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Abstract—In this paper, for an one-dimensional semilinear wave equation we study a mixed
problem with a nonlinear boundary condition. The questions of uniqueness and existence of global
and blow-up solutions of this problem are investigated, depending on the nonlinearity nature
appearing both in the equation and in the boundary condition.
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I. INTRODUCTION. THE STATEMENT OF THE PROBLEM

In this paper, in the domain Dy := {(z,t) € R?: 0 <z <[, 0 <t < T} of the plane of independent
variables x and ¢, we consider a mixed problem of determination of a solution u(z, t) of a semilinear wave
equation of the form:

Lu = uy — ugy + g(u) = f(z,t), (z,t) € Dr, (1.1)
satisfying the initial conditions:
u(z,0) = p(x), w(x,0)=19(zx), 0<z<lI, (1.2)
and the boundary conditions:
ug(0,t) = Flu(0,t)] + a(t), wug.(l,t) = Bt)u(l,t) +~(t), 0<t<T, (1.3)

where g, f, o, ¥, «, B, vand F are given functions, and « is the unknown real function.
Note thatfor f € C(Dr),g € C(R), F € CY(R), ¢ € C%([0,1]), ¥ € C1([0,1]), o, B,y € CL([0,T))

necessary conditions of solvability of the problem (1.1)-(1.3) in the class C?(Dr) are the following
second order consistency conditions:

¢'(0) = Flp(0)] + a(0), ¥'(0) = F'[p(0)](0) + a/(0),

@' (1) = B0)p(l) +7(0), (1) = B'(0)p(l) + B(0)¥ (1)

WesetI' =T'1 UwgUTy,whereI'1 : 2 =0, 0<t<T; wy:t=0,0<ax<l;Ty:x=10<t<T.
Definition 1.1. Lef the functions

(1.4)

feC(Dr), g, FECR), ¢eC0,1]), veC(01), a B,veC(0,T]) (1.5)
satisfy the following first order consistency conditions:
¢'(0) = Flp(0)] + a(0), /(1) = B(0)¢(l) +7(0). (1.6)
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248 KHARIBEGASHVILI ET AL

A [unction w is said to be a strong generalized solution of the problem (1.1)-(1.3) of the class C

in the domain Dy if u € C(D7), and there exists a sequence of functions u, € C*(Dr) such that
the Jollowing conditions are satisfied:

T [l — ulleppy = 0 lim L — fllopyy = O (L7)
Tim [ua(-,0) = @llor o = 0. T funs(-0) = Yo = 0. (1.8)
i [June(0,) — B (L) = 1Oy = (1.10)

Remark 1.1. In the case & = 0 and v = 0, in Definition 1.1 we assume that the sequence u,, is such that
0., _
up €C 2(Dp,T1,Tg) := {v € C*(Dr) : (ve — F(v))|r, =0, (ve — Bv)|r, = 0}.

Remark 1.2. It is clear that the classical solution u € C?(Dr) of the problem (1.1)-(1.3) is a strong
generalized solution of that problem of the class C'in the domain Dr.

Note that nonlinear boundary conditions of the form (1.3) arise, for instance, in the description of
the process of longitudinal vibrations of a spring in the case of elastic fixing one of its endpoints, when
tension is not subjected to linear Hooke’s law and is a nonlinear function of blending (see [1], p. 41], as
well as, in the description of processes in the distributed self-vibrating systems (see [2], p. 405 and [3]).

The problem (1.1)-(1.3) in the case of one-dimensional spatial variable, as well as, its multivariate
version has been studied in a number of papers (see [4]-[8], and references therein). On the whole, in
these papers the solution u = wu(x, t) of the problems of interest are considered in the energetic spaces,
when the solution and its partial derivatives for a fixed ¢ belong to Sobolev spaces with respect to the
spatial variables. In the paper [9], for equation (1.1) was investigated the mixed problem, when at the
endpoint x = [ is imposed Dirichlet homogeneous condition. When jumping from this case to the case
of Robin type boundary condition (see condition (1.3) with x =[), additional difficulties arise not only
of technical nature, but also in obtaining a priori estimate of the solution, as well as, in construction
of a representation of a solution of the corresponding linear problem, which plays an essential role in
obtaining of an existence theorem.

In this paper, we study the problem (1.1)-(1.3) in the class of continuous functions for sufficiently
broad classes of nonlinear functions, appearing both in equation (1.1) and in boundary condition (1.3).

The paper is organized as follows. In Section 2, under some conditions imposed on functions
g, F,a, B, appearing in equation (1.1), we obtain a priori estimate for a strong generalized solution
u of the problem (1.1)-(1.3) of the class C'in the domain Dy in the sense of Definition 1.1. In Section 3,
we reduce the problem (1.1)-(1.3) to an equivalent system of Volterra type nonlinear integral equations
in the class of continuous functions. Section 4 is devoted to the proof of local solvability of the problem
(1.1)-(1.3) in variable ¢t. In Section 5, we prove a uniqueness theorem for a solution of the nonlinear
mixed problem (1.1)-(1.3). In Section 6, we consider the question of solvability on the whole in the
domain Dp, T < [ of the problem (1.1)-(1.3)in the class of continuous functions, as well as, the question
of existence of a global classical solution of this problem in the domain D,. Finally, in Section 7, we
consider the question of existence of a blow-up solution of the problem (1.1)-(1.3).

