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ON THE DIRICHLET PROBLEM FOR HARMONIC
FUNCTIONS FROM SMIRNOV CLASSES IN
DOUBLY-CONNECTED DOMAINS

G. KHUSKIVADZE AND V. PAATASHVILI

ABSTRACT. In the present paper, in a circular ring we investigate
the Dirichlet problem for harmonic functions which are real parts
of analytic functions from the weighted Smirnov class. The condi-
tion of solvability is pointed out and the unique solvability is proved.
One representation of a derivative of conformal mapping of a circu-
lar ring onto a doubly-connected domain, bounded by a piecewise
smooth curve, is given. On the basis of the obtained result we reveal
the domains with piecewise smooth boundaries for which the unique
solvability of the Dirichlet problem remains valid.
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There is a vast literature devoted to the investigation of the Dirichlet
problem for harmonic functions in various assumptions regarding the given
and unknown functions. Of special interest for consideration of the problem
in the case in which the unknown function is required to be a real part of an
analytic function from the Smirnov class. The Dirichlet problem in such a
statement has been investigated thoroughly for a singly-connected domain
(see, e.g., [1]-[3], [4], Ch. IV).

In the present paper we investigate the case of a doubly-connected do-
main. First, we investigate the Dirichlet problem in a circular ring for
harmonic functions from the Smirnov weighted class. Under certain as-
sumptions regarding weighted functions the condition of solvability is found
and the unique solvability of the problem is proved (Sect.l). Then using
the results obtained in [5] and [6], we present one representation of a de-
rivative of conformal mapping of a circular ring onto a doubly-connected
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domain which is bounded by a piecewise smooth curve (Sect. 2). Rely-
ing on that result, we consider in such domains the Dirichlet problem in
Smirnov weighted classes (Sect.3). Using the conformal mapping, the prob-
lem is reduced to the case of a circular ring but now in a new weighted
class with weight depending both on the given weight and on the derivative
of the conformal mapping. As far as in the framework of our investiga-
tion in Section 1 the weight function should satisfy certain conditions, there
arise additional restrictions on the boundary curves. If these conditions are
fulfilled, the problem turns out to be uniquely solvable.

1. THE DIRICHKET PROBLEM IN THE SMIRNOV WEIGHTED CLASS IN A
CIRCULAR RING

1.1. Smirnov Classes and Some Properties of Functions from These
Classes. Let v3 = {z:|z| =1} and v2 = {2z : |2| = p}, p < 1 be circumfer-
ences bounding the ring K = {z: p < |z| < 1}, v =y U~ and w(z) # 0,
z € K be an analytic in K function.

Definition 1. We say that the one-valued analytic in the ring K function
®(z) belongs to the Smirnov class EP(K;w), p > 0, if

sup /‘w(reiq)q)(reiq‘pdg < 0. (1)

p<r<l
0

Suppose EP(K) = EP(K;1). Then the condition ® € EP(K;w) is equivalent
to the condition w® € EP(K).

Let K;, i = 1,2, be one of the domains bounded by the circumference ~;
containing K. For analytic in K; functions ¢ we assume

EP(Kq;w) = { :Oiugl/ |w( re' eig)}pdg‘ < oo},

EP(Ka;w) {CID sup/|w re' e’()‘pdg‘ < oo},

r>p
EP(K;) = EP(Ki; 1).

Statement 1 ([7], p. 66). If & € EP(K), then ® = ®; + $3, where
® € EP(K;); and vice versa, if & = &1+ Dy, &, € EP(K;), then & € EP(K).

This implies that the class E?(K;w) coincides with the class of functions
®, representable in the form

@:(1)14»@2, (I)ZEEP(K“LU) (2)
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Taking now into account the well-known properties of the functions from
the Smirnov classes for singly-connected domains (see, for e.g., [8], Ch. III,
or [9], Ch.X), we obtain:

(i) every function ® € EP(K) has almost everywhere on v = 1 U 72
angular boundary values ®*(t), t € 7, where ®T € LP(y); if, however,
® € EP(K;w), and w(z) has angular boundary values w™(t), t € ~, then
there likewise exists @, and ®* € LP(y;w);

(ii) the class E*(K;w) coincides with the class of functions, representable
in K by the Cauchy integral, and in this case in the representation (2) we
can take

Bi(2) = (K 0)(6) = s [ SO0 Lek, ®)

(here the direction on ~; is chosen in such a way that when moving in that
direction the domain K remains on the left).

