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1. Introduction

In [1], Brown and Loday introduced the non-abelian tensor product of groups in the
context of an application in homotopy theory. Analogous theories of non-abelian tensor
product have been developed in other algebraic structures such as Lie algebras [8] and
Lie-Rinehart algebras [4]. In [8], Ellis investigated the main properties of the non-abelian
tensor product of Lie algebras and its relation to the low-dimensional homology of Lie
algebras. In particular, he described the universal central extension of a perfect Lie
algebra via the non-abelian tensor product. In [7], the non-abelian exterior product
of Lie algebras is introduced and a six-term exact sequence relating low-dimensional
homologies is obtained. In [10], using the non-abelian tensor product, Guin defined the
non-abelian low-dimensional homology of Lie algebras and compared these groups with
the cyclic homology and Milnor additive K-theory of associative algebras.

The theory of Lie superalgebras, also called Zs-graded Lie algebras, has aroused much
interest both in mathematics and physics. Lie superalgebras play a very important role
in theoretical physics since they are used to describe supersymmetry in a mathematical
framework. A comprehensive description of the mathematical theory of Lie superalgebras
is given in [14], containing the complete classification of all finite-dimensional simple Lie
superalgebras over an algebraically closed field of characteristic zero. In the last few years,
the theory of Lie superalgebras has experienced a remarkable evolution obtaining many
results on representation theory and classification, most of them extending well-known
facts on Lie algebras.

In this paper we develop the non-abelian tensor product and the low-dimensional
non-abelian homology of Lie superalgebras, generalizing the corresponding notions for
Lie algebras, with applications in universal central extensions and homology of Lie su-
peralgebras and cyclic homology of associative superalgebras.

The organization of this paper is as follows: after this introduction, in Section 2 we
give some definitions and necessary well-known results for the development of the paper.
We also introduce actions and crossed modules of Lie superalgebras. In Section 3 we
introduce the non-abelian tensor product of Lie superalgebras, we establish its principal
properties such as right exactness and relation with the tensor product of supermodules.
We describe the universal central extension of a perfect Lie superalgebra via the non-
abelian tensor product (Theorem 4.1). In particular, applying this theorem, we obtain
that st(m,n, A) is the universal central extension of sl(m,n, A), for m + n > 5, where
A is a unital associative superalgebra. We also study nilpotency and solvability of the
non-abelian tensor product of Lie superalgebras (Theorem 3.9). Using the non-abelian
tensor product, in Section 5 we introduce the low-dimensional non-abelian homology
of Lie superalgebras with coefficients in crossed modules. We show that, if the crossed
module is a supermodule, then the non-abelian homology is the usual homology of Lie
superalgebras. Then we apply this non-abelian homology to relate cyclic homology and
Milnor cyclic homology of associative superalgebras, extending the results of [10]. Finally,
in the last section we construct the non-abelian exterior product of Lie superalgebras
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and we use it to obtain Miller’s type theorem for free Lie superalgebras, Hopf formula
and a six-term exact sequence in the homology of Lie superalgebras.

Conventions and notations

Throughout this paper we denote by K a unital commutative ring unless otherwise
stated. All modules and algebras are defined over K. We write Zy = {0,1} and use its
standard field structure. We put (—1)° =1 and (-1)! = —1.

By a supermodule M we mean a module endowed with a Zg-gradation: M = Mz® Mj.
We call elements of Mj (resp. M7) even (resp. odd). Non-zero elements of Mg U M7 will
be called homogeneous. For a homogeneous m € Mg, & € Zs, its degree will be denoted
by |m|. We adopt the convention that whenever the degree function occurs in a formula,
the corresponding elements are supposed to be homogeneous. By a homomorphism of
supermodules f: M — N of degree |f| € Zo we mean a linear map satisfying f(Mgz) C
Na+g|- In particular, if |f] = 0, then the homomorphism f will be called of even grade
(or even linear map).

By a superalgebra A we mean a supermodule A = Ag @ Aj equipped with a bilinear
multiplication satisfying Az Az C A; 5, for &, B € Zs.

2. Preliminaries on Lie superalgebras

In this section we review some terminology on Lie superalgebras and recall notions
used in the paper. We mainly follow [2,18], although with some modifications. We also
introduce notions of actions and crossed modules of Lie superalgebras.

2.1. Definition and some examples of Lie superalgebras

Definition 2.1. A Lie superalgebra is a superalgebra M = Mgz @ M7 with a multiplication
denoted by [, |, called bracket operation, satisfying the following identities:

[x,y] = _(_1)|m||y\[y7$]7
2,1y, 2] = [l 9], 2] + (=)W [y, [, 2],
0,

[mg, mg)

for all homogeneous elements x,y,z € M and mg € Mj.
Note that the last equation is an immediate consequence of the first one in the case 2

has an inverse in K. Moreover, it can be easily seen that the second equation is equivalent
to the graded Jacobi identity

(_1)|m||z| [1}, [yv ZH + (_1)\y||r| [yv [Z,Jf]] + (_1)‘2‘“!' [Z’ [.13, y]] =0.
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For a Lie superalgebra M = Mgz @& M3, the even part M is a Lie algebra. Hence, if
Mi = 0, then M is just a Lie algebra. A Lie superalgebra M without even part, i. e.,
Mg =0, is an abelian Lie superalgebra, that is, [x,y] = 0 for all x,y € M.

A Lie superalgebra homomorphism f: M — M’ is a supermodule homomorphism of
even grade such that flz,y] = [f(z), f(y)] for all z,y € M.