2. AN A PRIORI ESTIMATE OF A SOLUTION OF THE PROBLEM (1.1)-(1.3)
Consider the following conditions:
G(g;s) :== / g(s1)dsy > —Mys> — My, / F(s1)dsy > —M3 Vs € R, (2.1)
0 0
a=v=0, BeCY(0,T]), B(t)<0, Bt >0, 0<t<T, (2.2)
where M; = const >0, 1 <1i < 3.
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Lemma 2.1. Let the conditions (2.1) and (2.2) be satisfied. Then for a strong generalized solution
w of the problem (1.1)-(1.3) of the class C in the domain Dy in the sense of Definition 1.1 the
following a priori estimate is fulfilled:

1
lulleyy < allfllemn +e2llellorw) T esliliows) +eallGlgl [eDIE w,) + sl E le-ieo) s + ¢
(2.3)
where ¢; = ¢;(My, M2, Ms3,1, T, 5(0)), 1 <i <6 are positive constants, independent of functions

u, f,pand .
Proof. Let u be a strong generalized solution w of the problem (1.1)-(1.3) of the class C in the

0
domain Dp. Then by (2.2), Definition 1.1 and Remark 1.1, there exists a sequence of functions u,, €C
2(D7,T1,T5), such that the limiting relations (1.7) and (1.8) are satisfied. Denote

fn = Luy, (2.4)
Pn = un|w07 Py = Unt|wo~ (2-5)
Multiplying both sides of equality (2.4) by u,,; and integrating over the domain D, 0 < 7 < T, we obtain
1
— / (u,%t)tdxdt — / Up gz Untdrdt + / [G(g; un)]td:cdt = / frnupedxdt. (2.6)
2 Jp, D D D

Wesetw,:t=7,0<2<1[;0<7<T. Let v = (vy,14) be the unit vector of the exterior normal to
0D;. It is easy to see that

V:r|w.r = 0, 0<7< T’ Vz‘Fl = _17 Vm‘Fg = 1) (2 7)
Vt|F1UF2 :Oa Vt|wo :*]—a Vt|w7— :]-7 O<T§T

0

Applying integration by parts (Green’s formula), and taking into account (2.5), (2.7), and that u,, €C
2(D7,T1,T5), we can write

1

1
/ (u2,)dxdt +/ (G(g;un)] dxdt = / u?,vds + G(g; up)veds
2 Jp, . 2 Jop, oD,

1 1
= / u?,dr — 3 Yidr + G(g;up)dr — | G(g;¢pn)dz, —/ UngaUntdrdt
wr wo

2 Wr wo T

1
= / [unxuntx - (unmunt)x]dxdt = 2/ (U%$)td$dt - / unxuntyxds (28)
N D, oD,

1 1
= / uimutder/ UnzUnedt / Buptpdt = / uizdx
2 0D~ Fl,T F2,T 2 Wr
1

1 1 1
- / o2 da + / Ungtnedt — = B(T)uE (1, 7) + SBO)p2 (1) + = | Buldt,
2 wo I 2 2 2 Lo 7

whereI'; - =Ty N {t < 7}, i =1,2.Inview of (2.8), the equality (2.6) we can write in the form:

2 / Frtmdadt = 2 / Untingdt — B2 (L ) + BOYEWD) + [ Aulde
D Fl,T FQJ’

+ / (W2, + u2,)d + 2 / G (gi un)de — / (2 + 2 )dz — 2 / Glgpn)de.  (29)
wr wr wo

wo

0.
Since u, €C ?(Dr,I'1,I'2), we have

T U (0,7) 0 un (0,7)
/ UngUntdl = / Flun(0,1)]dun(0,t) = / F(s)ds = / F(s)ds + / F(s)ds.
Ti,r 0 on(0) %) 0
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In view of (2.1), (2.2) and (2.10), from (2.9) we obtain

wn(T) = / (w2, +u2)de <2 | foumdrdt — B(0)p2(1) + / (p2, + ¥2)dz

D, wo
@n(o)
+2/ G(g; pn)dx + 2M; / uldr + 2/ F(s)ds + 2(Mal + M3). (2.11)
wo wr 0
Next, since by (2.5)
Un (2, T) = pn(x) —I—/ Ut (x, t)dt, (2.12)
0
we have
T 2 T
lun (2, 7) | < 202 () +2(/ unt(m,t)dt) < 202 () +27/ uZ,(z,t)dt,
0 0
implying that

/ w2dw < 2lpnll2, o0 +2T/O wp (D), (2.13)

where wy, is as in (2.11). Taking into account (2.13) and the following inequalities

2 <+ i Wil < Ty [ ot = [ [ aaal < [“wn oy
T Wt

/(wim+¢3)dw+2 G(g; on)dz < U@ ey + UtnlE ) + 2UG gl [on) o)
wo

wo
Son(o) 9 9
2/0 F(s)ds < 2{on(0) I Flle(-1en©)Lien @) < €n(0) + 1FIE (- (pn©)L1en @)

AM1 |21 Z () + 92 (0) = BO)on (1) + Ulp By < (AMLL+ 1+ [B0))l0nlE )

HonllE ) < enlEwn) + 10012 w)) < lollnllEr ), lo == maz (4Mil+1+|5(0)],1),
from (2.11) we get

wn (1) < (4MLT + 1)/0 wn (t)dt + lTanHZC@T) + lOH‘PnH%}l(wO) + anH%(wo)

+2UG(19l; [en)lcwo) + IFIE(ton ) ion@n) T 2(Mal + Ms).