Statement 2. If ® € EP(K;w), p > 1, then
1

O(z) = e (P1(2) + ®2(2)), =z €K, (4)
where
wt + ;
bi(e) = 5y [LUEOE_ L I ek petn. 6)

Yi Vi

Further, if p>1, 1 € EY(K), p' = ﬁ, then

@(z)—i/M+i/sﬁ2—dt 2 ek, (6)

- 2mi t—2 2mi ) t—2z
71 72
where ¢; € LP(I;w;), i = 1,2, I = [0, 27], and w; is the narrowing on ~y; of
the function w, i.e., w1 () = wT (), wa(e) = wt(pe’c).

Proof. Equality (5) is easily obtained from Statement 1, since in the case
under consideration w® € EP(K) C E'(K), and hence w® = ®; + s,
®; € EP(K;), where according to (3), ®; = K., (wt®™t), i =1,2.

Next, when % c B (K), then taking into account the fact that the
Cauchy type integral with density from LP(v;), p > 1 belongs to EP(K?)
(see, for e.g., [10]), equality (4) allows us to conclude that %(I%- € EY(K;),
and hence ® € E'(K), where (w®)" € LP(v). Therefore the narrowing on
7; of the function ®* belongs to LP(vy;;w;), i = 1,2. By virtue of (2)—(3)
this implies that equality (6) is valid. O

Definition 2. Let I' be a simple rectifiable curve. We say that the other
than zero function w almost everywhere on I' belongs to the class WP(T'),



44 G. KHUSKIVADZE AND V. PAATASHVILI

if the operator

Tr‘lf—>w5r‘£,
where o -
f ow(t f(r) dr
(wSFZ)(t)f 2mi /w(r)r—t’ tel,
r

is bounded in LP(T").
Assume WP = WP ().

Statement 3. If w € E°(K), § >0, and the functions wo belong to the
class WP, then the function

L A@d 1 [ f()de

F —
=55 77 T T2
Y1 Y2

=Fi(2)+ F2(2), z€K, fi€LP(vi,wi) (7)
belongs to the class EP(K;w).

Proof. Tt suffices to establish that F; € EP(K;;w). First of all, let us prove
that the well-known Smirnov’s theorem which says: if ® € EP(K;) and
&t € LPi(yy), p1 > p, then ® € EP(K;) ([8], p- 116), can easily be
extended to the doubly-connected domain K.

Thus let ® € EP(K) and ®* € LP'(y), p1 > p. Let us prove that
o € B (K).

Since ® € EP(K), therefore by Statement 2, we have & = ®; + o,
® € EP(K;) and it follows from the condition ®* € LPi(y) that ®; €
LP(~y;), i = 1,2. Then by the above-mentioned Smirnov’s theorem, we
have ®; € EP(K;), and since & = &1 4+ ®5, by virtue of Statement 1, we
can conclude that ® € EP(K).

Let us now prove that the functions F; from equality (7) belong to
EP(K;;w). Since f; € LP(v;;w;), therefore f; = goiwjl, where ; € LP(v;).
As far as w; € WP, there exists ¢ > 0, such that w; € LPT(y;), w;l €
LP'*e(~;) (see, for e.g., [1]), and hence piw; ' € L'9(y;), § > 0. Then
F,(z) € B'(K), and since w(z) € E°(K), M(z) = w(2)F(z) belongs to
E"(K) for some n > 0. Consider the functions M;" (%), i = 1,2. We have

AN i 901'(614) i / wi(r) dr ]
Mi(e) = wile ){Qw(eiﬁ) o e ]
Vi
and it follows from the condition w; € WP that M;" € LP(v;). Then M(t) =
w(t)F(t) belongs to LP(v), and hence M(z) € EP(K) (owing of the just
now proven Smirnov’s theorem for the ring). This implies that F(z) €
EP(K;w). O
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In what follows, we will need the following class of weighted functions:
Wh = {w cwtl e 6UOE5(K), w; € Wp}.
>

If w € WE, then L € E"(K), n > 0, and & € LP*+5(y), hence 1 €
Ep/"’a(K ). Consequently, the condition from Statement 2 is fulfilled. Thus
from Statements 2 and 3 we have

Theorem 1. Ifw € WE, p > 1, then the class EP(K;w) coincides with
the class of functions ®, representable in the form

1 t)dt 1 t)dt
@(z):_'/&+_'/ﬂ:
211 t—z 211 t—z
Y1 Y2

= ®1(2) + Pa2(2), z€K, i€ LP(yiswi).

Definition 3. The harmonic in K function u belongs to the class
eP(K;w), if u = Re ®, where ® € EP(K;w).

