

be fulfilled.
III. If the above conditions are fulfilled, then the solution of the problem
(10) is given by the equality

u(z) = u’(2) + uo(2),

where
wi(z)=g5- [ W(EE)P(r (—p)dl+ - / F(=(e)P(r, (= p)dC+
o) o(T1\¥)
1
tor [ WrOPC- o (14)
O(T2)
in which P(r,z) = W}_‘%

¢ _ ‘
Wea(0) = [ xoy(a e |[F5 [ 8 oy s, (1)
»1 O(I'2)

XE denotes the characteristic function of the set F,

Cr+1

MkZ‘I’(AkH)—/X@(m)( { / RO (= em)d ]da, (16)
#1 (T2
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and
0, for mi>m,
27
1
or [ WEOPC - ode, Wi () =
wEH={ 0. a7)
_ / Xo(rs)(@) Re [R(€°)Pr_1 ()] da + Ny,
B1
for my <m
Cht1
N = — / Re [R(em)Pr,l(em)} da, r=m—my.

Pk

Here P,_1(e'¢) = 0, if r —1 < 0, but if my < m, then P,_i(e’) =
r—1 o

oz + z‘yj)e”C is the polynomial in which (xo, Yo, T1,Y1, s Tr—1,Yr—1)
=0

is a solution of the system

Php_1
Z [z Ry (%) cos j¢ — yj Ra(e™) sin j¢]d¢ = 0,
Ck 3=0
k=1,m, r=m—m, (18)
Phy_1
Z [ijg(eiC) cosj¢ — y; Ri(e™) sin j¢]d¢ = 0,
& 970

where Ry(t) = Re R(t), Ra2(t) =Im R(1).
If v is the rank of the matrixz of the system (18), (v < 2r), then a solution
of the homogeneous problem ug(z) contains 2(m —mq) — v real parameters.

39, THE MIXED PROBLEM IN DOMAINS WITH PIECEWISE LYAPUNOV
CURVES

The theorem given shows that the mixed boundary value problem (10)
is solvable in Smirnov classes, when the domain D is bounded by a simple
Lyapunov curve. Below we will try to find those Smirnov classes (i.e., those
values p, ¢ and admissible weights p1, p2) for which in case of the domains
with piecewise-Lyapunov curves one can apply to the investigation of the
problem (10) the method used in [2] and obtain an analogue of Theorem A.

Let D be the finite domain bounded by a simple piecewise-Lyapunov
curve L with angular points t1,ts, ..., ts. We assume that the sizes of angles
at these points which are interior with respect to the domain D, are equal to
prm, 0<up <2. A set of such curves we denote by C(t1, ... te; i1, ..., is)-
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Let L C CY(t1,ta, ... ts;p1, 2, .-+, ps), L1, Lo, L are defined by virtue
of (3), and the functions p1, p2 are given by the equalities (5)—(6). Consider
the problem (10). Using item (iii) of Statement 1, we reduce it by means of
the conformal mapping to the problem of the same type, but now for the
circle. Undoubtedly, the weighted functions in this case vary.

Since L C C*(t1,t2, ..., ts; i1, fl2, - - -, Jis ), therefore as is known ([10]; see
also [11], [12]),

2'(w) = H(w — ) g (w), e = w(ty),
. (19)
w(2) = [T = 1) % un(2),
k=1
z(w) = [[(w =)z (w), w(z) =[]~ t) ik wn (), (20)
k=1 k=1

where zg(w), z1(w) are other than zero Holder class functions in the closed
circle U, and wg(z), w1 () are the same functions in D.

We divide the set of angular points {t1,t2,...,ts} into four parts and
denote by t1,t2,...,ts; those which are contained in the product II;; by
ts;+1,-..,t0, We denote the points in IIp, and the remaining ones will be
inserted in the set of points { D1, D3, ..., D, }. In this case, let t5,41,...,to,
lie on L1, and tyy41,...,ts o0 Lo. Assume tp, = Ck, k = 1,51, ts, 46 =
Coyiks k= 1,01 — 81, toy1k = Di, k = 1,00 — 01, toyik = Dpyyr, kK =
1,s — 09. In this connection, we write the weights p1, p2 in the form

o2 ni
p) = [ le=tl T 12— Dl (21)
k=o1+1 k=o2+1
s1 m1 o1
po(z) = [[le—tul [ le=Cul T Io—tal
k=1 k=s1+1 k=s1+1
2m s n
I z=c™ I] 1=t [ 12— Dal™. (22)
k=mi+o1+1 k=o2+1 k=ni+s—o2+1