Therefore, in view of Gronwall’s lemma, we obtain

(7)< [T fall2: 3y + 1010012 Gy + U2y + 201G 10D )

For (z,t) € Dr, by integrating with respect to variable ¢ € [0, ] the following obvious inequality

’un(x7t)’2 -

x 2 l
un(g,t)+/ (a1, 1) | §2un(§,t)]2+2l/ W2 (z,1)dz,
3 0

we obtain

l
(2, )2 < ?/O (€, 8) [2dE + 2L (8). (2.15)
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By similar arguments, in view of (2.12), we obtain

¢
/ | (2, 1)) dx < 2||90n||L2(w0 +2l/ da:/ (x,0)do < 2||‘10n||L2(w0 +2l/ n(0)do.

Hence, taking into account (2.15), we get

4 t
(.0 < Tl +4 | wn()dr + 2000

4 2 2
< Flnl s + 61 masx wa(0) < Al + 61 max wnc). (216)

1/2
Next, taking into account (2.14), (2.16) and the obvious inequality (Zl 1az2> <SE o ail, we
obtain

lunllo@y) < 2llenllew) + [lv 67(| frll By + V 6llollenllcr (wp)

1
+HIV6|[vnl o) + 20V3BIIG( gl [enDlIE ) + VOUF e lon©) L len))

+2/3U(0M1 + My) | exp [27 TAMT +1)].

Finally, by (1.7), (1.8) and (2.5), passing to the limit (as n — o0) in the last inequality we get
lullo@yy < 2lellew) + [lv 6T (| fllc:mpy + V6Uollellcr o) + V6]l o) (2.17)

1
+20V3[GI91; 1)) 1E ) + VOUF (i@ le@) + 2V/31(Mal + Ms)} exp 27 T(4MT 4+ 1)].

Lemma 2.1 is proved.
Remark 2.1. It follows from (2.17) that the constants ¢;, 1 < i < 6, in the estimate (2.3) are given by

c1 = IV6Tcy, co =2+ +/6llycy, c3 = l\/éco, Ccy = 2l\/§00, c5 = \/&CQ,

(2.18)
6 = 21/31(Mal + Ms)cy, where ¢ := exp [27'T(4M T + 1)].

Remark 2.2. We give examples of classes of functions, which appears frequently in applications and for
which the conditions in (2.1) are fulfilled:

1. g(s) = go(s)sgns + as + b, where go € C(R), go > 0; a,b, s € R;

2. F(s) = Fy(s)sgns + as + b, where Fy e C(R), Fop > 0; a,b,s € R, a > 0;

3.9 € C(R) € Li(—o0 > 0 (forinstance, g(s) = exps, s € R).

) 9‘(—00,0) g}(O +00)

3. REDUCTION OF PROBLEM (1.1)-(1.3) TO A SYSTEM OF VOLTERRA TYPE
NONLINEAR INTEGRAL EQUATIONS

We first represent the solution in the domain Dy of the following mixed linear problem

Dw = wy — wee = f(z,), (x,1) € Dy, (3.1)
w(z,0) = p(z), wi(z,0)=1y(z), 0<x <l (3.2)
we(0,t) = a(t), wi(l,t)=~(), 0<t<], (3.3)
in quadratures in a convenient form, where
fec Dy, weC(0.1])., ved(0,0), a 7€ (o) (3-4)
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are given functions satisfying the following second order consistency conditions:
¢'(0) = a(0), ¥'(0)=a'(0), ¢'(1)=75(0), ¥'(1) =7(0), (3.5)

and w € C?(D,) is the unknown function.
Below the solution of the problem (3.1)-(3.3) we represent in the form:

with operators A; and By, which will be constructed in explicit form.

To this end, the domain D;, being a square with vertices at the points O(0,0), A(0,1), B(l,1)
and C(l,0), we split into four right triangles A; := AOO,C, Ay := AOO; A, Ag:= ACOB and

Ay := AO1AB, where the point 01(2, 2) is the center of the square Dj. It is known that the solution of
the problem (3.1)-(3.3) in the triangle A1 is given by the following formula (see[1], p. 59):

w(z,t) =

x4+t

[gp(x—t) —|—<p(x—|—t)] +%

DN

r—t

¢(T)d7+% / Fle, r)dedr, (z.1) € Ay, (3.7)
QL

where € ; denotes the triangle with vertices at the points (z,t), (t —,0) and (¢ + ,0).