Statement 4. If u € e?(K;w), w € WE, then there exist the functions
we LP(I;wr) and A € LP(I;wq), I =[0,27], such that the equalities

27
1 1-r
u(z) =u :‘;/“ T2 areos(C ) ©F
0
. 27r>\ p2 _ 7/.2 d 8
+o- (C)pg + 72 — 2prcos(C — ) ¢ ”
2
/5@M<:0 v
0

hold.

Indeed, since u € ef(K;w), w € WE, therefore u = Re(®; + ®3), where
®; are defined by equality (6). Note here that ¢; € L'™¢(y1), ¢ > 0.
Hence ®; € E'(K). But the functions from E'(K;) are representable by
the Schwarz integrals (see, for e.g., [12], p. 84)

2
1 e+ 2
Bi(2) = o [ Re{ () S
0
27

(O), S Kl, (10)

1 pets + z
Py(z) = 47T/Re(1>+(pe )peC

0

7ZdC, Py(00) =0, z€ Ky, (11)
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and hence
2

J/Ih3®2d<::0. (12)

0
Denote 11(¢) = Re ®F (%), A(¢) = Re @4 (pe'®). Condition w € W¥ im-
plies that u € LP(I;w1), A € LY(I;w2). From the equality u = Re(®; + P2)
we now obtain equality (8), and equality (12) is transformed into equality

(9)-

1.2. The Dirichlet Problem in the Class (K ;w). Consider the Dirich-
let problem in the following statement: find the function u by the conditions

u € eP(K;w), p>1,
ut () = £(¢), ut(pe) = g(C), f € LP(I;w1), g € LP(I;ws),

where ut(e¥), uT(pe’®) are the angular boundary values u(z) on 7; and
~a, respectively. They are defined almost everywhere on [0, 27], and the
equalities in (13) are likewise understood almost everywhere.

A solution of the problem (13) will be sought in the form (8).

Taking into account the boundary conditions (13), the properties of the
Poisson integral and the condition (9), we obtain the following system of
integral equations:

(13)

27

1 1—p? _
M(C) - % / )\(Oé) 1+ p2 — 2pCOS(O{ — C) da = f(g)7
2m 0 (14)
1 1-p? _
3= [ 1) T da = MO = 0(0),

0
with the supplementary condition (9) with respect to A.
From the second equality of (14) we define the function A and substituting
it into the first one. We obtain
2m 2m

, . 1—p?
u(C)E/{%/N(mlerQ—?PCOS(ﬁ—O‘) il
0 0
1—p? —
X 1+ p? —2pcos(a— () do=v(©) "
where
27
— 1 17[)2
v(¢) = £(0) - 5/9(“)1+p2—2p005(0‘—4) " v
0

Obviously, v € LP(I;wn).
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Consider the function

27
1 1— (pr)?
Vi(r,Q) = - /”(O‘) 1+ (pr)2 — 2prcos(a — ()
0
0<r<l1, 0<p<l.

da,

This function is harmonic in K; and continuous in K;. Therefore

27

V(1,0 = o [ el gt
0

da.
14+ p? —2pcos(a — () «

Consequently,
. 2 1_ 2
Vip, Q) = o /V(l,a) 14+ p2— 2;)([1)05(04 - ) do=
) 027r 1 2 1 2
= %/ [%/ﬂ(ﬂ)lerQQ_pé)os(ﬂa) ]

0 0
1— 2
% 14
1+ p? —2pcos(a— ()

da,

and we can rewrite equality (15) as

() = V(p: Q) = v(Q).
But according to (17),

2
1 1-(p*)?
V = — d =
0
1 2 1 4
—p
= — do.
2 /,u(a) 1+ p* —2p? cos(a — () “
0
Now, equality (15) with regard for (20) takes the form
i 1-p
—p
- do = .
10 = 5 [ Mo g 4o = 1O
0
Assume
1 1-p
K(a,Q) = .