Example 2.2. (i) Any associative superalgebra A can be considered as a Lie superalgebra
with the bracket

[a,b] = ab — (=1)lllpg,

(ii) Let m, n be positive integers and A a unital associative superalgebra. Consider
the algebra M(m,n, A) of all (m + n) x (m + n)-matrices with entries in A and with
the usual product of matrices. A Zs-gradation is defined as follows: homogeneous el-
ements are matrices E;;(a) having the homogeneous element a € A at the position
(i,7) and zero elsewhere, and |E;;(a)| = |i| + |j| + |a|, where |i| = 0if 1 < i < m
and |i| = 1if m+1 < i < m + n. With this gradation, M(m,n,A) turns out to
be an associative superalgebra. The corresponding Lie superalgebra will be denoted by
gl(m,n, A).

(iii) Let V = V5 @ V7 be a supermodule. Then the supermodule Endg (V') of all linear
endomorphisms V' — V (of both degrees 0 and 1) has a structure of an associative su-
peralgebra with respect to composition (see [2]) and hence becomes a Lie superalgebra.
In particular, if the ground ring K is a field, and m, n are dimensions of Vg and Vj
respectively, then choosing a homogeneous basis of V' ordered such that even elements
stand before odd, the elements of Endg (V) can be seen as (m + n) x (m + n)-square

()

where a, b, c and d are respectively m x m, m X n, n x m and n X n matrices with entries

matrices

in K. The even elements are the matrices with b = ¢ = 0 and the odd elements are
matrices with a = d = 0.

Let M and N be two submodules of a Lie superalgebra P. We denote by [M, N] the
submodule of P spanned by all elements [m,n] with m € M and n € N. A Zs-graded
submodule M is a graded ideal of P if [M, P] C M. In particular, the submodule Z(P) =
{c€ P:[e,p] =0 for all p € P} is a graded ideal and it is called the centre of P. Clearly
if M and N are graded ideals of P, then so is [M, N].

Let M be a Lie superalgebra and D € Endg(M). We say that D is a derivation if for
allz,y e M

D([z,y]) = [D(2),y] + (=1)""*![z, D(y)].
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We denote by (DerK(M ))& the set of homogeneous derivations of degree & € Zs. One
verifies that the supermodule of derivations

Derg(M) = (DerK(M))ﬁ ® (Derg(M));

is a subalgebra of the Lie superalgebra Endg (M).
2.2. Actions and crossed modules of Lie superalgebras

Definition 2.3. Let P and M be two Lie superalgebras. By an action of P on M we mean
a K-bilinear map of even grade,

PxM—M, (pm)—Pm,

such that

(i) PPl = P(P'm) — (= 1) P12 (P,
(ii) Plm,m] = [Pm,m’] + (=1)IPImI [m, Pr],

for all homogeneous p,p’ € P and m,m’ € M.
The action is called trivial if Pm = 0 for all p € P and m € M.

For example, if M is a graded ideal and P is a subalgebra of a Lie superalgebra Q,
then the bracket in ) induces an action of P on M.

Note that the action of P on M is the same as a Lie superalgebra homomorphism
P — Derg(M).

Remark. If M is an abelian Lie superalgebra enriched with an action of a Lie superalge-
bra P, then M has a structure of a supermodule over P (P-supermodule, for short) (see

g. [18]), that is, there is a K-bilinear map of even grade P x M — M, (p,m) — pm,
such that

[, p'Jm = p(p'm) — (=1)¥'lpf (pm),
for all homogeneous p,p’ € P and m € M.

Note that a P-supermodule M is the same as a K-supermodule M together with a
Lie superalgebra homomorphism P — Endg (M).

Definition 2.4. Given two Lie superalgebras M and P with an action of P on M, we can
define the semidirect product M x P with the underlying supermodule M & P endowed
with the bracket given by

[(m,p), (m, )] = ([m,m/] + Pm/ — (=1)I™P' ("', [p, ).
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Now we are ready to introduce the following notion of crossed modules of Lie super-

algebras (see also [23, Definition 5]).

Definition 2.5. A crossed module of Lie superalgebras is a homomorphism of Lie super-
algebras 0: M — P with an action of P on M satisfying

(i) 0("m) = [p,0(m)],

(ii) 2™m! = [m, m/],

for all p e P and m,m’ € M.

Example 2.6. There are some standard examples of crossed modules:

(i)

The inclusion M < P of a graded ideal M of a Lie superalgebra P is a crossed
module of Lie superalgebras.

If P is a Lie superalgebra and M is a P-supermodule, the trivial map 0: M — P is
a crossed module of Lie superalgebras.

A central extension of Lie superalgebras 9: M — P (i.e., Kerd C Z(M)) is a crossed
module of Lie superalgebras. Here the action of P on M is given by Pm = [m, m],
where 7 € M is any element of 9~1(p).

The homomorphism of Lie superalgebras 9: M — Derg (M) which sends m € M to
the inner derivation ad(m) € Derg (M), defined by ad(m)(m') = [m,m’], together
with the action of Derg (M) on M given by Pm = D(m), is a crossed module of Lie
superalgebras.

Lemma 2.7. Let 0: M — P be a crossed module of Lie superalgebras. Then the following

conditions are satisfied:

(i)
(i)
(iii)

The kernel of O is in the centre of M.

The image of O is a graded ideal of P.

The Lie superalgebra Im O acts trivially on the centre Z(M), and so trivially on
Kerd. Hence Kerd inherits an action of P/Imd making Kerd a P/Im 0-super-
module.

Proof. This is an immediate consequence of Definition 2.5. O

2.3.

Free Lie superalgebra and enveloping superalgebra of a Lie superalgebra

Definition 2.8. The free Lie superalgebra on a Zs-graded set X = Xz U Xy is a Lie
superalgebra F(X) together with a degree zero map i: X — F(X) such that if M is
any Lie superalgebra and j: X — M is a degree zero map, then there is a unique Lie

superalgebra homomorphism h:F(X) — M with j = hoi.
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The existence of free Lie superalgebras is guaranteed by an analogue of Witt’s theorem
(see [18, Theorem 6.2.1]). In the sequel we need the following construction of the free
Lie superalgebra.