To obtain the solution of the problem (3.1)-(3.3) in the other triangles Ag, As and A4, we use the
following equality (see[10], p. 173):

w(P) =w(P) +w(P) —w(P3) + % /PP . f~(§,7')d£d7', (3.8)

which is true for any characteristic (for equation (3.1)) rectangle PP, P,P3 C Dy, where P and P3, as
well as, P; and P, are the opposite vertices of that rectangle, and the ordinate of the point P is greater
than the ordinates of the other points.

Now let (x,t) € Ag. Then setting
ﬁl = ’LU|F1, (39)

and applying the equality (3.8) for characteristic rectangle with vertices at the points P(z,t), P;(0,t —
x), Py(t,x) and P3(t — x,0), the formula (3.7) for point P»(t,z) € Ay, and using (3.9), we can write

1

wlat) = w(P) +u(P) —w(P) +5 [ flendsdr = (e —a) — plt = 2)

1 1 [tte 1 ~ 1 ~
+§ [gO(t — .T) + QO(t + .’L')] + 5 . TZJ(T)dT + 5 /Q%w f(f, T)dde + 5 /PP1P2P3 f(f, T)dde
1 t+x 1 -
=m(t—z)+ 3 [go(t +x)— ot — x)] + 3 Y(T)dT + 3 / f&,m)dédr, (x,t) € Ay. (3.10)
t—x Qi,t

Here 92 denotes the quadrangle P]52P3P1, where ]52 = ]52(15 +x,0).
Takmgmto account that for (z,t) € Ag

t—x THt—7 THt—T _
/ f T dde_/ dr/ f&,r d§+/ dT/ T)dE,
T+t—T t—x T—t+T

in view of (3.10) we obtain

wala, 1) = ~fiy(t — ) + 3 [/t 4 7) + @' (t — 2) + (¢ ) + (s~ )] (3.11)

t—x t
+1/ [f(.’b—i—t—T,T)—l-f(—x—l-t—T,T)]dT-f-;/ [f(SU—I—t—T,T)—f(I—t+T,T)]dT.
0 t—x
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Similarly, for (z,t) € Ay we get
wilie,t) = (= ) + 5 [0+ ) — (¢ — @) + (b + ) — (e — )

t—x

+ [f(x+t—T,T)—f(—m+t—7,7)]d7+1/ [flz+t—7,7)+ flz —t+7,7)]dr. (3.12)

N

2
0 t

Setting z = 0 in the equality (3.11), and taking into account the first boundary condition in (3.3), for
unknown function g1 we obtain the equality:

=y (t) + @' (t) + (t) +/0 f(t —7,7)dr =a(t), 0<t<I.

Integrating the last equality and taking into account the initial condition i1 (0) = ¢(0), we get

Ar(t) = Ao(F. @, 79)(8) + Baleo, )(t) = olt) — /0 a(r)dr + /0 (r)dr

t T
+/ dTl/ fmn—m7m)dr, 0<t<lL. (3.13)
0 0

Now, in view of (3.10) and (3.13), the solution of the problem (3.1)-(3.3) in the domain Ay can be
represented in the form:

t—x t—x t—x T1
w(z,t) = —/0 a(r)dr + ; Y(T)dr —1—/0 d7’1/0 flrn—m7,7)dr

t+x

sglettra)ret—o]+3 [ oy [ fendan @woesn (314

N

t—x

Next, to obtain representations for the solution of problem (3.1)-(3.3) in the domains As and Ay, we set
/’22 = 'LU|F2 (315)

and use the above arguments, applied to obtain the equality (3.10), to conclude that

2l—x—t

1

w(z,t) =pe(x+t—1)+ %[gp@ —t)—p2l—z—t)] + 3 / Y(T)dr + % / f(€,7)dedr, (3.16)
O3

r—t

for (x,t) € As, and

w(z, 1) :ﬁl(t—x)—i—ﬁg(x—i-t—l)—%[(p(t—x)—i-cp(%—t—a:)]

1

20—t—x 1 _
+§ /t—x Y(r)dr + ) /Qf; t f(&, m)ydedr, (z,t) € Ay. (3.17)

Here 3 ; denotes the quadrangle with vertices P3(x,t), PP(l,z+t—1), P§(x —t,0), P32l — z —
t,0), and Q3 ; denotes the pentagon with vertices P4(x,t), P}(0,t —x), Py(t —,0), P§(2l —x —t,0)
and P}(l,z +t — ). Taking into account that for (z,t) € A

~ z+t—1 2A—z—t+71 _ t THt—1
/| , Fi& s = [ [ Henaen [ ar [T e
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and differentiating the equality (3.16) by x, we obtain

walz,t) = fy(a 4+t — 1) + L[z — ) + 2~z — 1)]

2
1 1 T+t—l .
_§[¢(2l—x—t) +(x —t)] — 2/0 [fRl—z—t+7,7)+ f(x—t+7,7)]dr
1 [t ~ ~
+2/ [Fatt-mr)— fa—t+rn)dn (2.1 € As (3.18)
r+t—1

