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1. Introduction

The idea of the generalization of Lie structures by extending the binary bracket to an n-ary bracket comes from the
formalism of Nambu mechanics [ 1], where the Poisson bracket on the algebra of smooth functions on a manifold is replaced
by an n-linear skew-symmetric bracket. Independently from this idea, the theory of Lie n-algebras was introduced within
the framework of geometry [2] and further developed in some papers [3,4].

Recently, the non-commutative version of Lie n-algebras, the so-called Leibniz n-algebras, was introduced in [5] which,
at the same time, generalizes the notion of Leibniz algebras [6,7] from the case n = 2 to the case n > 3. In the last few
years, a number of papers were dedicated to the investigation of properties of these new algebraic objects (see [8-11,3] and
related references given there).

In [9], the homology with trivial coefficients of Leibniz n-algebras is constructed as the homology of an explicit chain
complex and the first homology is interpreted by means of a Hopf formula. In [ 10] we introduced crossed modules of Leibniz
n-algebras, proved that they are equivalent to internal categories in Leibniz n-algebras and described the second cohomology
of Leibniz n-algebras [5] via crossed extensions.

In this paper, we continue our investigation in [9,10] on (co)homological properties of Leibniz n-algebras. We fit the
homology with trivial coefficients of Leibniz n-algebras developed in [9] into the context of Quillen homology [12]. As the
main result, we obtain Hopf type formulas for higher dimensional homology of Leibniz n-algebras, which are similar to
Brown and Ellis formulas [13] for the higher homology of groups. As the main tool for our investigation, we develop the
theory of higher dimensional crossed modules, crossed m-cubes of Leibniz n-algebras, and we use the method of m-fold
Cech derived functors developed in [14,15].

In a recent paper by Everaert, Gran and Van der Linden [16], a conceptual proof of the higher Hopf formula is given in
a very general framework, for semi-abelian categories [17], and so may be applied to the category of Leibniz n-algebras. In
spite of our different approach, the main result in the present paper can confirm the categorical result of [ 16]. Nevertheless
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it is not straightforward to establish a relationship between the Cech derived functors and the categorical approaches, and
this problem will be the subject of a further work.

1.1. Organization

After the introductory Section 1, the paper is organized in four sections. Section 2 is devoted to recalling from [10,5]
some necessary definitions about Leibniz n-algebras, their actions, crossed modules and simplicial Leibniz n-algebras. The
simplicial nerve of a crossed module of Leibniz n-algebras is also constructed and some needed standard facts are given.
In Section 3 we prove that the homology of Leibniz n-algebras with trivial coefficients developed in [9] is the same as the
Quillen homology for Leibniz n-algebras (Theorem 4). In Section 4 the notions of crossed m-cubes of Leibniz n-algebras and
cat™-Leibniz n-algebras are introduced and their equivalence is shown (Theorem 8). The abelianization and the diagonal of
the multinerve of crossed m-cubes of Leibniz n-algebras are also investigated. Section 5 is the main one. Here the mth m-
fold Cech derived functor of the abelianization functor from Leibniz n-algebras to vector spaces is calculated (Theorem 15),
implying the description of the mth homology of a Leibniz n-algebra by a Hopf type formula (Theorem 17).

1.2. Notations and conventions

We fix k as a ground field. All vector spaces, tensor products and direct sums are considered over k. By a linear map we
mean a k-linear map. For a non-negative integer m we denote by (m) the set of first m natural numbers {1, ..., m}. When
it is not necessary, we write arguments of maps without brackets ( ). By [—, ..., —] both the Leibniz n-bracket (see the
definition immediately below) and the action of a Leibniz n-algebra (see Section 2.2) will be denoted similarly.

2. Preliminaries

2.1. Leibniz n-algebras

A Leibniz n-algebra [5] is a vector space £ equipped with an n-ary bracket (n-bracket) [—, ..., —] : £&" — £ satisfying
the following fundamental identity
[0, Xl Y1 Y] = ) I X (X Y1 Y] X Xl (1)
ie(n)

A homomorphism of Leibniz n-algebras £ — £’ is a linear map preserving the n-bracket. The respective category of
Leibniz n-algebras will be denoted by ,Lb.

A Leibniz 2-algebra .£ is simply a Leibniz algebra [6] and it is a Lie algebra if the condition [I, I[] = 0 is fulfilled for all | € L.
Similarly, for n > 3, a Leibniz n-algebra is a Lie n-algebra [2]if [I4, ..., I;, lit1, . . ., [,] = O holds as soon as I; = l;; 1 for some
ie(n—1).

Any Leibniz algebra is also Leibniz n-algebra with respect to the n-bracket

[X17X27 LR 7xn] = [Xla [X29 SRR [Xn—l’xn] o ']]

(see [5]) and conversely, the Daletskii’s functor [3] assigns to a Leibniz n-algebra .£ the Leibniz algebra D,_1(L£) = £®"!
with the bracket

@ ®hi,h® &l 0= > Lol ... [0 &L

ie(n—1)
A subalgebra £’ of a Leibniz n-algebra .£ is said to be an n-sided ideal if [I1, ..., 1,] € £ assoonasl; € £’ for some
ie (n).
For any n-sided ideals .£1, . . ., £, of a Leibniz n-algebra £, we denote by [L1, . . ., &£,] the vector subspace of .£ spanned

by the brackets [Iy, ..., I;], where [; € .£;,i € (n). Clearly [L1, ..., £;] is an n-sided ideal of Nig(n) Li.