Construction 2.9. Let X = XgUX7 be a Zs-graded set. Denote by mag(X) the free magma
over the set X . The free superalgebra on X, denoted by alg(X), has as elements the finite
sums Y . \jvi, where \; € K and x; are elements of mag(X) and the multiplication in
alg(X) extends the multiplication in mag(X). Note that the grading is naturally defined
in alg(X). The free Lie superalgebra F(X) is the quotient alg(X) /I, where I is the graded
ideal generated by the elements

zy + (=) Wlye,
(1)1 () + (~DMI g z2) + (<) ().

LoTo,
for all homogeneous x,y,z € X and x5 € Xj.

Definition 2.10. The universal enveloping superalgebra of a Lie superalgebra M is a pair
(U(M), o), where U(M) is a unital associative superalgebra and o: M — U(M) is an
even linear map satisfying

ofz,y] = o(x)o(y) — (~1)"Wa(y)o(z), (1)

for all homogeneous =,y € M, such that the following universal property holds: for any
other pair (A4, o’), where A is a unital associative superalgebra and ¢’: M — A is an even
linear map satisfying (1), there is a unique superalgebra homomorphism f: U(M) — A
such that foo =o'

Now we need to recall (see e.g. [21]) that, given two supermodules M and N, the tensor
product of modules M ®k N has a natural supermodule structure with Z,-grading given
by

In particular, the tensor power M®" n > 2, has the induced Zs-grading. Hence the
tensor algebra T'(M) has the Zs-grading extending that of M. We call T (M) the tensor
superalgebra.

Construction 2.11. Let M be a Lie superalgebra and T(M) the tensor superalgebra over
the underlying supermodule of M. Consider the two-sided ideal J(M) of T(M) generated
by all elements of the form
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mem — (=)™ ! @ m — [m,m],

for all homogeneous m,m’ € M. Then the quotient UM) = T(M)/J(M) is a unital
associative superalgebra. By composing the canonical inclusion M — T(M) with the
canonical projection T (M) — U(M) we get the canonical even linear map o: M — U(M).
Then the pair (U(M), o) is the universal enveloping superalgebra of M (see [2]).

Note that, as in the Lie algebra case, the universal enveloping superalgebra turns out
to be a very useful tool for the representation theory of Lie superalgebras. In particular,
by the universal property, it follows that a Lie supermodule over a Lie superalgebra M
is the same as a Zg-graded (left) U(M)-module (see [21, Chapter 1]).

Let us consider K with Zs-grading concentrated in degree zero, that is, with K7 = 0.
Then the trivial map from a Lie superalgebra M into K gives rise to a unique homomor-
phism of superalgebras e: U(M) — K. The kernel of ¢, denoted by Q(M), is called the
augmentation ideal of M. Obviously, (M) is just the graded ideal of U(M) generated
by o(M).

2.4. Homology of Lie superalgebras

Now we briefly recall from [18,22] the definition of homology of Lie superalgebras.
The Grassmann algebra of a Lie superalgebra P, denoted by Ay (P), is defined to be
the quotient of the tensor superalgebra T'(P) of P by the ideal generated by the elements

z@y+ (D Wy,

for all homogeneous z,y € P. Note that Ay (P) = D, Ax(P), where Ag(P) is the
image of P®™ in A\ (P), has an induced P-supermodule structure given by

o(Ty A Axy) = Z(_1)|$|Zk<i |xk|($1 Ao ANz A Axy).
i=1

Let M be a P-supermodule and consider the chain complex (C (P, M), d.) defined by
Cn(P, M) = N\g(P)®x M, for n > 0, with boundary maps d,,: Cp,(P, M) — Cy,_1(P, M)
defined on generators by

n
do(zi A Nxp Qy) = Z(_l)iﬂzi\ Dsi |93k|(x1 Ao AN ATy @ 239)
i=1
+ Z(_l)“rjﬂwi\ P<i lmRlHlTi | 22 o5 e+l
i<j

><([xi,a:j]/\---/\iri/\~-~/\£j/\-~-/\xn®y).
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The n-th homology of the Lie superalgebra P with coefficients in the P-supermodule M,
H,, (P, M), is the n-th homology of the chain complex (C\(P, M),d.), i.e.

Kerd,,
Im dn+1 '

H,(P,M) =

If K is regarded as a trivial P-supermodule, we write H, (P) for H, (P, K).
In the case when the ground ring K is a field, there is a relation between Tor functor
and the homology (see [18]) given by

H, (P, M) = TorV) (K, M).
By analogy to Lie algebras (see e.g. [11]), we have the following isomorphisms

Ho(P, M) = Coker (UP) @upy M — M), (2)
Hy(P, M) = Ker (UP) @upy M — M). (3)

3. Non-abelian tensor product of Lie superalgebras

In this section we introduce a non-abelian tensor product of Lie superalgebras, which
generalizes the non-abelian tensor product of Lie algebras [8], and study its properties.

3.1. Construction of the non-abelian tensor product

Definition 3.1. Let M and N be two Lie superalgebras with actions on each other. Let
Xu,n be the Zo-graded set of all symbols m ® n, where m € Mz U M7, n € Nj U Ny
and the Zo-gradation is given by |m ® n| = |m| + |n|. We define the non-abelian tensor
product of M and N, denoted by M ® N, as the Lie superalgebra generated by Xy v
and subject to the relations:

(i) A(m®n)=Im@n=m® n,
(i) (m+m')®@n =men+m'®n, where m,m’ have the same grade,
mem+n)=men+men’, wheren,n have the same grade,

(iii) [m,m]®@n =m® mpy — (—1)‘m||m/‘(m’ ® ™n),
m® [n,n'] = (=) 1UmlHnD (W @ p) — (=1)Imlnl(vm @ n/),
(iv) [m @ n,m' @] = —(=1) "I (v @ ™),

for every A € K, m,m’ € Mz U My and n,n’ € Nj U Nj.