Substituting the expression (3.18) with = [ into the second boundary condition in (3.3), for unknown
function 12 we obtain

t ~
py(t) —p(l—t) + o' (1 —t) — / fll—t+77m)dr=75(), 0<t<I. (3.19)
0
And, in view of (3.2) and (3.15), we have

7i2(0) = (0). (3.20)
Finally, from (3.19) and (3.20) we obtain

l

~ t
alt) = Ax(F.3A)O + Balo ) = ol =)+ [ Fyir+ [ vtryar

t T
+/ dﬁ/ fl=m+771)dr, 0<t<I. (3.21)
0 0

Remark 3.1. If w is a solution of the problem (3.1)-(3.3), then in view of equalities (3.6), (3.13) and
(3.21), for the triple of functions (w, fi; := w|r,,7 = 1, 2) the following integral representation holds:

(w, v, fiz) = A(f,@.7) + B(g, ), (322)
where the actions of operators A := (A1, Aa, As), B := (B, Ba, B3) are specified by formulas (3.6),
(3.7),(3.14),(3.16),(3.17),(3.13) and (3.21).
Remark 3.2. It is easy to check that in the case f e C(D)), ¢ € CX([0,1]), ¥ € C([0,1]), &, 7€
C([0,1]), if the first order consistency conditions ¢’(0) = @(0), ¢'(I) = 7(0) are satisfied, then in view

of formulas (3.11) and (3.12) for every w,, w; in the domain A, and also in the other domains
A1, Az and Ay, the triple of functions (w, 11, 12), defined by equality (3.22), belongs to the class

CY(Dy) x CL([0,1]) x C*([0,1]). Moreover, the linear operator

A:C(Dy) x C([0,1]) x C([0,1]) = C'(Dy) x C*([0,1]) x C*([0,1]) (3.23)
in (3.22) is continuous. A similar remark holds also for operator B in the corresponding spaces of
functions.
Remark 3.3. Similar to Remark 3.2, it can be shown that if the smoothness condition (3.4) and

the second order consistency condition (3.5) are satisfied, then according to (3.6), the function w,
constructed by means of equalities (3.7), (3.14), (3.16), (3.17), (3.13), (3.21), belongs to the class

C?(Dy), and is the classical solution of the problem (3.1)-(3.3).

Remark 3.4. Note that in the case where the problem (3.1)-(3.3) is considered in domain Dy for T < [,
then for the triple of functions (w, i1; := w]|r,,7 = 1, 2), the integral representation (3.22) remains valid.

Now we proceed to reduce the problem (1.1)-(1.3) to a system of Volterra type nonlinear integral
equations. Let u be a strong generalized solution of this problem of the class C'in the domain Dp, T <,
thatis,u € C(Dr) and there exists a sequence of functions u,, € C?(D7), such that the equalities (1.7)-
(1.10) are satisfied. Consider the function w,, as a classical solution of the problem (3.1)-(3.3) for

]?: _g(un)+fna © = Qn, Y =1y, a:F(Mln)+ana ﬁZBMQn""Ym
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where
fn = Luy, $n = Un’woa Yy = U/nt’woa Hin = un‘l“la Qp = unr‘l“l - F(,Uln)a Tn = unw’f‘z - /8M2n-

Then, by equality (3.22), for function w,, and its truncations g, := uy|r,, ¢ = 1, 2, the following equali-
ties hold:

Un = Al( = g(un) + fr, F(pan) + an, Bpon + 'WL) + Bi(¢n, ¥n),
trin = Aig1( = g(un) + fr, F(p1n) + an, Bizn +vn) + Bit1(on,¥n), i=1,2.

Taking into account Remark 3.2, the equalities (1.7)-(1.10) and (3.22), and passing to the limit in
equations (3.24) as n — oo, we conclude that the triple of functions (u, u; := ulr,,7 = 1,2) satisfies
the nonlinear operator equation:

(3.24)

(U, Ml’:U’Q) = Aﬂ(unu’laHZ)a (325)

where
Ao(u, p1, p2) = A(=g(u) + f, F(p1) + o, Buz + ) + B(p, ). (3.26)

Remark 3.5. In view of Remark 3.2, the operator Ay defined in (3.26) acts continuously from the space
C(Dr) x C([0,T]) x C([0,T]) to the space C*(Dz) x C1([0,T]) x C*([0,T)), T < . Hence, taking
into account that the space C*(D7) x C*([0,T]) x C([0,T]) is compactly embedded into the space
C(Dr) x C([0,T]) x C([0,T]) (see[11], p. 135)], we conclude that the operator

Ap: C(Dr) x C([0,T]) x C([0,T]) = C(Dr) x C([0,T]) x C([0,T7) (3.27)
is compact.
Remark 3.6. [t is easy to see thatif (§,7) € Qﬁm, 1 <i <4, then 7 < t, which in view of formulas (3.7),

(3.14), (3.16), (3.17), (3.13), (3.21), permits to consider (3.25) as a system of Volterra type nonlinear
integral equations with respect to variable ¢. Notice that in the linear case, for this system can be applied
a converging method of Picard’s successive approximations in the corresponding spaces of functions.