For any two n-sided ideals £’ and £” of a Leibniz n-algebra ., we denote by [£, £”, £"2] the vector subspace of .£
spanned by the brackets [l1, ..., I,], where necessarily l; € £" and |; € £” for some i, j € (n),i # j. If £” = £, then we use
the notation [£', £"!] instead of [£/, £, £"2]. Note that [£/, £"!] is an n-sided ideal of .. In particular, [£, ..., £] is
called the commutator n-sided ideal of ..

Abelian group objects in ,Lb are abelian Leibniz n-algebras, that is, Leibniz n-algebras with the trivial n-bracket, or just
vector spaces. Their category will be denoted by Vect. The abelianization functor

2Ab : nLb — Vect,

which is left adjoint to the inclusion functor Vect < ,Lb, is given by 2(b(L) = L/[L, ..., L].
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2.2. Actions and semi-direct product

Let £ and & be Leibniz n-algebras. We will say that & acts on £ [10] if 2" — 2 linear maps (of n variables)
[— ., =11 LY QP Q... @ LY @ PIM — £

are given, where m € (n — 1), > Gk +ji) = 1,0 < i < n— 1and atleastone iy # 0,0 < jx < n—1and
at least one j, # 0, such that 22"~1 — 2 equalities hold which are obtained from (1) by taking exactly i of the variables

X1y vy Xn, Y1, - - - » Yn—1 in £ and all the others in & ((2”71) equalities) and by changingi =1, ...,2n — 2.
For exarnple if £ is an n-sided ideal of a Leibniz n-algebra &, then the Leibniz n-bracket in & yields an action of & on L.
Let usfix iy, j1, ..., im, jm With the properties as above. Then the image of the corresponding map [—, . .., —] is the vector

subspace of .£ spanned by elements of the form
RS L L K R

where 1’{, . e L, pl, e p € P, k € (m). This vector subspace of . will be denoted by [.£1, 1, ..., £im Pin],
Givena Lelbmz n-algebra » actmg on a Leibniz n-algebra .£, we can form their semi-direct product, £ x J w1th underlying
vector space £ @ & and n-bracket

[(ll7p1)7 LR (ln’pn)] = ([Ilv '-'7ln]+2{lla "-7lnapla "'!pﬂ}v [p]s "'7pn])s

here X{l1, ..., l,, p1, ..., pn} denotes the sum in .£ of 2" — 2 elements of the type [x1, ..., Xx,], where x, = [, or X, = py,
k € (n), exactly i of the variables x4, .. ., x, are taken in £ and n — i are takenin P,i=1,...,n— 1.

Im

m,... llll,p},...,pjl],...,
Ik

Remark 1. If a Lelbnlz n-algebra & acts on a Leibniz n-algebra .£, then there is also an action of £ x & on .£, glven by the
n-bracket in £ x &, where £ is considered as an n-sided ideal of £ x & via the natural inclusion £ < £ x J

2.3. Crossed module and its nerve
A crossed module [10] is a homomorphism of Leibniz n-algebras i : £ — & together with an action of & on £ satisfying
the following three conditions:
(cM1) w is compatible with the action of & on £, that is,
71 [ L L Y (R (L NN 1
=[ulf,....pll pl.pl T T T
(cM2) The n-bracket in £
) (L, L, .. D]

is equal to any expression obtained from (%) by replacing exactly i of the variables I's by ul's, for every i € (n — 1);
(cM3) If Y 4 ik > 2, then the expression

(CE I [N Ly HORS 1R (LR (N AN L
is equal to any expression obtained from (##) by replacing exactly one of I's (and so i of I's, forevery 1 < i <
Zke(m i — 1) by pl.

Lemma 2. Let (4 : £ — P be a crossed module of Leibniz n-algebras. Then

S P P = e, P D[ £,

1,15+ im Jm

where the sum is taken over all iy, ji, ..., in, jm Such that Zke(m (i +ji) = 1,0 < iy < n— 1and at least one iy # 0,
0 <jx <n— landatleast onej, #0,m € (n — 1).

Proof. The required equality follows directly from the condition (cm3), whilst the inclusion is a consequence of the condition
(em2). O

Recall that the nerve of a small category C with source and target maps s, t : C — Ob(C) is the simplicial set DNet(C, s, t),,
with Ner(C, s, )k = € Xope) - - Xonc) C (k factors), that is, k-simplices are the sequences of composable morphisms
Co —> €1 — --- — (. The ith face (resp. ith degeneracy) of such a k-simplex is obtained by deleting c; (resp. inserting
the identity morphism ¢; — ¢;).