S 21 1+ pt —2p%cos(a— ()

47

(21)
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Then equality (21) is has the form
27
u(Q)+ [ (@) (e, da = v(0) (2)
0

in the class LP([;w1), in which K (a, () is continuous on the square I x I,
and K(¢,a) = K(a, (). By virtue of the above-said, (22) is the Fredholm
equality in LP(I;w), and its conjugate equation has the form

2

Q) + / (@) K (¢, 0) da = m(),

0

which is considered in the class L¥' (I;wi ).
Consider the case v(¢) =0, i.e., the equation

27
1 1—p* -
M(C) - % /‘LL(OL) 1+ p4 — 2/)2 COS(Oé — 4—) da = 0. (23)
0

Let us prove by induction that for every natural n a solution p of equation
(23) satisfies the equality

2

© -5 [ MO e ——da=0. ()
- [ o = U.
a on ) YT p*r — 2p?m cos(¢ — a)
0
Thus we assume that for some n the expression (24) is valid.
. . . —_ 2 . . . .
Multiplying equality (24) by % 1+p2_ép e () and integrating it with
respect to ¢, we obtain
27 9
1 1—p
il de—
27 /M(C) 1+ p2 —2pcos(¢ — ) ¢
0
2m 2m 4
1 1 1— pin
- — — d
27 [27r /u(a) 1+ p* — 2p27 cos(¢ — ) “
0 0
1— 2
P ¢ =0 (25)

X
1+ p? —2pcos(C — )

Consider the harmonic in K7 and continuous in K7 function

27
1— (p*'r)?

1
Vipn(ri€) = 52 / MO (G — 27 cos(C — )
0

da, r<1. (26)
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This function is representable by the Poisson integral, hence

2

1 1-p°

n\pP; = o5_ n ]‘7 d¢ =
Vo 0o9) = 3= [ Vipn (1 Oy e ¢

0

1 27 1 27 1 4

= 5_ —/[,L(O[) 4n 2n dor | x
2m 2m 14 pn —2p?7 cos(¢ — @)

0
1—p?
X
14 p* —2pcos(C — ¢)

But according to (26), we have

dc. (27)

2m

1 1— p4n+2
n b = 5- d ' 2
Vi,p, (0, ) o /M(a) 1 4 pint2 — 2p2n+1 cos(a — o) “ (28)

By equalities (27)—(28), equality (25) takes the form

27
1 1—p?
il de—
27 /M(C) 1+ p2 —2pcos(¢ — ) ¢
0
T An+2
1 1—p
- da. 29
2 /,u(a) 14 ptnt2 — 2p27+ 1 cos(a — ) “ (29)

0
Consider now the function

2
1 1— (p2n+1,r)2
\% = — da. 30
2,0 (T ) o /,u(a)1+ (P22 = 227+ 1 cos(a — ) Q (30)
0
Then
1 27 1 9
—p
\% =— |V 1 d¢ =
2,p,n(p7 (P) or / 2,p,n( ag) 1+ P2 — 2pCOS(< — 90) C
0
1 27 1 27 1 Anto
= — — d
o O/ [QWO/M(OZ)l + pAnt2 _ 220+ cos(a — () )X
1—p?
X dc. 31
1+ p* —2pcos(C — ¢) ‘ (3D
From (30) we have
1 27 1 Anid
_ "
Vaon(ps ) = 5= / pla) 7 o 2,72 cos(ar — ) da. (32)

2T
0
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(31) and (32) now yield

2 2
% {% /,u(a) 14 pint2 1_2;)21":12(:05(04 —<) dar]
0 0
e f12; gjs@ — %=
2
- mmewﬁgﬁﬁm@_@M- (33)
Multiplying equality (29) by % WM and integrating it with

respect to ¢, we obtain
2 2

1 1 1—p? 1—p?

il il d doo—

2 {277 /u(ol + p2 — 2prcos(C — p) C] 1+ p? —2prcos(p — B) v
0

0
27 27 Anto
1 1 1 ptn
== d
o [2# /M(a) 1+ p*+2 — 2527+ cos(a — ) O‘} X
0 0
1—p?

x dp = 0. 34
L+ 02 —2pcos(p—B) 7 (39

in which the first summund on the left is, according to (16), equal to u(5),
and the second one, by virtue of (33), is equal to
27

1 1—pinte
“on () 1+ pintd — 202042 cos(a — 3) da.
0
Therefore from (34) we finally get
L7 1 — pintd
W) = 3= [ 1) T e = 0 (39)

Thus assuming that equality (24) is valid, we have stated that equality (35)
is true. For n = 1, the validity of (24) follows from (23). Thus equality (24)
is proved for any n € N.