Remark 3.7. Similar to Remark 3.3, in view of (3.25) we can conclude that if u is a strong generalized
solution of the problem (1.1)-(1.3) of the class C'in the domain Dy, T < I, and the following smoothness
conditions

feC(Dr), g, FEC'(R), ¢eC*(0,1]), yeC 0,1]), a, B,yeCY0,T]) (3.28)

and the second order consistency condition (1.4) are satisfied, then w will be the classical solution of this
problem from the space C?(Dr).

Remark 3.8. From the above presented arguments it follows that if the smoothness condition (1.5) and
the first order consistency condition (1.6) are satisfied, and if a function w is a strong generalized solution
of the problem (1.1)-(1.3) of the class C' in the domain Dt in the sense of Definition 1.1, then the triple
of functions (u, p; :== ulr,,7 = 1,2) is a continuous solution of the system of Volterra type nonlinear
integral equations (3.25). Using arguments similar to those applied in [9], it can easily be shown that the
converse assertion also holds.

4. LOCAL SOLVABILITY IN ¢ OF PROBLEM (1.1)-(1.3)

Theorem 4.1. Let the functions f € C(Dy), g, F € C(R), ¢ € CL([0,1]), ¥, «a, B,y € C([0,1]) sat-
isfy the consistency condition (1.6). Then a positive number Ty = To(f, g, F, ¢, ¥, a, B,7y) <l can
be found such that for T < Ty the problem (1.1)-(1.3) in the domain Dt will have at least one
strong generalized solution u of the class C.

Proof. In Section 3, the problem (1.1)-(1.3) in the space C(Dr) x C([0,T]) x C([0,T)), T < I, was
reduced to the equivalent equation (3.25), where by Remark 3.5 the operator Aq is continuous and

compact, acting in the space C(Dr) x C([0,T]) x C([0,T]). Hence, according to Schauder theorem,
for solvability of equation (3.25) it is enough to show that the operator Ay transfers some ball

Bpr, (u®, 19, 19) with center at point (u®, uf, 19) and of radius Ry > 0 of the Banach space C(D7) x
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C([0,T]) x C(]0,T1)) to itself. We show that this is the case for small enough 7" < [. Indeed, in view of
Remark 3.1 and equality (3.22), the operator equation (3.25) can be written in the form:

(umu*l’,uQ) = A()(’LL,,Ul, ,MQ) = (UO’ ,LL?,/.L(Q)) + A( - g(U), F(#1)75M2)> (41)
where
UOZAl(faO‘77)+Bl(g07¢)a :U’g:Ai-‘rl(fva,’)/)—'_Bi-‘rl(govqb)a 22172

It is easy to see that if (w, fi1, fiz) belongs to the ball B, (u®, uY, u3) and, according to Remark 3.6, the
linear operator A from (3.23) is a Volterra type integral operator by the variable ¢ < T, then

IA( = g(w), F(11), Bu2) | o By x ooy < TM, (4.2)
where
0 <M := M(llglleq-r.ry 1Fllcq-rr), 1BllcqonR) < oo,
R = ||(u’ “8)HC(E)xC([O,l])xC([o,l]) + R,
and Ry is an arbitrary fixed positive number, and the function M = M (s1, s2, s3) is continuous and

nondecreasing by each of the argument s; > 0, i = 1,2,3. Taking T' < %, from (4.1) and (4.2) for
(@, i1, fia) € Bry(u®, 19, 19), we obtain

| Ao(w, pun, pi2) — (u”, M(l)vMg)HC(ET)XC([O,T})XC([O,T]) < Ro,

implying that Ag : Br, (u®, 19, 19) — Bpr, (u®, 1y, 119), and the result follows. Theorem 4.1 is proved.

5. UNIQUENESS OF A SOLUTION OF PROBLEM (1.1)~(1.3)

Theorem 5.1. The problem (1.1)-(1.3) cannot have more than one strong generalized solution
of the class C in the domain Dp,T <1 in the sense of Definition 1.1, if in (1.5) it is assumed
additionally that g, F € C1(R).

Proof. Assume that the problem (1.1)-(1.3) has two distinct strong generalized solutions u! and
u? of the class C in the domain Dy, T < I. Then, according to Remark 3.8, the triples of functions
(ul, ub :=ut|p,, pd = utr,) and (u?, 42 = v?|r,, 43 := u?|r,) are continuous solutions of the system
of nonlinear integral equations (3.25). Setting u® := u? — u!, p? := p? — pl, i = 1,2, and taking into
account (3.13), (3.14) and Remark 3.4, we can write

W(t) = - /O [F(3) — F(ud))(r)dr — /0 dr, /0 " l9?) - gh))(r — 7 7)dr, 0<t<T,
WOz, t) = - /0 F(2) — F(ud))(r)dr — /0 dr, /0 T9(?) - gd))(m - m)dr (5.0)

[, ) = stuhie. e, (.t) € darr{t <7

x,t

1
2
Next, since

1
F(pi) = F(py) = [/0 F'lpg + (ui - u%)s}dS} e
1 (5.2)
g(uQ) _g(ul) —_ [/0 gl[ul + (u2 _ ul)s]ds} uO’
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then assuming u?, ¢, i = 1,2 to be fixed functions and setting u(t) = maxg<,<; |[u’(x,t)|, 0 <t < T,
by (5.1) and (5.2), we obtain