Given a crossed module of Leibniz n-algebras © : £ — &, consider the semi-direct product £ x &, and the
homomorphisms of Leibniz n-algebras s, t : £ x £ — &£ given by s(l,p) = p and t(l, p) = wul + p. According to [10],
(L x P, s, t) has an 1-fold internal category structure within the category ,Lb. The objects are the elements of = Im(s) =
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Im(t), the morphisms are the elements of .£ x &, the source and target maps are s and t, respectively. The morphisms (I, p)
and (I', p’) are composable if wl + p = p’ and their composite is (I', p’) o (I, p) = (I + I, p). The nerve of this category
structure forms the simplicial Leibniz n-algebra 9tet(L£ x &2, S, t),, where Met(L x P, S, )y = (L X P) Xp -+ Xp(L X P)
(k factors of £ x &). Thus the k-simplices are k-tuples of the form

((11, D), (b, uhh +p), ..., (e, el + -+ - + —I—p)).

Now it is routine and we left to the reader to check that, for any k > 1, there is a natural isomorphism of Leibniz n-algebras
(L3P Xp Xp(L X P) > L3 (-3 (L X P) ")

given by ((l1. p), (b, ly +p). .., (o ey + -+ + s +p)) > (b b, o L p).

By using this isomorphism, from ler(L£ x £, s, t), we obtain the simplicial Leibniz n-algebra which is called the nerve of

the crossed module ju : £ — # and it will be denoted by EV (£ - #),. Thus EV(£L 5> P)p = L 3 (- x (L 1 P) - --)
with k semi-direct factors of .£, and face and degeneracy homomorphisms are given by

do(l, ... bk, p) = (s ..., Ik, D),

dilly, ..., k,p) =, oo i+ bigq, oo Lk, p), Te(k—1),
di(lh, .. o p) = (s oo o1, e + ),

sitli, ..., k,p) =, oo 1,0, L, oo Ik, p), 0<i<k

2.4. Homotopy of simplicial Leibniz n-algebras

Given a simplicial Leibniz n-algebra £, = (L., d}, s), its Moore complex is the chain complex of Leibniz n-algebras
(NLy, 04) given by

N£y = (| Kerdf , and 8= dflns,.
i (k)

Note that the Moore complex of the nerve of a crossed module of Leibniz n-algebras i : £ — & is trivial in dimension
>2 and it is just the original crossed module up to isomorphism with £ in dimension 1 and & in dimension 0.
The image d’,jﬂ (NLy+1) is an n-sided ideal of £, and the kth homotopy of the simplicial Leibniz n-algebra £, is defined
as wp(L4) = Hy(NLy, 9,) = Ker 9/ Im dir1. Note that in any homotopy my, k > 1, the n-bracket induced by that of £

vanishes. We say that an augmented simplicial Leibniz n-algebra (£, dg, L) is aspherical if wp (L) = 0forall k > 1and dg

induces an isomorphism of Leibniz n-algebras g (L) = L.
The following lemma will be useful in the sequel

Lemma 3. Let (L, dg, L) be an aspherical augmented simplicial Leibniz n-algebra. Suppose & : ,Lb — Vectand ¥ : Vect —
Vect are functors such that the diagram

()]
nlb > Vect

v
U
Vect

commutes, where U is the forgetful functor from the category ,Lb to the category Vect. Then the augmented simplicial vector
space (® (L), D(dY), @ (L)) is acyclic.

Proof. Straightforward from the fact that an acyclic augmented simplicial vector space (U (L), ‘u(dg), U(L)) has a linear
left (right) contraction. O

3. Homology as derived functors

In [9] the homology with trivial coefficients ,HL, (£) of a Leibniz n-algebra £ is introduced as the homology of an explicit
chain complex ,CL, (£), which is the Leibniz complex [7] associated to the Leibniz algebra £,_1 (£) and its co-representation
L. Let us briefly recall the construction of ,HL, ().

In [7] the homology HL, (g, M) of a Leibniz algebra g with coefficients in a co-representation M of g is computed to be
the homology of the Leibniz complex CL,(g, M) given by

Cly(g, M) =M ® ¢®*, k>0,
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with the boundary map 9y : CLy(g, M) — CLy_1(g, M) defined by
A(m, X1, ox) = (mxil %, %)+ Y (DX ml Xy R X0

2<i<k
- A
+ Z (1PN, X, Xim g, X X1 X1y - ooy Ky oee s X
1<i<j<k

An essential fact for the construction of the complex ,,CL,(£) in [9] is that any Leibniz n-algebra .£ can be considered as
a co-representation of the Leibniz algebra D,_1(£) using the following bilinear maps