Let us remark that if m = mg + mz is any element of M and n = ng + ny is any
element of N, then under the notation m ® n we mean the sum

mg ® ng + mg @ni +mg & ng +mi Q ny.
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If M = Mg and N = Nj then M ® N is the non-abelian tensor product of Lie algebras
introduced and studied in [8] (see also [12]).

Definition 3.2. Actions of Lie superalgebras M and N on each other are said to be
compatible if

() O’ = —(= Dl ),

(it) Wm = (=Dl rm, ],
for all m,m’ € MU Mz and n,n’ € Ny U Ny.

For example, if M and N are two graded ideals of some Lie superalgebra, the actions
induced by the bracket are compatible.

Proposition 3.3. Let M and N be Lie superalgebras acting compatibly on each other.
Then there is a natural isomorphism of Lie superalgebras

M @ N
MN~ _———
N = DOL Ny

where D(M, N) is the submodule of the supermodule M ®@x N generated by the elements

(iv) (=1)Imlnl(mm) @ (m’n/) + (,1)(\m|+\n|)(|m’\+|n’I)Hm’lln’\(nm/) ® ("™n),
O (=1)UmltlnDAm” [+ " Dt fmlinl+lm [ [y, 2y @ (),

(m,'n),(m’,n'),(m”,n”)

)
)
(iii) ("m) ® (™n), with |m| = |n|, ,
)
)

for all m,m’ m"” € MzgU My and n,n’,n"” € Ny U Ny, where O denotes the cyclic
T,y,z
summation with respect to x,vy, z.

Proof. There is a Lie superalgebra structure on the supermodule (M ®x N)/D(M, N)
given on generators by the following bracket

[men,m @n']= 7(,1)|mHn|(nm ® m/n/),

for all m,m’ € MU M;z, n,n’ € Nj U N7 and extended by linearity. It is routine to
check that this bracket is compatible with the defining relations of (M ®x N)/D(M, N)
and it indeed defines a Lie superalgebra structure. Then the canonical homomorphism
M®N— (M®gN)/D(M,N), m®n — m®n, is an isomorphism. O

The proof of the following proposition is a routine calculation.
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Proposition 3.4. Let M and N be two Lie superalgebras acting compatibly on each other.

(i) The following morphisms

w:MON—->M, menw— 7(f1)|mHn|(nm)’

v M®N —=N, men— "n,

are Lie superalgebra homomorphisms.
(ii) There are actions of M and N on M ® N given by

’

™(m@n) = [m',ml@n+(=1)"™" e ("),

’

"(m®n) = ("/m) ®@n+ (71)‘”””/‘m® [n',n],

for m,m’ € MU Mz, n,n’ € NjgU N7 and extended by linearity. Moreover, with
these actions p and v are crossed modules of Lie superalgebras.

We will denote by [M,N]M (resp. [M,N]V) the image of u (resp. v), which by
Lemma 2.7(ii) is a graded ideal of M (resp. N) generated by the elements of the form
"m (resp. ™n) for m € M and n € N. Note that by Lemma 2.7(iii) Ker(p) (resp. Ker(v))
is an M/[M, N|™-supermodule (resp. N/[M, N]"¥-supermodule).

3.2. Some properties of the non-abelian tensor product

The obvious analogues of Brown and Loday results [1] hold for Lie superalgebras.
In the following two propositions immediately below we show that sometimes the non-
abelian tensor product of Lie superalgebras can be expressed in terms of the tensor
product of supermodules.

Proposition 3.5. Let M and N be Lie superalgebras acting on each other. Then the
canonical map Mg N - M RN, m®@n — m®mn, is an even, surjective homomorphism
of supermodules. In addition, if M and N act trivially on each other, then M @ N is an
abelian Lie superalgebra and there is an isomorphism of supermodules

M ® N = M2 @g N?P,
where M® = M/[M, M] and N*® = N/[N, N].

Proof. It is straightforward by the identities (iv), (iii) of Definition 3.1. O
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Proposition 3.6. Let P be a Lie superalgebra and M a P-supermodule considered as an
abelian Lie superalgebra acting trivially on P. Then there is an isomorphism of super-
modules

P M=Q(P) Qup) M.

Proof. By Proposition 3.3 there is an isomorphism of supermodules

Pox M
PoM~—"E—
® T

where W is the submodule of P ®g M generated by all elements of the form
p.p)@m—pepm+ (-1)PIp @ pm

for all p,p’ € PsUP; and m € MgUMj. Now by using Construction 2.11 and by repeating
the respective part of the proof of [3, Proposition 13], it is easy to see that there is an
isomorphism of supermodules

P M
w

Il

QP) @y M,
which completes the proof. O

The non-abelian tensor product of Lie superalgebras is symmetric, in the sense of the
following proposition.

Proposition 3.7. The Lie superalgebra homomorphism
M@N—>N@M, men——(—D""mnom),

is an tsomorphism.

Proof. This can be checked readily. O

Let us consider the category SLie% whose objects are ordered pairs of Lie superal-
gebras (M, N) acting compatibly on each other, and the morphisms are pairs of Lie
superalgebra homomorphisms (¢: M — M’ ¢: N — N') which preserve the actions, i.e.,
#("m) = Y p(m) and ("mn) = ¢(™)(n). For such a pair (¢,v) we have a homomor-
phism of Lie superalgebras ¢ @ ¥: M @ N — M' @ N', m @ n — ¢(m) @ ¥ (n). Therefore,
® is a functor from SLief to the category of Lie superalgebras.