Passing to the limit as n — oo, from (24) we have

2m

/u(a) da = 0. (36)

0

1
2T

w(B)

This implies that ¢ = const. Consequently, only constant functions are
the solutions of equation (22) and its conjugate for v = 0 and m = 0,
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respectively. Hence by the Fredholm property, equation (24) is solvable, if

and only if
2

/CV(C) d¢ =0, C = const,
0
i.e., if
27 2

0/ [f(C) - % 0/g(oz)1 e 12;§js(a -5 da} d¢ = 0.

whence we have

2m 2m

[srac= [ atc)ac (37)
0 0
Thus equation (15) and, consequently, the system (14) is solvable, if and
only if the given boundary functions f and g satisfy the condition (37). If
this condition is fulfilled, then equation (22) has a solution p depending on
one arbitrary parameter C,
p=p+C (38)
where [ is a particular solution of equation (22) of the class LP(I;w;). From
the second equation of the system (14) we find the function A,
27
1 - 1—p?
NQ) = 57 [ Fle) dotC—g(0).  (39)

“or 14 p? —2pcos(a— ()
0

which belongs to LP(I;wz). The condition (9) implies that

2 27

27
1 1 . 1
O:%/)\(ng:@T)Q/p(a)daJrC—%/g(C)dQ
0 0 0
ie.,

2m
1 -~
c=co=-5 [ |52 - 40| ac (10)
0
Therefore if in equalities (38) and (39) we take C' = Cj, then the functions
w and A defined by these equalities, provide us with a solution of the system
(14) which satisfies the condition (9).
Let us show that this solution for f = g = 0 is given by a pair u = 0,
A = 0. Indeed, integrating the second of equalities (14) and taking into
account (9), we find that

0/ w(C) d¢ = 0.
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Then by virtue of (36), we have p = 0, and it follows from equalities (40)
and (39) that Cy = 0, A(¢) = 0. This, according to (8), implies that the
homogeneous problem (19) has a unique solution u = 0.

Thus the following theorem is proved.

Theorem 2. If w € WE, p > 1, then the Dirichlet problem (13) is
solvable in the class EP(K;w), if and only if the condition (37) is fulfilled. If
this condition is fulfilled, the problem has a unique solution given by equality
(8), where the functions p and X are defined by equalities (38) and (39) in
which & is a particular solution of equation (22), and C' is given by equality
(40).

2. ON THE CONFORMAL MAPPING OF THE CIRCULAR RING ONTO A
DouBLY-CONNECTED DOMAIN BOUNDED BY PIECEWISE SMOOTH
CURVES

2.1. Smirnov Classes in Doubly-Connected Domains. Let D be a
doubly-connected domain bounded by the rectifiable Jordan curves I'; and
I'y; T'o lies in a finite domain which is bounded by T'y, and let p(z) be an
analytic in D, everywhere other than zero function.

Definition 4. We say that the one-valued analytic in D function ®(z) is in
the class EP(D; p), if there exists an increasing sequence of doubly-connected
domains {D;} with rectifiable boundaries £’, exhausting the domain D and
such that

stz}p/ |p(2) ®(2)||dz| < oo.
Li

Assume EP(D) = EP(D;1), e?(D;p) ={u:u=Re®, & € EP(D;p)}.

Statement 5 ([7], [13]). (i) For any function ® from EP(D) we can
take in the capacity of L' the images of circumferences with center u = 0
under the conformal mapping of the ring K onto D; (ii) ®(z) has almost
everywhere on T = T'1 U Ty angular boundary values ®*(t), where ®*(t) €
LP(T); (ili) ® € EP(D), if and only if the function ®(z(w)) /2 (w) belongs
to EP(K), where z = z(w) is the conformal mapping of K onto D, such
that z(v;) = Ty, i = 1,2; (iv) the class EP(D) coincides with the class of
functions ®, representable in the form ® = &1 + &y, ®; € EP(D;), where
D; is that of the domains bounded by T'; which contains D.

Statement 6. If z = z(w) is the conformal mapping of the ring K onto
the domain D bounded by rectifiable Jordan curves, then z'(w) € E'(K).

Proof. In the case under consideration, z(w) is the function, analytic in K
and continuous in K, therefore
1 z(T)d 1 z(1)d
z(w) = —/—(T) T4 —/—(T) T = z1(w) + z2(w).

211 T—w 211 T—w
Y1 Y2
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The function z; is analytic in the circle K; and continuous in ?1; its
boundary values form on ~; the function z1(7) = 2(7), 7 € 71, which is,
in fact, the equation of the rectifiable curve. Hence z; is the function with
bounded variation. As is known, in this case the function z; is absolutely
continuous, and 2} € E'(K1) (see [9], p.395).