[—, =] L X Dyp_1(L) > L, Lh® - @Lal=I[LL,....,5h1];
[— =] Dp-1(L) X L = L, Q- @by, I=—[LhL,.... L]
Then the complex ,,CL, (L) is defined to be CL,(Dy_1(L), &L£). Thus
nHL (L) = Hy(qCLi (L)) = HL(Dp—1(L), L).
Note that when £ is a Leibniz 2-algebra, that is, a Leibniz algebra, then we have
2L (L) = CLi(L, L) = CLi1(L)
for all k > 0. Hence
2HLg (L) = HLgy1(L).
In the sequel we shall need the following easily verified equality
nHLo(L) = HLy(£LE"!, £) = Coker(d; : £&" — £) = Ab(L)

and the fact that ,HL,(F) = 0, k > 1, if F is a free Leibniz n-algebra [9].
Now we show that the homology of Leibniz n-algebras is fitted in the context of homology theory developed by Quillen in
a very general framework [12]. Let us recall that the Quillen homology of an object X in an algebraic category C is defined as
the derived functors of the abelianization functor 2(b : C — 2AbC from C to the abelian category 2bC of abelian group objects
in C. This theory can be applied for Leibniz n-algebras. Given a Leibniz n-algebra £, Quillen homology of £ is defined by
HZ (L) = He(A6(F,)), k>0,

where F, — £ is an aspherical augmented simplicial Leibniz n-algebra such that each component , k > 0, is a free Leib-
niz n-algebra. Here 2(b () is the simplicial vector space obtained by applying the functor 2(b : ,Lb — Vect dimensionwise
to Fx.

Theorem 4. Let £ be a Leibniz n-algebra. Then there is an isomorphism

HE (L) = HL(£), k> 0.

Proof. Since #, — . isan aspherical simplicial Leibniz n-algebra, it is a consequence of Lemma 3 that ,CL,(F) — nCL¢ (L)
is an acyclic simplicial vector space. Using the facts that ,HLy(¥3) = 0 and ,HLo(%;) = Ab(F,) fork > 1, g > 0, it follows
that both spectral sequences for the bicomplex ,CL, (¥;) degenerate and give the required isomorphism. O

4. Crossed m-cubes and cat™-Leibniz n-algebras

4.1. Definitions and equivalence

The following notion of a crossed m-cube of Leibniz n-algebras is derived from the definition of crossed m-cube of
algebras [18] by considering h-functions of n arguments satisfying the fundamental identity (1).

Definition 5. A crossed m-cube of Leibniz n-algebras {:M4 : A C (m), u;, h} is a family of Leibniz n-algebras {-M4} together
with homomorphisms ; : Ma — Mag fori € (m), A € (m) and n-linear functions h : Ma, x -+ X Ma, —> Ma,u..ua,
forAq, ..., A, C (m),suchthatforalla € My, a1 € Ma,, ..., Q-1 € Mp,, ,,i,j € (M),2 <k <nandji,...,jk € (n) the
following conditions hold:

x1) pa=a ifidA;

(X2)  pipja = pjpia;

(X3) th(ala ) an) - h(l‘(‘ia15 ceey Mian);

(x4) h(ay,...,aq,,...,0,...,ay) =hay, ..., wig,, ..., G, ..., a,)
:---:h(al,...,ajl,...,;L,-ajk,...,an) ifl'EAhm-“ﬂAjk;
(X5) h(a,....ap) =lay,...,a,] ifAy=---=Ap;

(x6) h(h(ar, ..., @), Ans, -y Gon1) = ) h(@1, . h(@k, Grgrs s Gnn), s Gn).
ke(n)
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A morphism of crossed m-cubes of Leibniz n-algebras, {Ms} — {M’4}, is a family {A My —> Ma, AC (m)} of
homomorphisms of Leibniz n-algebras commuting with the w«; and the h-functions. The resultant category of crossed m-
cubes of Leibniz n-algebras will be denoted by ,LbXx™.

Example 6. Let .£ be a Leibniz n-algebra and {4, ..., 4, be n-sided ideals of £. Let My = Njea 4; for A € (m) (here My is
understood to mean £); giveni € (m), define u; : My — Ma\(;y to be the inclusion; let h : Ma, X - -+ X Ma, — Ma,u...uap»
forAq, ..., A, C (m), be given by the n-bracketin «£: h(ay, ..., a,) = [ay, ..., a,]. Then {:M4} is a crossed m-cube of Leibniz
n-algebras, called the inclusion crossed m-cube given by the Leibniz n-algebra £ and its n-sided ideals 41, ..., dn.

Note that, given a crossed m-cube of Leibniz n-algebras {M,}, if A; = A, i € BandA; = A\ A',j € (n) \ B for some
##BC (n—1)andA" € A C (m), then the functions h : Mu, X --- X Ms, —> My define an action of the Leibniz
n-algebra Mu\a on M,. Moreover, every homomorphism p; : Ma — Ma\ iy, together with such an action of My g, on Ma,
is a crossed module of Leibniz n-algebras. In particular, for m = 1 we find that a crossed 1-cube is the same as a crossed
module of Leibniz n-algebras.

According to [10] the category of crossed modules of Leibniz n-algebras is equivalent to that of cat'-Leibniz n-algebras.
Below we prove the higher dimensional version of this result, similarly to the case of groups [19] and algebras [18]. First, by
close analogy with Loday’s original notion of cat™-groups [20], we give the definition of a cat™-Leibniz n-algebra, which is
equivalent to an m-fold category object in ,Lb.