Given an exact sequence in SLie¥

(0,0) — (K, L) 220 (a, Ny 122, (@) — (0,0), (4)
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by Proposition 3.4(ii) there is a Lie superalgebra homomorphism M ® L — L and an
action of N on K ® N. Thus, there is an action of M ® L on K ® N, so we can form the
semidirect product (K ® N) x (M ® L), and we have the following obvious analogue of
[8, Proposition 9].

Proposition 3.8. Given the short exact sequence (4), there is an exact sequence of Lie
superalgebras

(KN)x (M®L) -2 MaN 22, pgQ —s 0.

In particular, given a Lie superalgebra M and a graded ideal K of M, there is an
exact sequences of Lie superalgebras

(KM)x(M®K)—>MeM— (M/K)® (M/K) — 0. (5)
3.8. Nilpotency, solvability and Engel of the non-abelian tensor product

The results from [20] on nilpotency, solvability and Engel of the non-abelian tensor
product on Lie algebras can be easily extended to the case of Lie superalgebras. The
notions of nilpotency and solvability of Lie superalgebras are given in [18]. As they are
very similar to the respective notions for Lie algebras, we omit them. We say that a Lie
superalgebra M is n-Engel if it satisfies ad(z)™ = 0 for all x € M. The proof of the
following result is similar to the proof of [20, Theorem 2.2].

Theorem 3.9. Let M and N be two Lie superalgebras acting compatibly on each other.
Then,

(i) If [M,N]M is nilpotent, then M ® N and [M,N]" are nilpotent too. Moreover, if
the nilpotency class of [M, N]M is cl([M, N]M), then

([M,N]M) < cl(M ® N) < cl([M, N]™) + 1,
cl([M, N1V < cl([M, NPM) +1.

(ii) If [M, N1M is solvable, then M @ N and [M, N|YN are solvable too. Moreover, if the
derived length of [M, N)™M is ¢(|[M, N|™), then

(M NM) < 6(M @ N)
(M, NTY)

M +1,
M)+ 1.

(I
([

(iii) If [M, N]M is Engel, then M@ N and [M,N]N are Engel too. Moreover, if [M, N]M
is n-Engel, then M @ N and [M, NN are (n + 1)-Engel.

</U(M,N
</l(M,N
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4. Universal central extensions of Lie superalgebras

Now we use the non-abelian tensor product of Lie superalgebras to describe universal
central extensions of Lie superalgebras. Recall that a central extension w:U — P is
universal if for any other central extension f: M — P there is a unique homomorphism
0:U — M such that f o8 = u. It is shown in [19] that a Lie superalgebra P admits a
universal central extension if and only if P is perfect, i.e. P = [P, P].

It follows from Proposition 3.4 and Lemma 2.7(i) that the homomorphism u: P® P —
[P, P], u(lp®p') = [p,p], is a central extension of the Lie superalgebra [P, P].

Theorem 4.1. If P is a perfect Lie superalgebra, then the central extension u: PQ P — P
is the universal central extension.

Proof. Let f: M — P be a central extension of P. Since Ker f is in the centre of M,
we get a well-defined homomorphism of Lie superalgebras 0: P ® P — M given by
O(p ®p') = [my, my], where m, and m, are any preimages of p and p’, respectively.
Obviously fo f = u. Since P is perfect, then by relation (iv) of Definition 3.1, so is P® P.
Then by [19, Lemma 1.4] the homomorphism 6 is unique. O

Remark. If P is a perfect Lie superalgebra, then Hy(P) ~ Ker(P ® P — P), since the
kernel of the universal central extension is isomorphic to the second homology Ha(P)
(see [19]).

It is a classical result that the universal central extension of the Lie algebra sl(n, A),
where A is a unital associative algebra, is the Steinberg algebra st(n, A), when n > 5 (see
e.g. [16]). Recently, in [5,9], this result has been extended to Lie superalgebras. Below,
using the non-abelian tensor product of Lie superalgebras, we propose an alternative
proof of the same result.

First we recall from [5] that, given a unital associative superalgebra A, the Lie super-
algebra sl(m,n, A), m +n > 3, is defined to be the subalgebra of the Lie superalgebra
gl(m,n, A) (see Example 2.2 (ii)) generated by the elements E;;(a), 1 <i# j <m+n,
a € AgUAz. It is shown in [5, Lemma 3.3] that s{(m,n, A) is a perfect Lie superalgebra.
This guarantees the existence of the universal central extension of sl(m,n, A).

The Steinberg Lie superalgebra st(m,n, A) is defined for m + n > 3 to be the Lie
superalgebra generated by the homogeneous elements Fjj(a), where 1 <i # j < m+n,
a € A is a homogeneous element and the Zj-grading is given by |F;(a)| = |i| + || + |al,
subject to the following relations:

a +— Fj;(a) is a K-linear map,
[Fij(a), Fj5(b)] = Fig(ab), for distinct 1, j, k,
[Fij(a), Fru(b)] =0, for j # k,i# 1.
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Theorem 4.2. (See [5].) If m +mn > 5, then the canonical epimorphism
st(m,n, A) — sl(m,n, A), Fj;(a) — E;j(a),
is the universal central extension of the perfect Lie superalgebra sl(m,n, A).
Proof. We claim that there is an isomorphism of Lie superalgebras
st(m,n, A) = st(m, n, A) @ st(m,n, A).
Indeed, one can readily check that the maps

st(m,n, A) — st(m,n, A) @ st(m,n, A), Fj;(a) — Fi(a) ® Fy;(1) for k # 1, 7,
st(m,n, A) @ st(m,n, A) — st(m,n, A), Fij(a) ® Fr(b) — [Fi;(a), Fr(b)],

are well-defined homomorphisms of Lie superalgebras if m+mn > 5, and they are inverses
to each other. Since st(m,n, A) is a perfect Lie superalgebra, then Theorem 4.1 and [19,
Corollary 1.9] complete the proof. O

5. Non-abelian homology of Lie superalgebras

The low-dimensional non-abelian homology of Lie algebras with coefficients in crossed
modules was defined in [10] and it was extended to all dimensions in [12]. In this section
we extend to Lie superalgebras the construction of zero and first non-abelian homologies.
We also relate the non-abelian homology of Lie superalgebras with the cyclic homology
of associative superalgebras studied in [13,15].