[ (2, )] < Mo /0 [169(0)] + ()] dr
t
< My /O [9()] + 69()| +a(r)]dr, (2.) € A {t < T}, (5.3)

0 ! 0 — ! 0 0 _
(O] < Mo | [lmi(7)] +a(r)]dr < Mo [ [lpd ()] + |pa(7)] +a(r)]dr, 0<t<T,
0 0

where My is a positive constant depending on g, F' and on fixed functions ui,,u;,i,j =1,2. Similar

arguments, carried out in the other domains A; N {¢ < T}, and possibly, by enlarging My, allow to
obtain the following inequalities:

u® (2, )] < Mo/ (B (D] + s +a(r)]dr,  (2,t) € Ajn{t <T}, j=1,3,4,
0 (5.4)

3 (t)] < Mo/O A (D] + |ka(r)] +a(r)]dr, 0<t<T.

[t follows from (5.3) and (5.4) that
t
1Y ()] + 2 (t)] +a(t) < 2Mo/0 (112 (7)| + |p3(r)| + a(r)]dr, 0<t<T.

Therefore, in view of Gronwall’s lemma, we conclude that w(t) = 0, 0 <t < T, that is, u* = u%. The
obtained contradiction completes the proof of the theorem. Theorem 5.1 is proved.

6. THE SOLVABILITY OF PROBLEM (1.1)-(1.3) IN DOMAIN Dy FOR ANY T' <1
IN THE CASE a=~v=0

Let 7 € [0,1], and let u = u, be a strong generalized solution of the class C'in the domain Dy, T' <1
of the following problem

Ut — Uz = T[—g(u) + f(z,t)], (x,t) € Dy,
u(z,0) = 1o(z), w(x,0)=71¢Y(x), 0<z<I, (6.1)

ug(0,t) = 7F[u(0,t)], wug(l,t) =76t)u(l,t), 0<t<T,
provided that the smoothness condition (1.5) and the following consistency condition (an analog of
condition (1.6)): ¢’(0) = F[r(0)], ¢’ (1) = 75(0)p(l) are satisfied. It is easy to see that these conditions
will be satisfied for any 7 € [0, 1] if, for instance,
(0) =0, ¢'(0) = F(0), ¢(I) =0, ¢'(I) =0. (6.2)

Similar arguments show that if u = w is a classical solution of the problem (6.1) for any 7 € [0, 1], then
according to Remark 3.7, it is natural to require that the smoothness condition (3.28) and the following
equalities (instead of (1.4)) be fulfilled:

¢'(0) = Flre(0)], 4'(0) = 7F'[ro(0)]y(0), ¢'(1) = 78(0)e(D), ¢'(I) = 78'(0)(l) + 7B(0)1(1).

[t is easy to see that these conditions will be satisfied for any 7 € [0, 1], if, for instance, along with (6.2)
will be satisfied the following conditions:

$(0) =0, ¥'(0) =0, ¥(1) =0, ¥'(1) =0. (6.3)

Remark 6.1. Note that for 7 = 1, the problems (6.1) and (1.1)-(1.3) coincide, and similar to Definition
1.1, it can be defined the notion of strong generalized solution of the problem (6.1) of the class C' in the
domain Dy, provided that the consistency condition (6.2) is satisfied.
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Remark 6.2. In view of Remark 3.8, the problem (6.1) in the class of continuous functions can be reduced
the following equivalent nonlinear operator equation:

(u, i1, p2) = 7 Ao(u, pir, pi2), (6.4)
where the operator Ag is as in (3.27) and, by Remark 3.5, is compact.
As a consequence of Remarks 6.1, 6.2 and Leray-Schauder theorem (see [12], p. 375), we can state
the following result.
Lemma 6.1. Let the conditions (1.5) and (6.2) be fulfilled. If for any strong generalized solution
u = u; of problem (6.1) of the class C in the domain Dy for any T € [0, 1] the following a priori
estimate holds:

lull oy < Ma (6.5)

where M, = M, (g, f,¢,¥, F,a, 3,7) is a nonnegative constant independent of T, then the problem
(1.1)-(1.3) has at least one strong generalized solution of the class C'in the domain Dr.
Proof. Observe first that in view of Remarks 6.1 and 6.2, a function u € C(Dry) is a strong generalized
solution of problem (1.1)-(1.3) of the class C'in the domain Dy if and only if it is a continuous solution of
the nonlinear operator equation (6.4 ) for 7 = 1. On the other hand, according to conditions of the lemma,
for any solution u € C'(D7) of the equation (6.4) with compact operator Ag, for any 7 € [0, 1] the a priori
estimate (6.5) holds, and hence, according to Leray-Schauder theorem, the equation (6.4) for 7 = 1 has
at least one solution u € C(Dr), which is also a strong generalized solution of problem (1.1)-(1.3) of
the class C'in the domain Dr. Lemma 6.1 is proved.