Considering the function ((w) = 22(£) in K, we can, according to the
above result, conclude that ¢/ € E'(K), and consequently, zo € E'(K3).
Thus 2/ = 21 + 25, 2/ € EY(K;). By item (iv) of Statement 5, we have
o e BY(K). O

2.2. The Properties of the Derivative of Conformal Mapping of
the Ring onto the Domain Bounded by Piecewise Smooth Curves.
Let I'; and I'; be the Jordan piecewise smooth curves bounding the doubly-
connected domain D, where I'; lies in a finite domain bounded by the curve
T.

Denote by t1,to,...,t, angular points of the boundary I' =T; UT's. We
assume that at those points the sizes of angle, interior with respect to the
domain D, are equal to mvg, 0 < v < 2. A set of such curves we denote by
Cl(tlatQa .- '7tn;1/171/2a .- '71/71)'

Since 2’ € E'(K), almost everywhere on « there exist angular boundary
valuers z’(t). Therefore there exist the points A, B and C,D on 7; and
2, respectively, such that: (a) the pairs A,D and B,C lie on the radii,
outcoming from the point z = 0; (b) at those points there exist angular

boundary values; (c) the images of the arcs BA and DC under the conformal
mapping are free from the angular points I'. We assume that the point A
follows the point B when passing round on -3 in the positive direction (i.e.,
counterclockwise).

Note here that as soon as the points satisfying the conditions (a)—(c)
are found, there exist in any small one-sided neighborhoods of those points
another points with the same properties.

We draw through the points A and D an ellipse whose largest axis is the
segment ‘AD. Denote by Ip 4 that part of the ellipse under the motion along
which from D to A the interior portion bounded by the ellipse remains on
the left, and let [4p be the remaining part of the ellipse. Just as above, we
draw through the points B and C' the ellipse and choose the arcs lcp and
lpc. Assume that the constructed by us ellipses do not intersect. Suppose

L1=ZDAUAVBUZBCval), LQZZADUDVCUZCBQBVA.

By the construction, L; and Ly are the simple closed Ljapunov curves.
By G; and G2 we denote finite domains, bounded respectively by L; and
Lo.
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Let z;(w) = z(w), w € G4, i = 1,2, and assume @; = z(G;). Then Q;
are the simply connected domains. Note that by the condition (c), Q1 is
bounded by the piecewise smooth curve, while ()2 by the smooth curve.

Below we will need the following facts.

Statement 7 (see, for e.g., [6], [4], p. 153). If z = z(w) is the conformal
mapping of the unit circle onto the simply connected domain G bounded by

a simple curve from CY(t1,ta, ... ton;v1,00,. .. 0), 0 < vg < 2, then
(w) = [J(w—ar)*'z0(w),  =(ar) = tr, (41)
k=1
e N EYK), 28(e) e NnWS ack. (42)
0 5>1 ’ 6>1

Statement 8 ([14]). If T is the simple closed curve with the chord con-
dition (i.e., for which the ratio of the length of the smallest arc, connecting
two arbitrary points, to that of the chord, connecting the same points, is
the bounded function), in particular, if T' is an arbitrary piecewise smooth
curve without cusps, and if for the given on that curve almost everywhere
nonnegative finite and other than zero function w, we have

1 1/p 1 , 1/p’
sup <m/w”(s)d5) (m/w_p (s)ds) < 00,
!
1 l

where the upper bound is taken over the whole arcs I, |l| < |T'|, then w €
we(T).

Let now G be a simply connected domain, bounded by a simple rectifiable
Ljapunov curve, while the domain D by a piecewise smooth curve. Next, let
z = ¢(¢) be the conformal mapping of the unit circle onto @, and ¢ = {(w)
be the same mapping of G onto the unit circle. The function ¢(¢(w)) maps
conformally the domain G onto Q). Using Kellogg’s theorem (see, for e.g.,
[9], p-411) and the fact that: if the schlicht function is different from zero
and belongs to the Holder class, then the inverse function possesses the
same properties, and from Statements 7 and 8 we have

Statement 9. If z = z(w) is the conformal mapping of the simply con-
nected domain G bounded by the Ljapunov curve onto the domain, bounded
by the curve from Ct(ty,ta, ... ,tyiv1, Ve, ... V), 0 < v < 2, then for 2’
the representation (41) in which

+a ) +a )
25" € 5Q1E (@), =z e 5Q1W (), acR.
is valid.

Using this statement, we can conclude that

H(w) € 0 E (), #iw) € 0 WIBA), w)e 0 W(DO), (13)
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n
H w—ap)* 2 ow), weG, z(ag) =ty

5 a é
21,0 € 6QIE (Gl), 2170(75) S 5@1W (AB) (44)

« ST
270(t) € 5Q1W (CD), acR.