5.1. Construction of the non-abelian homology and some properties

Let P be a Lie superalgebra. We denote by Cross(P) the category of crossed modules
of Lie superalgebras over P (crossed P-modules, for short), whose objects are crossed
modules (M, 0) = (0: M — P) and a morphism from (M, 9) to (N, d’) is a Lie superal-
gebra homomorphism f: M — N such that f(Pm) = Pf(m) for all p € P, m € M and
' o f = 0. By an exact sequence (L, ") SR (M,0) 2= (N,d') in Cross(P) we mean
that the sequence of Lie superalgebras L oM 2 N s exact.
Lemma 5.1. Given a short exact sequence in Cross(P)

0— (L,0") - (M,0) = (N,9') — 0,

the morphism 0": L — P is trivial and L is an abelian Lie superalgebra.
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Proof. Clearly & =& ogo f=0and [,I'] =2"OV =0, forall [,I' e L. O

If (M, 0) and (N, ") are two crossed P-modules, then the Lie superalgebras M and N
act compatibly on each other via the action of P. Thus, we can construct the non-abelian
tensor product of Lie superalgebras M ® N. Moreover, we have an action of P on M @ N
defined by P(m ®n) = Pm ® n + (=1)P"lm @ Pn, and straightforward computations
show that n: M @ N — P, m ® n — [9(m),d'(n)], is a crossed P-module.

Proposition 5.2. Let (M, 0) be a crossed P-module. There is a right exact functor (M ®
—):Cross(P) — Cross(P) given, for any crossed P-module (N,d’), by

(M ®—=)(N,0") = (M & N,n).
Proof. It is an immediate consequence of Proposition 3.8 O

Definition 5.3. Let (M, 0) be a crossed P-module. We define the zero and first non-abelian
homologies of P with coefficients in M by setting

Ho(P, M) = Cokerv and Hi(P, M) = Kerv,

where v: P ® M — M, p ® m — Pm, is the Lie superalgebra homomorphism as in
Proposition 3.4.

If we consider the crossed P-module (P,idp) we have that

Ho(P, P) = [PP 5y = h(P)

In addition, if P is perfect, by Theorem 4.1 we have that H;(P, P) = Ha(P).
The zero and first non-abelian homologies generalize respectively the zero and first
homologies of Lie superalgebras in the sense of the following proposition.

Proposition 5.4. Let the ground ring K be a field. Let P be a Lie superalgebra and M a
P-supermodule thought as a crossed P-module (M,0). Then there are isomorphisms of
super vector spaces

Ho(P,M) = Hy(P,M) and H,(P,M)=H(P, M).

Proof. This is a direct consequence of Proposition 3.6 and the isomorphisms (2)
and (3). O

Proposition 5.5. Given a short exact sequence in Cross(P)

0— (L,0) = (M,0) = (N,0") =0
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we have an exact sequence of supermodules
Hi(P,L) = Hi(P,M) = H1(P,N) = Ho(P,L) = Ho(P,M) — Ho(P,N) — 0.

Proof. The proof is an immediate consequence of the snake lemma applied to the diagram
obtained from Proposition 5.2

PRL—PRIM — PN ——0

T :

0 L M N 0.

5.2. Application to the cyclic homology of associative superalgebras

Now we recall from [15] and [13] the definition of cyclic homology of associative su-
peralgebras. Let A be an associative superalgebra and (C’(A), d),) denote its Hochschild
complex, that is C’(A) = A®<("*1) and the boundary map d,:C’ (A) — C! _,(A) is
given by

n—1
d'n(ao®~~®an):Z(*l)iao®"'®aia¢+1®~~®an
=0

+ (_1)n+|@n|(|00|+“'+|an—1|)ana0 Q@ Gp_1.
Now the cyclic group Z/(n + 1)Z acts on A®=("+1) via
tn(ao R ® an) — (_1)"+|an\ Ph<n |ak|an ®a @ @ p_1,

where t, = 1+ (n+ 1)Z € Z/(n + 1)Z. For each n > 0, consider the quotient
Cn(A) = A®<(+1) /Im(1 — ¢,,) which is the module of coinvariants of C’(A) under
the Z/(n + 1)Z-action. Then d), induces a well-defined map d,,: C,,(A) — Cp,—1(A) and
there is an induced chain complex (C,(A), d.), which is called the Connes complex of A.
Its homologies are, by definition, the cyclic homologies of the associative superalgebra A,
denoted by HC,,(A), n > 0.