Definition 7. A cat™-Leibniz n-algebra (W, s;, t;) is a Leibniz n-algebra .~ together with 2m endomorphismss;, t; : &' — N,
i € (m), such that

(c1) tsi=si, siti=t;,

(€2) sisj=sjsi, Gty =tjt;, sitj = ts; fori # j,

(c3) [Kers;, Kert;, N""%] = 0.

A morphism of cat™-Leibniz n-algebras (N, s, t;) — (N, s}, t/) is a homomorphism of Leibniz n-algebras ¢ : ¥ — N’

such that ¢s; = s, pt; = t/¢ foralli € (m). The resultant category of cat™-Leibniz n-algebras will be denoted by ,Lb¢™.
Theorem 8. The categories ,LbX™ and ,Lbe¢™ are equivalent.

Proof. To any cat™-Leibniz n-algebra (V, s;, t;) we correspond a crossed m-cube of Leibniz n-algebras {M, : A C (m), u;, h}
defined as follows:

My = ﬂ Kers; N ﬂ Ims;;
icA igA
ui(a) =ti(a), a€ Ma;
h(ay,...,a)) =l[ay,...,a,], a3y € Ma,, ..., 0, € Ma,.
Straightforward calculations show that M, indeed is a crossed m-cube of Leibniz n-algebras. For instance, the equality
h(ay, ..., a;, ..., G, ...,a) =hay, ..., Wiy, ..., G, ..., 0dp)
in (x4) is a consequence of (c3). In fact,
lay,....q, ..., G, ....a¢] —[a1, ..., @iGj,, ..., Gjyo ..., apl = [aq, ..., @G, — KiGjy, .., G, ..., Gl =0

since a;, — w;a;, € Kert; and g;, € Kers;.
Conversely, given a crossed m-cube of Leibniz n-algebras {:M4}, choose an ordering of the subsets of (m) and define a
cat™-Leibniz n-algebra (W, s;, t;) with underlying vector space ¥ = P ac (my Ma- Thus any element of & can be written

uniquely as > Ac (m) 9A with a4 € Mu. Then N has an n-linear bracket given by

|:Z apys -+ o Z aAni| = Z h(aA],...,aAn).
A1,

A1S(m) ApC(m) 1,--AnS(m)

The equality (x6) amounts exactly that the fundamental identity (1) holds. The endomorphisms s;, t; : & — N,i € (m),

are
Sy ag=) @ b)Y = ZMIGA

AC(m) AC (m) AC(m)
i¢A

Obviously s; indeed is a homomorphism of Leibniz n-algebras, whilst t; is a homomorphism because of the equality (x3). It
is easy to see that (x1) and (x2) imply that all equalities in (c1) and (c2) hold. It remains to check the condition (c3). Let

|:Z Aays e s Z Aags - - s Z Aaps - - - s Z aAn:| € [Kers;, Kert;, N"2]

A1S(m) A< (m) AlC(m ApS(m)
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and suppose » ., . da, € Kersi, 3, i aa € Kerti. Thenan, = 0if i ¢ A and piay, = —an( if i € A Respectively
h(aa,, ..., aa,, ... aA,,.. ,ag,) = 0ifi & Ay and
h(aAl, BRI ¢ N ¢V TR ,aAn) = —h(aAl, s A, -5 QA (i)s ...,aAn)

ifi € A;. Then, by (x4) we have

A1S(m) AkC m) AIC(m AnS(m)

h(aAl,...,aAk,...,aA,,...,aAn)

I I
MIM

h(aAl,...,aAk,.‘.,aA,,..‘,aAn)—i— E h(aAl,...,aAk,...,aA,,...,aAn)
leAkﬂA, i€Ay, 1¢A1

> h(@a. ... Gp. .. G Gs,)

ieArNA)

+ Z h(aAl,...,aA,(,...,aAl,...,aAn):0.

Thus (N, s;, t;) is a cat™-Leibniz n-algebra.

The above constructed assignments {Ms} = (N, s;, t;) are clearly functorial. Moreover, if (N, s;, t;) is a cat™-Leibniz
n-algebra and My = Kerjca[)si N ﬂiéA Ims;, then the canonical homomorphism EBAqm) My — N is an isomorphism.
This implies that the assignments are quasi-inverses to each other. O

Note that Theorem 8 in the case m = 1 recovers Theorem 10 in [10].
4.2. Functors E™ and 26™

If M is a crossed m-cube of Leibniz n-algebras, the associated cat™-Leibniz n-algebra is endowed with m compatible
category structures. Then by applying the crossed module nerve structure E(” in the m-independent directions, this
construction leads naturally to an m-simplicial Leibniz n-algebra, called the multinerve of M. Taking the diagonal of this
m-simplicial Leibniz n-algebra gives a simplicial Leibniz n-algebra denoted by E™ (M),.