Introduce the notation
cp = w(C’k), T = w(tk), dp = w(Dk). (23)

Taking into account the equalities (19)—(20) (and the fact that at the points
Dy, # t; we have p, = 1) and item (iii) of Statement 1, the classes LP(p;),
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i = 1,2, transform into the classes L?(w;) in which

o2 -1 ni
ww)= ] -l [ |w—del*, (24)
k=o1+1 k=o2+1
S1 1 mi
ws(w) = [T fw =z 5 [T o= exl
k=1 k=s1+1
o1 2m
1y, —1
H |w_Tk|Akuk+”‘T H |w_ck|/\k,
k=s1+1 k=mi+o1+1
S n
—1
[T fwo-nper™ I jw-ad® (29)
k=o2+1 k=ni+s—o2+1

Denote

Uw)=u(z(w)), f(r)=F(2(7)), ¢¥(r)=¥(z(7)), g(r)=G(2(r)). (26)
Then the function U(w) will be of the class h(I'1y(w1), [, (w2)) which, ac-
cording to Statements 1, 2 and the conclusion of point 1.7 in Section 1°,

belongs to A(I'y U7), where I'1,7, T’y are defined by virtue of (4). Conse-
quently, U(w) is a solution of the problem

AU =0, Uce h(Flp(wl),F’Qq(wg)), p>1, g>1,
Ut e A(Tyu7),
U+|F1 = f7 f € Lp(rl\§7 wl)a U+‘§ = wa wl € Lq(?y'a Ldg), (27)

+
(%) ‘F =g, g€ Li(Twa).
2

Relying on Statements 1, 2 and equalities (19)—(20), it is not difficult
to show that if U(w) is a solution of the problem (27), then the function
u(z) = U(w(z)) will be a solution of the problem (10).

Thus the problem (10) wunder consideration with the curve
L C CYty,... ts;p1, p2,- - -, is) has been reduced equivalently to the prob-
lem (27). Theorem A can likewise be applied to the same problem if for
the weights wq and we will be fulfiled the conditions (11), i.e., if for the
exponents in the equalities (24)—(25) the following relations will be fulfilled:

1 1
_]_j<ak<]77
1 i — 1 1 k201+1;027
——<Oék/1/k+ <_,7
p p (28)
—— <Py <=,
. 1 k:02+1,8,

—— < Brpk + <=,
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1
—— <y <0,
% _ 1 k/’Zl,Sl,
——= < pgpvi + < min (0; -~ 5),
! (29)
Oﬁ)\k<—,,
e —1 1 k=s1+1, 01,
maX(O7 —><Mk)\k+ =,
1 1 1 1 1 1
—— <y <min<0;—f—), max(O;—f—)g)\ < —,
g " q¢ 2 2 q Y (30)
k=s1+1,mq, k=mi+o01—s1+1,2m,
1 1 -
——<a <, k=ox+1m,
p p (31)
f%<6k<%, k=ni+s—o2+1,n.
The solution of the systems (28)- (29) yields
1< < ( ) <ﬁ < (1 1 1)
—— < < min —= L < min — ==,
p q e q (281)
k—0'1+1 02, +1S
1 1 1-— 14—
f—<l/k<—min(0; Mk;Q—Mk), k=1,s,
q Kk q q (29)
1 1-— 14— 1 1 !
—max(O;—Mk;Q—Mk)§)\k<min<—,;—<1f&)),
Mk q q q Mk q

Thus the following theorem is valid.

Theorem 1. Let L C CY(t1,ta,. .. ts; i1, iy - - -5 iis), L1, L, Ly be defined
by virtue of (3), and the weights p1, p2 be given by the equalities (21)—(22)
in which the exponents oy, Bk, Vi, A\ satisfy the relations (281), (291), (30),
(31), then for the problem (10) the Statements I-III of Theorem A are valid.