On the basis of the above facts we prove that for the doubly connected
domain D with the boundary from C*(t1,ta,. .., th; V1, V0, ... Vp), 0 < g <
2 we have

H z—ap)* la(w), zite SQIE‘S(K). (45)

Indeed, let § > 1 be an arbitrary number. Since zp € E°(Gs), 210 €
E°(Gy), there exist a sequence of the curves Lo, C Go and Ly, C G
converging to Lo, and that of the curves Ly and L, C G converging to Ly,
such that

sup/ |25]°|dw| < oo, sup/ |21 0% dw]| < oo. (46)
" Lan " Lin
Since in G; we have z;(w) = z(w), and the distance from the set

{t1,...,tn} to Ly is positive, this implies that

i=1,2. (47)

/‘ 2 (w) ’
su
w S AT = a

As far as Ly, converges to Li, the curve Li, for large n intersects the
segment AD in small neighborhoods of the points A and D. The first
points of intersection we denote by a1, and dy,. Just in the same way, the
curves Lo, intersect AD in small neighborhoods of the points A and D, and
let as, and da, be the first points of intersection. Analogously, we choose
the points b1y, c1n, bayn, 2, on the chord BC. Consider the curves

Yin = Lalnbln U blnb2n U ngnagn U A2nA1n,

Yon = Ldlncm U ¢cinCon U LCQndQW, U d2nd1n;

where Lg,, by, Ldi,c,, denote the parts of the curve Ly, with the ends
@1n,b1,n and din, c1n, respectively. The arcs Ly, q,, and Le,,q4,, are de-
fined analogously; bi1nb2n, G1nG2n, CinCan and di,ds, are the segments on
the chords AB and C'D. Obviously, vin, i = 1,2, converge to the circum-
ferences ;.
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Since the function z’ at the points A, B, C, D has angular boundary values
and inequalities (47) are valid, it is not difficult to conclude that

/‘ 2w 6Id | <
Ssu w 0.
o [T (v — ag)e—?

Yin

Thus we have proved the inclusion 2o € E°(K) and hence (45).

Establish now that {/z/(e’¢) and {/z'(pei¢) belong to WP.

We start from (43) and (44) and note first of all that as is said above,
in the small neighborhoods of the points A, B, C, D there exist the points
Ay,By € BA, Ay,B; € AB, C1,D, € DC, Cy,Dy € CD such that the
conditions (a)—(c) are fulfilled, and hence the following inclusions analogous
0 (43) and (44) are valid:

/ o = / 5 7
25 € (SQIW (B242), zy(w) € (SQIW (CyD3), "

2o € 591W5(A131)7 210(t) € JQIW(S(chl), aeR.

pldtl=/\</%/ J%d
/\W =

Let f € LP(71). We have
+(/7/</_
+\/7/{/_

<> ([I50 [ i

+ W / W;_T)det i+

AB
fl) dr |?
25(t) - |dt]
+B£ v Bi Ve 7t T

; f(ry dr |” o (
+/ </Z2(t)AB {/zi(—'r)T—t |dt|) =22(J; + Jo+ Js + Js). (49)

BA

We assume that

p b

1 -1 1
<k <=, le 0<wy<p.
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n
Then [] (w — ag)”*~! belongs to WP, and hence WP*¢, as well. Moreover,
k=1

according to (48), we have zl/p € ﬁ W‘S(A Bl) Using Stein’s interpolation
theorem on the weighted functlons for the operator f — Sa, B, f ([15]), we

obtain /2] € Wp(AlvBl). Therefore J; < M| f||*4, p,- For Ja, we have
|7 —t| > m > 0, and hence

f(r)y dr |? 1 dr p-1
Lf s sy [ [ o)

B1A; B1 A
Moreover, {/z{(t) € LP(AB) and thus Jy < Mapl|f||'3, 4, -
Analogously we estimate J3 and Jy, and from (49) we get J < Mp||f[|? .
Just in the same way we can estimate the value

vom [
() Tt

As a result of the above reasoning, we have

Theorem 3. If the doubly connected domain D is bounded by the bound-
ary from C(ty,ta, ..., th; V1, V2, .., n), 0 <vp < p, p>1, and z = z(w)
is the conformal mapping of the circle K onto D, then the relations (45) are

valid, and, moreover, the functions {/z'(e¥) and {/z'(peic) belong to WP,
3. THE DIRICHLET PROBLEM IN THE CLASS eP(D; p)