Let VectX™ denote the subcategory of the category of abelian crossed m-cubes of groups (for the definition we refer the
reader to [21,14]) consisting of those abelian crossed m-cubes {G4 : A € (m), w;, h} in which each abelian group ¢, has a
structure of vector space and each u; is a homomorphism of vector spaces. Then we define the abelianization functor

6™ : Lbx™ — Vectx™
as follows: for any crossed m-cube of Leibniz n-algebras {M4 : A C (m), w;, h}

M
2A6™ (M) = a :
> DAn....A)
A1U--UAp=A
where D(A4, ..., Ap) is the subspace of M, generated by the elements h(ay, ..., a,),forh : Ma, X -+ X Ma, = M4 and

aj € My, j € (n). The homomorphism

i 26 (Mg — A™ (M)ay, A C (m), i€ (m),
is induced by the homomorphism ; and the function
he 6™ (Mg, x - x 6™ (Mg, — A™ (M)pyu0ars Aty -, A S (),
is induced by h and therefore is the trivial map.
Here we point out that, under the equivalence described in Theorem 8, the functor 2Apm™ assigns to any cat™-Leibniz
n-algebra (W, s;, t;) the abelian cat™-group (vector space) (N /[N, ..., N],S;, t;), where's; and t; are induced by s; and t;.
The following assertion establishes the commutativity relation between the functors 26™ and E™, which plays an
essential role to obtain Hopf type formulas for the homology of Leibniz n-algebras.

Proposition 9. Let M be a crossed m-cube of Leibniz n-algebras and m > 1. Then there is an isomorphism of simplicial vector
spaces

le(E(m)(M)*) >~ g(m (th(m)(M))*

Proof. The proof will be done by induction on m.

For m = 1, given a crossed module of Leibniz n-algebras M = (£ £, #), we have to show an isomorphism of simplicial
vector spaces
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A(ED (£ —> £),) = EV (A6 (L£ > 2)).

By Lemma 2 we get
0D (L 5 2) = (£/[1£, P75 212, ..., P]).

It is easy to see that the homomorphisms of vector spaces

(LHP)/[LXP, ..., Lx j)]éi/[oc,y”ﬁ x P[P, ..., Pl
B

given by a(l, p) = (I, p) and B(,p) = (I, p), where the bar denotes a coset, are well defined and inverses to each other.
Using isomorphism o we have

1R

A6(EV (L L5 £);) = L/[L, (L3 P X (L3 P)/[LXP, ..., L£xP]

12

LI[L, P x £/[£, P x /[P, ..., 2] = EV (D (L > ),

since [£, (£ x P)" 1] = [£, P 1]. Indeed, [£, (L x P)" '] is generated by the elements

[, p0)s oy (k1 Pe=1)5 b ket Prt1)s -+ s (s P)T = [ty oo ety L Digers 25 I
+ 2, b Ll oo by P1y oo P15 0, Pigts - - -y P
= [uly, ..., whe1, L g, oo puly]
+ Xl sl L s oo e, Pro o Dot 0, Prgts -0 P € [£, 27

By similar computations we get isomorphisms between higher terms of simplicial vector spaces 2b(E" (£ SN #).) and

ED (A6 (£ SN #)),» which are compatible with face and degeneracy maps.

Proceeding by induction, we suppose that the assertion is true for m — 1 and we will prove it for m.

Given a crossed m-cube of Leibniz n-algebras .M, by applying the nerve E() to m — 1 directions we obtain an (m — 1)-
simplicial object in the category of crossed modules. Its diagonal, E™~ D (.M),, is a simplicial crossed module of Leibniz
n-algebras. As a consequence of Theorem 8, E™~1 (M), is just a simplicial Leibniz n-algebra endowed with 1-fold category
structure induced by some structural endomorphisms s;, t; of the corresponding to M cat™-Leibniz n-algebra. Since the
abelianization of a cat!-Leibniz n-algebra is just the abelianization of the underlying Leibniz n-algebra endowed with
induced structural endomorphisms, the inductive hypothesis implies the isomorphism

lem(E(m_D(:M)*) ~ E(m—1>(2[h(m)(=/\/{))*. (2)

On the other hand, by construction, E™ (), is the diagonal of the bisimplicial Leibniz n-algebra obtained by applying the
crossed module nerve construction E(V to the simplicial crossed module E™=Y (M), thatis, E™ (M), = ED E™D (M),
for k > 0. Since the assertion is true for m = 1, applying the abelianization functor to this equality and using (2) we have

A6 (E™ (M)) = Ab(EV(E™ D (M)r),) = ED (26 (E™ V(1))
EQ(E™ D (26" (40),), = E™ (6™ (M)),. O

1K

5. Hopf type formulas

5.1. m-fold Cech derived functors

The diagonal of the multinerve of crossed m-cubes of Leibniz n-algebras is closely related to the m-fold Cech derived
functors of functors from the category ,Lb to the category of vector spaces, which we consider immediately below, whilst
the general situation has been dealt with in [15].

Let us consider the set (m). The subsets of (m) are ordered by inclusion. This ordered set determines in the usual way
a category Cp,. For every pair (A, B) of subsets with A € B C (m), there is the unique morphism pg‘ : A — Bin Cy. Any
morphism in Cp,, not an identity, is generated by pﬁ‘um forallA C (m),A # (m)andj € (m) \ A.

An m-cube of Leibniz n-algebras is a functor § : C, — ,Lb. A morphism between m-cubes F, ' is a natural transformation
K:§—%F.