4%, DIscuUSSION OF RESULTS OF THEOREM 1

Theorem 1 allows one to define a family of those Smirnov weight spaces
for which a character of solvability of the mixed problem (10) with domains
containing piecewise-Lyapunov boundaries, remains the same as for domains
containing Lyapunov boundaries; that is, the defining point for the solvabil-
ity of the problem is the choice of number m; of those arc ends £;, at which
the solution is required to fulfil the following comparatively hard condition
B, i.e., “to be integrable with power weight concentrated at the given end
with a negative exponent”. For the Lyapunov boundaries, the Lebesgue ex-
ponents p and ¢ are arbitrary numbers from the interval (1;400), and the
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exponents of the weights p; and ps satisfy the natural conditions (11) ensur-
ing the summability of the boundary function of a solution (and necessary
for the summability).

Theorem 1 states that for a sufficiently wide set of Smirnov classes the
choice of number m; of ends at which the requirement B is fulfilled is
defining for the problem (10) to be solved in them, and the solutions are
being constructed explicitly for the curves from the class C(tq,ta, ..., ts;
U1, 42, - - -5 fls) With the condition 0 < ug < 2, k = 1,s. But this is not
the case in all classes with Lyapunov boundaries. The conditions (28)—-(31)
show what parameters of Smirnov classes and within what limits (depending
on the geometry of the boundary) one can take for which Statements I-T11
of Theorem A hold for the solution of problem (10).

It is not difficult to show that a set of spaces in which the above-
mentioned situation is realized is not emptys, i.e., for the given uq, po, ..., us,
0 < pg < 2 there exist families (p,q, g, Ok, Vi, A\x) satisfying the system
(28)—(31); note that p and q are, as a rule, taken arbitrarily from the inter-
vals (1;+00) and (2;4+00), respectively, and ay, Ok, vk, Ak belong to certain
admissible intervals. A number of such families depend on those angular
points and angle values at them which turn out to be the ends of the arcs
of Ek

First of all, it should be noted that the fulfilment of the inequalities (30)
and (31) and of the first inequalities of (28;) and (29;), is the necessary
condition in the case of Lyapunov boundaries, as well (see Section 2°).
Hence when considering nonsmooth curves, the second inequalities of the
systems (281) and (29;) turn out to be supplementary ones.

It is seen from (28;) and (29;) that: if % > #ik - % (i.e. for px > 1),

1 1 1 if L 1 14
we1 have fp1< ap < o= — 5, but if 5 < 2E— 2 (i.e. for pp < 1), then
> < o < o
Analogously, for up > 1 we have —é < fBr < #Lk — %, and for pp < 1,
_1 1
q < B < 7

This implies that for any given p > 1, ¢ > 1 we can choose ag, Ok, such
that the conditions (281) are satisfied.
1 1 (1 Bk

As for v and )\, since 7 .

_ pr—l .
o ) = H=, we have:

if ¢g>2, 0<pur<1, then
Q*2uk§>\
2pkq
if ¢g>2, 1<pur<2, then
1 1-— -2 —
—— << Mk, max(O;u>§)\k<u;
q qhik 2prq qhik
if ¢g<2, 0<pur<1, then

1
E<

Y

1
—— <y <0,
q
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1 -2 1-— 1
f—<1/k<min(0;q uk) ukﬁ)\k<—,;
q 2qpuk HEq q
if ¢g<2, 1<pur<2, then
1 -2 —
__<l/k<qiﬂk7 OS)\k<q—Mk
q 2qpk qitk

Obviously, the systems (28) and (29) are unsolvable for ¢ < 2,0 < py, < 1
and prg < 1, or when ¢ < 2, 1 < p < 2 and pg > ¢ (in both cases it is
impossible to determine Ag).

This means that if we take ¢ < 2, then at the angle points which are the
arc ends of L for which either urg < 1 or ugx > g, the weight multiplier
|t — x| should be with negative degree.

The same conditions (28)—(31) can also be interpreted as follows: if there
is a class of unknown functions, i.e., p, q, p1, p2 are the given functions, then
there arises the question: what kind is the set of piecewise-Lyapunov curves
(that is, what kind is the set of admissible values for uy) for which Theorem
1 holds.

This question can be answered analogously to the above one, and we do
not dwell on it.