Easy calculations show that, given an associative superalgebra A, HC;(A) is the kernel
of the homomorphism of supermodules

(Aox A)/I(A) = [A,A], a®b— ab— (—1)*l1ba,
where [A, A] is the graded submodule of A generated by the elements ab — (—1)*/1®lhg

and I(A) is the graded submodule of the supermodule A ®x A generated by the
elements
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a®b+ (—1)h @ aq,
ab® ¢ —a® be+ (—1)lclUalH D g @ b,

for all homogeneous a, b, c € A.
Now let us consider A as a Lie superalgebra (see Example 2.2(i)). Then there is a Lie
superalgebra structure on (A ®g A)/I(A) given by

a@b,d @] = [a,b] @ [a',V]

for all a,a’,b,/ € A. We denote this Lie superalgebra by V(A). In fact, V(A) is the
quotient of the non-abelian tensor product A ® A by the graded ideal generated by the
elements z @ y 4+ (—=1)I*Wly @ 2 and 2y ® 2 — 2 @ yz + (=1)F10=+WD 20 @ 4, for all
homogeneous x,y, z € A.

Proposition 5.6. Let A be a Lie superalgebra. Then the following assertions hold:

(i) There are compatible actions of the Lie superalgebras A and V(A) on each other.
(ii) The map p:V(A) — A given by x ® y — [x,y], together with the action of A
on V(A), is a crossed module of Lie superalgebras.
(iii) The action of A on V(A) induces the trivial action of A on HC1(A).
(iv) There is a short exact sequence in the category Cross(A)

0= (HC1(A),0) = (V(A), u) = ([4, A], i) =0,
where i:[A, A] — A is the inclusion.

Proof. (i) The action of A on V(A) is induced by the action of A on A ® A given in
Proposition 3.4(ii), that is

[a,2] ®y + (=1)*Wlz @ [a, y]
ax @y + (_1)|a|(|x|+|y|)x ® ya — (_1)‘$||‘1|x ® ay — (—1)'3:”(1'.%‘(1 Ry
=a®axy — (_1)|I||y\a Q yx

“(z®y)

=a®[z,y],
whilst the action of V(A) on A is defined by
"o = [[z,y],a]

for all homogeneous a, z,y € A. Straightforward calculations show that these are indeed
(compatible) actions of Lie superalgebras.

(ii) Since the crossed module of Lie superalgebras A ® A — A, x @ y — [z, y], given
in Proposition 3.4, vanishes on the elements of the form =z ® y + (—1)'”””3’@ ® x and
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TYRz—rRYz+ (—1)‘2‘(‘I‘+|y‘)zm®y, then p is well defined and obviously it is a crossed
module of Lie superalgebras.
(iii) If D=, Ni(@; @ y;) € HC1(A), i.e. Y7, Aizs, 5] = 0, then for all a € A we have

G(ZAi(mi@)yz Z)\ mzayz —a®z)\ fﬁz,yz}—(l

(iv) This is an immediate consequence of the assertions above. 0O

By Proposition 5.5 we have the following exact sequence of supermodules

H, (A, HC(A)) — Hi (A, V(A)) — Hi(A, [4, A])

(6)

HHO HHOA

Below, we will calculate some of the terms of this exact sequence. At first, by analogy
to the Dennis—Stein generators [6], we give a definition of the first Milnor cyclic homology
for associative superalgebras.

Definition 5.7. Let A be an associative superalgebra. We define the first Milnor cyclic

homology HC{VI(A) of A to be the quotient of the supermodule A ®x A by the graded
ideal generated by the elements

a®@b+ (1)l @ a,
ab®c—a®be+ (—1)lUal+Deq @ b,

a®be— (—1)lelg @ cb,
for all homogeneous a,b,c € A.

It is clear that if A is supercommutative, that is, ab = (—1)!%/1®lba, for all homogeneous
a,b € A, then HC;(A) = HCY (A).

Lemma 5.8. We have the following equalities and isomorphisms

(i) Ho(A,HC1(A)) = HCy(A),

(ii) H1(A,HCy(A)) = A/[A, A] @ HC1(A),
(iii) HO(A7 [Av A]) = [A7 A]/[Av [Av AH;
(iv) Ho(A,V(A)) = HCY (A)
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Proof.

(i) Since A acts trivially on HC(A), we have that Coker (A @ HC1(A) — HCy(4)) =
HC;(A).

(ii) Since HC;(A) is abelian, by Proposition 3.5 we have that Ker (4 @ HCy(4) —
HC,(A)) = A/[A, A] @x HC, (A).

(iii) and (iv) are straightforward. O

It follows that the exact sequence (6) can be written as in the following theorem.

Theorem 5.9. If A is a unital associative superalgebra. Then there is an exact sequence
of supermodules

A G HOL(A) s Hy (A, V(A)) — Hi (A, [A, A)

[zM//
HC(A) —— HCY (4) 14, 4] 0.

' [A,[A, A]]

Corollary 5.10. If A is perfect as a Lie superalgebra, we have an exact sequence
0 — Hi(A,V(A)) = Hy(A) — HCy(A) — 0,

where Ho(A) is the usual second homology of the Lie superalgebra A. If in addition
Ho(A) =0, then all terms of the exact sequence in the previous theorem are trivial.

Proof. Since A is perfect we know that H1(A4,A) = Hy(A), A/[A, Al @k HC1(4) =0
and the map A ® V(A) — V(A) is surjective. O

6. Non-abelian exterior product of Lie superalgebras
In this section we extend to Lie superalgebras the definition of the non-abelian exterior
product of Lie algebras introduced in [8]. Then we use it to derive the Hopf formula for

the second homology of a Lie superalgebra and to construct a six-term exact homology
sequence of Lie superalgebras.

6.1. Construction of the non-abelian exterior product

Let P be a Lie superalgebra and (M,d) and (N,d') two crossed P-modules. We
consider the actions of M and N on each other via P.

Lemma 6.1. Let MUOIN be the graded submodule of M @ N generated by the elements

(a) m@n+ (=1)"™1 ! @0, where d(m) = &' (n') and d(m’) = &' (n),
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(b) mg ® ng, where d(mg) = &' (ng),

with m,m' € MgUMj, n,n’ € NyUN;7, mg € My and ng € Ny. Then, MON is a graded
ideal in the centre of M ® N.