Example 10. Let (£, dg, £) be an augmented simplicial Leibniz n-algebra. A natural m-cube of Leibniz n-algebras §™ =

F™ (Ly, dJ, L) : Cm — nLb, m > 1, is defined as follows:

™ (A) = Ly _1-j forall A S (m),

3™ (o) = diy ™ forall A% (m), j e (m)\A,
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where |A| denotes the cardinality of A, £_; = £ and k € (m — |A]) is the preimage of j for the unique monotone bijection
(m — |A]) = (m) \ A between the subsets (m — |A|) and (m) \ A of positive integers.

Given an m-cube of Leibniz n-algebras F, there is a natural homomorphism of Leibniz n-algebras F(A) A, }sir% F(B) for
D.
any A € (m),A # (m).
Definition 11. An m-cube of Leibniz n-algebras § will be called an m-presentation of a Leibniz n-algebra £ if F({m)) = L.

An m-presentation § of £ is called free if F(A) is a free Leibniz n-algebra for all A £ (m) and it is called exact if o4 is an
epimorphism for all A # (m).

Note that a free exact 1-presentation of a Leibniz n-algebra £ is the same as the free presentation of .£ in [9].

The following lemma is straightforward.
Lemma 12. An augmented simplicial Leibniz n-algebra (L, dg, L), with mo(L,) = L, is aspherical if and only if the m-cube of
Leibniz n-algebras 3™ (L., dg, L) is an exact m-presentation of £ forallm > 1.

Given a homomorphism of Leibniz n-algebras « : R — £, the Cech augmented complex for « is the augmented simplicial
Leibniz n-algebra (C(«)., «, £) given by

Clan=RxxeR={(0..... 1) € R | aelrp) = -+ = ()},
(k+1)—times

d(ro, ..., 1) = (roy -+ Firy oo, T,

SK(F0s o ooy 1) = (Tos oo Ty Tis Tty + -+ T)

fork>0,0<i<k .

Now let § be an m-presentation of the Leibniz n-algebra .£. Applying C in the m-independent directions, this construction
leads naturally to an augmented m-simplicial Leibniz n-algebra. Taking the diagonal we obtain an augmented simplicial
Leibniz n-algebra (E(m> @)+, a, £) called an augmented m-fold Cech complex for §, where o = %(,ijm) : (@) — L.Incase

§ is a free exact m-presentation of .£, then (f(’“) (&), a, L£) will be called an m-fold Cech resolution of .£.

Definition 13. Let T : ,Lb — Vect be a functor. Define the kth m-fold Cech derived functor L,im)T . nlb — Vect, k > 0, of
the functor T by choosing a free exact m-presentation § for each Leibniz n-algebra .£, and setting

LT (L) = m(TC™ (§).),

where (5(”” (®)«, a0, £) is the m-fold Cech resolution of the Leibniz n-algebra .£ for the free exact m-presentation  of .£.
Note that thanks to [15] the m-fold Cech derivedvfunctors are well defined. Furthermore, it follows directly from the
definition that, for k > 1, the value of the kth m-fold Cech derived functor on a free Leibniz n-algebra is trivial.

Lemma 14. Let § be an m-presentation of a Leibniz n-algebra .£. There is an isomorphism of simplicial Leibniz n-algebras
C™ (@ ZE™ (M),

where M is the inclusion crossed m-cube of Leibniz n-algebras defined by the Leibniz n-algebra §(¥) and its n-sided ideals
1; = Ker §(p{})). i € (m) (see Example 6).

Proof. For m = 1 the required isomorphism

A EQ U o 3@))y —> CE@) — L),

is given by Ag = idz@ and Ak(x1, ..., X%, f) = 1+ -+ xx+f.xo+ -+ x+f, ..., %+ f,f)forallk > 1and
(X1, ..., Xk, f) € 81 % -+ x 1 x F(P). Itis routine and we left to the reader to check that every A, is a homomorphism of
Leibniz n-algebras and they commute with the face and degeneracy maps.

Then by repeated application of this isomorphism, we get an isomorphism of m-simplicial Leibniz n-algebras. Applying
the diagonal we obtain the result foranym. O

Now we calculate the mth m-fold Cech derived functors of the abelianization functor 2b : ,Lb — Vect.

Theorem 15. Let £ be a Leibniz n-algebra and ¥ a free exact m-presentation of L. Then there is an isomorphism
N 4LN[F,..., Fl

ie(m)

LMot (L) = m>1,

[N gy, N 4]
AqU--UAn=(m) ieAq i€An

where ¥ = F(¥) and 4; = Ker (@) — F{i})) fori € (m).
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Proof. Using Lemma 14, we get L,%m)le(cC) = (leE(m)(M)*), where M is the inclusion crossed m-cube induced by

the Leibniz n-algebra # and its n-sided ideals 44, ..., 4;;. Hence Proposition 9 implies an isomorphism L,%m)mb(ec) =
7w (E™2A6™ (M),,). Then, by [ 14, Proposition 13] (see also [6, Proposition 3.4]), there is an isomorphism

L™MAb(L) = N Ker (2A6™ (M) (my — A6™ (M) gy ) - 3)
le(m)

By definition of the functor 26™, we have

0 di
A6 M)y = < forallA C (m).
(404 [N ..., N 4] < {(m)
AqU--UAp=A i€Aq i€An

Now we set up the inductive hypothesis. Let m = 1, then
4 F ) LN[F, ..., F]
% =

[y, F*1] [F,....F] (41, F71]
Proceeding by induction, let m > 2 and suppose that the result is true for m — 1 and we will prove it for m.