Again, let D be the doubly-connected domain with the boundary I’
€ CHty,ta, ..ty V1, V2, ooy Vn), T1, T2, - - -, Tm be the points on I' (some
of them may coincide with the points t;). Let

o) = T (= — 7)™ (50)
k=1

Consider the Dirichlet problems which is formulated as follows: Find the
function, satisfying the conditions

u € e?(D;p), (51)
u|F1 = 'LL|F2 =9, fGLp(Fl;p)a gGLp(FQap)
If u = Retb is a solution of the problem (51), then the function
( w))p(z(w)) /2 (w) belongs to EP(K), ie., P(z(w)) € FEP(K;w),
p(z(w) {/ ’w If we assume that U(w) = u(z(w), fi(r) = f(z(1)),
( ) = g(z(1)), then with regard to U we obtain the problem
U e er(Kiw), wlw) = plx(w)) /7@, )
U‘n:fla U‘m:gh fre LP(Liwr), g1 € LP(L;ws).
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In order to apply Theorem 2 to the problem (52), the condition w(w) € W,
should be fulfilled. This condition will be fulfilled under certain assumptions
with respect to I' and p.

We have p(z(w)) = [] (2(w) — z(by))?*, z(bg) = 7.

Here we shall use one result from [6]: If z = p(w) is the conformal map-
ping of the wunit circle onto the domain with the boundary from
Cl(ti,ta, ..., tn;v1,V0,...,0y), then

p(w) = plar) = [[(w — an) ™ on(w),  plar) = tr,
where
5 ta iC 5 5 )
wi € SQ1H . (") € 5Q1W , H° is Hardy’s class.

Relying on this statement, just in the same way as in proving Theorem
3, we can prove that under the above-adopted assumptions with regard to
I', we have

p(w) — plar) = (w — ar)" 2k (w),
where zi(w) € 6ﬂ1E‘5(K), 2iE%(e) and 27 (pe’“) belong to the set 601W‘§
> >
for any a € R.
From this fact we immediately find that w*!(w) € E"(K), n > 0. Since

the functions zi(w), k¥ = 1,m and — 2 (w)

1 (w—ay)"e~?t
k=1

601W‘5, owing to Stein’s theorem, the function w(w), w € +;, will belong to
>

WP if and only if the functions

, W € 7;, belong to the set

n m
H(w _ ak)u’“Tfl H(w _ bk)ﬁkl-lfk’
k=1 k=1
1, if 7 E{t1,te,...,tx}, z(ar)=tg,
Hi = 2(bg) =%, weEs, s=12,

Vj, if Tk:t]’,

belong to WP. This condition will be fulfilled, if

0<uvp<p, when t€{r,7,...,Tm}, (53)
1 1 _

—— <G < > when Tke{tl,tg, . ,tm}, (54)
p p
1 —1 1

*_<Vk +v;3; < —, when i =1y,

p/
i.e.
0<wvp+pBjvjp<p, when tx=r;. (55)
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Thus if 0 < v, < 2 and the conditions (53)—(55) are fulfilled, then w(w) €
wk.

Assuming that the above assumptions are fulfilled, we are able to solve
the problem (52) and hence the problem (51).

Theorem 4. Let D be the doubly-connected domain with the boundary T’
from CL(t1,ta, ... th;vi,va, ... ), and let p(z) be the weighted function
given by equality (50) in which 7, € T, f% < B < ﬁ.

If the conditions (53)—(55) are fulfilled, then the Dirichlet problem (51)
is solvable, if and only if the condition

[swyae= [ o (56)

is fulfilled. If the above condition is fulfilled, then the problem is solvable
uniquely.

In particular, for p = 1, the conditions (53)—(55) take the form
0 < v < min(2;p). (57)

Theorem 4 generalizes the result obtained in [16] dealing with the Dirich-
let problem in the class EP(D) for domains with piecewise Ljapunov bound-
ary to the case of domains with piecewise smooth boundary.

The condition (57) makes it impossible to consider the boundaries with
cusps and the cases when 1 < p < 2 and at least for one j, v; > p. Under
these assumptions, a picture of solvability in the case of a simply connected
domain differs from that considered in Theorem 4, i.e., the unique solvability
violates. The same situation is expected for the doubly-connected domains.
We did not succeeded in extending the method of investigation applied in
[1]-]2] for the simply connected domains to the multiply connected domains.
Unfortunately, the method applied in the present work does not cover the
above-mentioned cases. Here the work [17] is worth mentioning in which
the Riemann-Hilbert problem is solved in the class of harmonic in the circle
K functions with the Holder continuous boundary values. A particular case
of that problem is the Dirichlet problem.
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