Proof. Given an element m @ n + (—1)I™1"'Im’ @ n’ of the form (a), suppose that

|m’| = |n|, then we have

[z ®y,m®n+ (=)™ 11y & n'] = —(-D)lEe) @ ("n+ (=1)lm 11l (m’n'))
= — (=)l ) & (O(m)n + (_1)|m’\\n'|(8(m’)n'))
= — (=)l ) & (0’(n’)n + (_1)\m’lln’l(6’(n)n/))
= —(=D)FMEz) @ ([, ] + (=), ')

This is also true when |m/| # |n|. Indeed, if |m/| # |n|, since 9, &' are even maps, the
equality d(m) = 9'(n’) holds if and only if 9(m) = 0 = 9'(n’). Now take an element
mg ® ng of the form (b). Then we have

[z @y, mp @ ng) = —(=1)1I(V2) @ (Mong)
= — (=)l (vz) @ (P0ma)pg)
= — (=)l (vg) @ (Pa)ng)
= —(=1)FW("2) @ [, ng)

for any z ® y € M ® N. This completes the proof. O

Definition 6.2. Let P be a Lie superalgebra and (M,d) and (N,d’) two crossed
P-modules. The non-abelian exterior product M AN N of the Lie superalgebras M and N
is defined by

M®N
MON -

MAN =
The equivalence class of m ® n will be denoted by m A n.

Note that if M = Mz and N = Nj then M AN coincides with the non-abelian exterior
product of Lie algebras [8].

Reviewing Section 3, one can easily check that most of results on the non-abelian
tensor product are fulfilled for the non-abelian exterior product. In particular, there are
homomorphisms of Lie superalgebras M AN — M, M AN — N and actions of M
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and N on M A N, induced respectively by the homomorphisms and actions given in
Proposition 3.4. It is also satisfied the isomorphism M A N = N A M. Further, given a
short exact sequence of Lie superalgebras 0 — K — M — P — 0, as an exterior analogue
of the exact sequence (5), we get the following exact sequence of Lie superalgebras

KANM—-MAM—PAP—O. (7)

Given a Lie superalgebra M, since id: M — M is a crossed module, we can consider
M A M. Tt is the quotient of M ® M by the following relations

mAm = —(=1)mIm ! A m,

mg Amg =0,

for all m,m' € My U M7 and mg € M. In the particular case when M is perfect, it is
easy to see that MOM =0,s0 M AM = M ® M and in Theorem 4.1 we can replace
M@ M by M N M.

6.2. A siz term exact homology sequence

In [7], the non-abelian exterior product of Lie algebras is used to construct a six-term
exact sequence of homology of Lie algebras. In this section we will extend these results
to Lie superalgebras.

First of all, we prove an analogue of Miller’s theorem [17] on free Lie superalgebras
extending the similar result obtained in [7] for Lie algebras.

Proposition 6.3. Let F' = F(X) be the free Lie superalgebra on a graded set X. Then the
homomorphism FAF — F, x ANy — xy is injective.

Proof. Let us prove that [F, F] & FAF. Using the same notations as in Construction 2.9,
we define a map ¢: alg(X)*alg(X) — FAF by >, Niziy; — Y. Ai(2Ay;), where alg(X)x
alg(X) is the free product of superalgebras. It is easy to see that ¢ is a K-superalgebra
homomorphism since [z Ay, 2’ Ay'] = zyAz'y’. The ideal I is contained in alg(X)*alg(X)
and by using the defining relations of F'AF it is not difficult to check that ¢ vanishes on I.
So we have an induced map from [F, F] to F'A F, which is inverse to the homomorphism
FAF = [F,Fl,zAy—zy. O

Let P be a Lie superalgebra and take the quotient supermodule (PAg P)/ Im ds, where
ds: /\%(P) — /\H2<(P) is the boundary map in the homology complex (C.(P,K), d.). Here
K is considered as a trivial P-module. We define a bracket in (P Ag P)/Imds by setting

[z ANy, 2 Ny = [z, y] A2,y

for all x,y € P. As a particular case of the exterior analogue of Proposition 3.3 we have
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Lemma 6.4. There is an isomorphism of Lie superalgebras

P A P

~PAP.
|md3 4

Corollary 6.5.
(i) For any Lie superalgebra P there is an isomorphism of supermodules
Hy(P) = Ker(PAP — P).

(ii) Ha(F) =0 if F is a free Lie superalgebra.
(iii) (Hopf formula) Given a free presentation 0 - R — F — P — 0 of a Lie superal-
gebra P, there is an isomorphism of supermodules

RN [F, F]

H2(P) = [F,R}

Proof.

(i) This follows immediately from Lemma 6.4.
(if) This is a consequence of (i) and Proposition 6.3.
(iii) Since F' A F = [F, F], using the exact sequence (7), we have

[F, F]
[F, R}

PAP=

Then Lemma 6.4 completes the proof. O

Theorem 6.6. Let M be a graded ideal of a Lie superalgebra P. Then there is an exact
sequence

Ker(P A M — P) — Hy(P) — Hy(P/M) — % — Hy(P) — Hy(P/M) — 0.

Proof. By using the exact sequence (7) we have the following commutative diagram of
Lie superalgebras with exact rows

P P
PAP — A —
MANP —— PA —>M/\M4>O

£
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Since Coker(M AP =2 PAM — M) = M/[P,M] and Coker(P AP — P) = P/[P,P] =
H;(P), then the assertion follows by using snake lemma and Corollary 6.5(1). O

In particular, if P is a Lie algebra and M is an ideal of P, then this sequence coincides
with the six-term exact sequence in the homology of Lie algebras obtained in [7].
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