50. THE CLASSES OF HARMONIC FUNCTIONS e (T (w1), T, (w2), H(%;0))

According to Statement 2, the equality
h(T1p(wi), Pag(w2)) =
— . out
= h(T1p(w1), Th,(w2)) N {u cut e A(Ty), 3 € Lq(Fg;wg)}

holds.
We consider the boundary value problem (10) in somewhat narrower class

h(Flp(wl),I"Qq(wg))ﬂ
ou\*
ot x au ar., -
N {u cut € ATy URy), (an) cL (rz,wg)}. (32)
Along with the classes (9) and (32), let us consider the class

h(rlp(wl)argq(“&)a H(A’yiv 5)) = h(Flp(wl); FIQQ(WQ))m
ou

A {usut € HE: ), (%f € LMown)} (39)

where by H(7; ) we denote a set of functions satisfying the Holder condition
with exponent d; on that segment of 7 which contains the end ¢, k = 1, 2m,
and § = (01,02, ...,02m), 0 € (0,1]. The only difference between the classes
of functions defined by (32) and (33) is that in the first case u™ is required to

be absolutely continuous on 7, and this together with the condition % €

L9(T'9;ws) implies that u* belongs to the fixed Holder class H(;d), where
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§=(61,...,02m), 0k = %, k=1,m,d, = A;,q, k =m+ 1, 2m; in the second
case, v is required belong to any given class of functions. Thus the family
of the classes (33), i.e., their union with respect to 4, is wider than the class
(32).

In the sequel, we will need one property of the Poisson integral. This
property is, probably, known, but we will cite it together with a rather
simple proof.

6°. ON A DERIVATIVE OF THE POISSON INTEGRAL

Let there be given on [0,27] the real periodic function ¥(¢) satisfying
the Holder condition on the interval [«, 5] C [0, 27], with the exponent §,
d € (0,1], while on the remaining part from [0, 27] equal to zero, and

ioy _ L L=
u(re"o)%/w(ol_i_ﬁ—%cos@—@)

dc. (34)

We investigate the function g—:f in the neighborhood of the points a = e®
and b = ¢, We have

/w —(,07“ —|— 27‘ + 2) COS(C (,0) dC (35)

ar [1+4 72 —2rcos(¢ — ¢)]?

Bu

If ¢ < a, then we write 3 in the form

B
o [ WO~ v

or  on

—or + (2r2 +2) cos(¢ — )
[1+4 72 —2rcos(¢ — ¢)]?

¢+

(@) [ —pr+(2r* +2)cos(C — ¢)
+ 2 / [14 72 —2rcos(¢ — ¢)]?

[e%

d¢ = uy(re'?) 4 ug(re'?).

Passing to the limit, as » — 1, and assuming ¢ < «, we obtain

lim uo(r e'?) =
T (p<a)

5
Y(a) d¢ () a—g B—
o /2sin2<;‘€ = Ton [Ctg 5 8T } (36)

[e%

As for uq(r €¥), we have

B
1[0 —vla)

2m 2sin? 2
«

d¢ = uf ().

lim uq (re'?) = —
r—1
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Therefore

B
i ¢ —af
2

Gl ¢ f1c— gl
= M; d¢ + M ————dc <
/ sin® ¢ ! sin® (_;e ¢<

[e%

§M1|a—<p|5/ E dc+M2/|< =

:M1|a7<p|5<ctg ;90 fctgﬂ;so) + M3 K (p),

where K (p) = W if 6 <1,and K(¢) =—In|a—¢|if § =1.
It follows from the above estimate that in the left neighborhood of the
point «

. 1
+ (0
Analogously, in the right neighborhood of the point § we have
i 1
it €9 < M (5 + 15 = ). (372)

Consequently, if 'y = Yara, where a’ is the point on v preceding a and lying
near it, then u; belongs to L9(T's;|¢ — a|*), where > (1 —§) — % = % —4.
Analogously, if I'y is a small right neighborhood of the point b, then
ul € LY(Ty; |¢ — B|*) for the same values .
Note here that % = —2% and the relations of the type (36), (37;) and
(373) are valid for Fa, as well.