Let us consider | € (m) and denote by 3" the restriction of the functor § : Cm — nLb to the subcategory of Cy, consisting
of all subsets A € (m) with | & A. Itis easy to check that §'/ is a free exact (m — 1)-presentation of the free Leibniz n-algebra
F(m) \ {1)). Since LI~ "2A6(3((m) \ {I})) = 0, our inductive hypothesis implies that

1" 206(£) = Ker (

LN[F,... . Fl= N Wo I /SN o I 1} (4)

N
e MU= U= (mp\(i ' e

Then from (3) and (4) we can easily deduce the required isomorphism. O

5.2. The main result

We finally give the main theorem of this paper, which expresses the homology of Leibniz n-algebras with trivial
coefficients by Hopf type formulas.
We need the following lemma which is the Leibniz n-algebra analog of the well-known fact for simplicial groups (see for

example [22]).
Lemma 16. Let £, be a simplicial Leibniz n-algebra and A € (m), A # (m). Then d;(Niea Ker d[” ;) = Njea Ker d}”_’]], m > 2.

Theorem 17 (Hopf Type Formula). Let J£ be a Leibniz n-algebra and § a free exact m-presentation of L. Then there is an
isomorphism

N LN[F,...,F]
ie(m)
m>1,

nHLy (L) =

[N Lo, N0
A1U--UAp=(m) i€Aq i€An

where ¥ = §(¥) and 4; = Ker (3(¥) — §({i})) for i € (m).

Proof. Let (F,, dg, L) be an aspherical augmented simplicial Leibniz n-algebra. Consider the short exact sequence of
augmented simplicial Leibniz n-algebras

0 0 0 0
l ) ! ! l
N & — 4 &
Fore o Fl L o= (R FY] 2 [Fore Byl - (L, L
— - al
i
! 1 1 1
—_— ﬂ e drlu d9
F, e — F = F — L
— - 4
! 1 1 1
RN RN —
Ab(Frm) Do Ab(F) = Ap(Fy) —  A(L)
— — —



J.M. Casas et al. / Journal of Pure and Applied Algebra 214 (2010) 797-808 807

By the induced long exact homotopy sequence and the fact that all homotopy groups of F, are trivial in dimensions > 1, we
have the isomorphisms of vector spaces

N Kerd™'
ie(m)

" ’ an( N Kerd!,)
ie(m)
Since (171 is the restriction of d}" to [Fp, .;.\,/Fm], we have I(erd?1 = Kerd" N [Fn, ..., Fyl. Hence Nic(m I(erd’{?/_1 =
Nicmy Kerd™ ; N [Fp, - . ., Fy] and Nicgmy Ker d™' = Nicgmy Ker ™" O [Fye1, « .., Foi .

Since the shift of F, is the contractible augmented simplicial object (Dec(F.), d;, Fo) (see [23]), by Lemma 12 the m-cube
of Leibniz n-algebras 3™ (Dec(F,), d}, Fo) is a free exact m-presentation of Fy. Hence, by Theorem 15 we have

N Kerd™, N [Fn, ..., Fal

LM 9tp(Fy) = tetm —0, m>1

" o= > [N Kerd",,..., N Kerd",] -
A1U--UAp=(m) €A i€An

implying, for m > 1, the following equality

N Kerd!; N[Fm,....Fnl= > [N Kerd!, ..., N Kerd",]. (6)
ie(m) AyU- Uy =(m) ieAq i€An
Since (F,, dg, £) is an aspherical augmented simplicial Leibniz n-algebra, d}: (Nic(m) Kerd[" ;) = Nic(m) Ker d;’fﬂ, m> 1.
Using this fact, the equality (6) and Lemma 16, it is easy to see that
dr( > [N Kerd!, ..., N Kerd,])
Ay U A (m) ieAq i€An
> [0 Kerd™y',.... N Kerd!}'].
i€Aq i€An
A1U--UAp=(m)

d~m( N Ker d:rﬁ_/])
ie(m)

Thus by (5) and Theorem 4 we have
( m)1<erd;"_—ll) N [Fnts -, Fm1l

ie(m

HLp (£) = :
e > [N Kerd™',..., N Kerd",']
AqU--UAn=(m) ic€Aq ieA

Using again Lemma 12 and Theorem 15 the proof is completed. O

This result extends the Hopf formula for the first homology of a Leibniz n-algebra [9] to higher homologies. Moreover,
for n = 2, Theorem 17 describes the (m + 1)th homology HL,,1(L) of a Leibniz algebra .£ via a Hopf type formula, for all
m> 1.
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