As a consequence of Lemmas 2.1 and 6.1 and Theorem 5.1, we have the following result.
Theorem 6.1. Let T <1, and let (1.5), (6.2) and the conditions of Lemma 2.1 be fulfilled. Then the
problem (1.1)-(1.3) has at least one strong generalized solution of the class C in the domain
Dy, which in the case g, F € C1(R) is unique. Moreover, if the smoothness condition (3.28) and
the equalities (6.2), (6.3) are also satisfied, then this solution will also be classical.
Proof. Observe first that if the given functions g, f, ¢, %, F' of problem (1.1)-(1.3) we replace by the
functions 7g,7f, 7, 7, TF, T € [0,1], then by (2.3) and (2.18), for any strong generalized solution
u = u, of the class C' in the domain D of the obtained problem the following a priori estimate holds:

1/2
lullo@yy < atllfllom,) + c2mllellerw) + esTllYllow) + call Gllgls \WDHC/(WO)

FesTI| Fllo(-1p0)1p0)n) + 6

1/2
< allfle@y + llellcw) + eslvllows) + callGgl; |<P|)||o/(w0) + esl| Fll =100, 10 + C6-

Hence, the first assertion of the theorem follows from Lemma 6.1 and Theorem 5.1. The assertion that
under conditions (3.28) and (6.3) the solution is classical, follows from Remark 3.7. Theorem 6.1 is
proved.

Remark 6.3. Notice that the existence of the unique classical solution in the domain Dy, := {(z,t) €

R2:0<z<l, (k—1) <t<kl}, k€N, k>2, of the mixed problem
Lu = f($at)7 (.I, t) € Dl,k’7 U|t:(k—1)l =¥, ut‘t:(k—l)l =1,

uz(0,t) = Flu(0,t)] + a(t), uz(l,t) = Bt)u(l,t) +~(t), (k—1)I<t<Ekl,

can be proved exactly in the same way as in the case £ = 1, that is, in the domain D; ; = D;. Thereiore, all
the constructions of structural nature, given in the previous sections in the domain D with T < [ (such
us the representations (3.7), (3.10), (3.16), (3.17) of a solution of the linear problem (3.1)-(3.3) and the
nonlinear operator equations of type (3.25) as a system of Volterra type nonlinear integral equations with
respect to variable t) analogously can be transferred to the case of domain D7 forany 7" > [. Hence, if the
conditions of Lemma 2.1, the smoothness condition (3.28) for T = oo, and the consistency conditions
(6.2), (6.3) are satisfied, then for any 7" > 0 (in particular, for 7" = c0) in the domain D7 there exists a
unique classical solution u € C?(Dr) of the problem (1.1)-(1.3). Thus, we have the following result.

Theorem 6.2. Let the conditions of Lemma 2.1, the smoothness condition (3.28) for T = oo, and
the consistency conditions (6.2), (6.3) be satisfied. Then for T = oo the problem (1.1)-(1.3) has

a unique global classical solution u € C?(Dy).
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7. THE EXISTENCE OF BLOW-UP SOLUTION OF PROBLEM (1.1)-(1.3)

In this section, in a special case, we show that if the conditions in (2.1), imposed on the nonlinear
functions g and F' are violated, then the solution u of the problem (1.1)-(1.3) can turn out to be blow-up.
That is, a number T* € (0,!] can be found such that for 7" < T* the problem (1.1)-(1.3) has a unique
classical solution u, and

lim e,y = oo (71)

This, in particular, implies that the considered problem has no a classical solution in the domain D for
T > T*. Indeed, consider the following special case of problem (1.1)-(1.3)
Ut — Uz = 0, (:L‘,t) € Dr; u(x,O) :(p(l'), Ut(xvo) :w(x)a 0<z<l,
uz(0,t) = Flu(0,7)], us(l,t) =0, 0<t<T,
where o € C%([0,1]), ¢(0) >0, ¢ € C*([0,1]) and F(s) = —6|s|*s, § := const > 0, \ := const >
0, s € R, and the corresponding consistency conditions, similar to (1.4), are satisfied. It is easy to check

that in the case v = —¢/, the classical solution w of this problem in the domain D for T' = T* is given
by formula:

(7.2)

(o(x—1), (2,t) € A n{t<T"},

wi(t—x), (z,t) € Aan{t <T*},

u(z, t) =< o2l —z —t) — () + oz —t), (x,t) € Asn{t <T*}, (7.3)
it —z)+e2l—z—t) —plx+t—1),

(x,t) e Ay {t < T*},

where

#(0) ] 1

pi(t) = , 0<t< T i= ——= <. (7.4)
[1— 6Ap M 0)t] 3A0*(0)

[t follows from (7.3) and (7.4) that the solution of problem (7.2) is blow-up, that is, (7.1) is satisfied.

Therefore, in the considered case, in the statement of this problem it should be required that T" < T*.

Remark 7.1. In fact, formula (7.3) allows to continue the solution of the considered problem from the

domain Dy« to domain D; N {t < x + T*}, and this solution u(z, t) will unboundedly increase when the

point (x,t) from the domain D; N {t < = + T™} approaches to the characteristic t — x = T, to which

border on this domain by the part of its boundary.
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