Thus we have proved the following

Lemma 1. If wu is the harmonic function given by the equality (34),
where ¢ € H([o, 8];6), § = (8a,03), then for e € (I'y UTy) we have

OuNT oy _Yl@) a—p W) B¢
o4 ipy — _
(50) () =S etg 52 - S ctg =L n(p). (37)
in addition, 1 € LI([Ta UTs], | — af*|¢ — B]Y), where © > —% + (1 =da),
y>—7+(1—dp).
Lemma 2. If u € h(T'1,(p1),1%,(p2)) NH(¥;0), § = (1, ..., 02m), then
for €9 € T'y we have

( ) thctg

2 ui(p) +ua(p), (38)



92 G. KHUSKIVADZE AND V. PAATASHVILI

where hy, = (71)"(6’6)“(;—’:), in which n(ck) = 0 if ¢ € {a1,....,a2m},
2m

and nck) = 1 if cg € {b1,...,bm}; w1 € LI(7;p), p = [] e — cil**,
k=1

Ty > % — 0k, U € Lq(ﬁ;p).

Proof. 1t follows from Statement 1 that u is representable by the Poisson
integral (see 1.8), i.e.,

u(re'?) = ( / +/+/ >%u+(ei<)P(r,(gp)dC. (39)
My v TIa

5

It is evident that the character of behavior of the function (2—2)4_ on 7 is

defined by that of the second and third summands of the given sum. The

character if the summand 5= [u™(e’)P(r,{ — ¢)d(¢ is given by Lemma
a

1, since ut € H(3;6). Density u™(e®) = xor,)(()ut(e) in the third

integral belongs, by Statement 2, to A(T'2) and g—“g € LYTy; p2), therefore

Xo(rs) ()uT () belongs to LI(v;p2). The above facts and equality (37)
allow us to conclude that the representation (38) is valid. d

Lemma 3. For the boundary function u™ of the function u from the class
h(T1p(p1), s, (p2)) to belong to the set

AP (00):Thg(o2)) 0 {u s € HE:0), (52) 7 € LiTai o)),

it is necessary and sufficient for ut to be continuous at the points ci and

2m
the inclusion L1(Ta; p) C LYU(Ta;p2), p = [] |€"° — ci|™*, i.e.
k=1

Tp > Vg, k=1,m1, zp<)A, k=m1+1,2m (40)
to take place.

Proof. If we write u in the form

u(rew) = % / [qu(eiC) — U(Ck*)}P(ﬁC — @)d¢+
O (Yacy,)
e / [u™ () — ulert)] P(r,C — 9)dC+
O(Vepa)
+ “(;7’;*) / P(r,¢ — @)d¢ + “(;—’j) / P(r,¢ — p)dg,
e(’Yack) 9(’Ycka)

where a € 7, and Vac,,, Vera are two mutually disjoint arcs of the circumfer-
ence 7, then using Lemma 1, we can easily obtain statements of the above
lemma. O
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70. ZAREMBA’S PROBLEM IN THE CLASS h(L1,(p1), L, (p2); H(L; 9))

Let D be a simply connected domain bounded by a simple Lyapunov
curve L; Ly, Lo, L are the sets, and p; and py are the weighted functions
defined in Section 1°. Suppose

e(Llp(pl)vLqu(pQ)vH(Z;(s)) = e(L1p(p1),Ll2q(p2))ﬁ
au)+ € Lq(Lz;pg)}

Nu:ut € HL;6), (—
{u u” € H(L;9), (877,
and consider the mixed boundary value problem: Find the function u sat-
isfying the conditions

Au = 07 u € G(Llp(pl), L/Qq(pQ)H(Eﬂ 6));
=F Fec L”(Ll\z;pl), uﬂz =V, Uc H(E;5), (41)

Lo

+
u |L1\E
(5)
on
Using the conformal mapping, we reduce this problem to a circle. For

the existence of a solution of the obtained problem, it suffices to fulfil the
conditions (40) of Lemma 3, or the conditions

1 1 -
0k > — — vk, k=1mi, o <——X, k=mi+1,2m, (42)
q q

. =G, Ge Lq(LQ;pg).

with regard of the inequalities z > % — 4.

Moreover, to apply the method suggested in [2], we regard the conditions
(11) are fulfilled. In obtaining the integral equation with respect to %
(see Section 3% of [2]) we have instead of an absolute continuity of u on
g = w(E) to take advantage of the fact that u € H(E, 9) and apply Lemmas
2 and 3.

It is not difficult to verify that the Poisson integral constructed by means
of its solution, satisfies all requirements of (41). Thus we arrive at the

following

Theorem 2. If the conditions (11) and (42) are fulfilled, then Statements
I-111 of Theorem A are valid for the problem (41).
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