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1. STATEMENT OF THE PROBLEM

Consider the nonlinear wave equation of the form

&*u
Lu::w—Auﬂ—mu:f(u)—l—F, (1)
where f and F' are given real functions, f is nonlinear, and u is the unknown real function;
m =const >0, A=3"" 0%/0x?, and n > 2.

Let D be a conical domain in the space R"™! of the variables z = (zy,...,x,) and ¢; i.e., if D
contains a point (z,t), then it contains the entire ray ¢: (rx,7t), 0 < 7 < co. By S we denote the
cone 0D. We assume that the domain D is homeomorphic to the conical domain w: t > |z| and
S\O is a connected n-dimensional manifold of the class C*°, where O = (0,...,0,0) is the vertex
of the cone S. We also assume that the domain D lies in the half-space ¢ > 0 and set

Dr={(z,t)e D: t<T}, Sy ={(z,t) € S: t<T}, T>0.

If T = oo, then, obviously, D, = D and S, = S.
Consider the following problem: find a solution wu(z,t) of Eq. (1) in the domain Dy with the
boundary condition

uls, =g, (2)
where ¢ is a given real-valued function on Sr.
If the cone S = 9D is timelike and is the graph of a function of the variables x1,...,z,, i.e., if
<y§ -3 y§> <0, Volg <0, (3)
i=1 S
where v = (v1,...,V,, 1) is the unit outward normal to S\0, then problem (1), (2) is a multidi-

mensional version of the second Darboux problem [1, pp. 228, 233] for the nonlinear equation (1).
In what follows, we assume that condition (3) is satisfied.

The existence or absence of a global solution of the Cauchy problem for semilinear equations
of the form (1) with initial conditions u|;—g = uo and Ju/0t|;—g = u; was studied in [2-7]. As to
multidimensional variants of the second Darboux problem for linear equations of order > 2, they
are well-posed and globally solvable in appropriate function spaces [18-20)].

In the present paper, we single out special cases of the nonlinear function f = f(u); problem (1),
(2) is globally solvable in some of these cases and is not globally solvable in the other cases.
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2 KHARIBEGASHVILI

2. GLOBAL SOLVABILITY OF THE PROBLEM

Consider the case in which f(u) = —A|ul[Pu, where A # 0 and p > 0 are given real numbers.
Then Eq. (1) acquires the form

0%u
Lu := ﬁ—Au+mu:—)\|u|pu+F (4)

This equation arises in relativistic quantum mechanics [21-24].
Let us restrict our considerations to the case in which condition (2) is homogeneous, i.e.,

’U,‘ST = 0. (5)

We set Wi (Dr, S7) == {u € W} (Dz): uls, =0}, where W3 (D7) is the well-known Sobolev
space [25, p. 56].

Remark 1. The embedding I : W} (Dr, S) — L, (Dr) is a linear continuous compact operator
for 1 < ¢ < 2(n+1)/(n—1) provided that n > 1 [25, p. 81]. At the same time, the Nemytskii
operator K : L, (D) — Lo (Dr) acting by the formula Ku := —A|u[Pu is continuous and bounded
if g > 2(p+1) [26, p. 349; 27, pp. 66-67 of the Russian translation|. Therefore, if p < 2/(n—1), i.e.,

2(p+1) < 2(n+1)/(n—1), then there exists a number ¢ such that 1 < 2(p+1) < ¢ <2(n+1)/(n—1)
and hence the operator

Ko = KI:W}(Dr,S7) — Ly (Dr) (6)

is continuous and compact. The inclusion v € W} (Dr, Sy) implies that so much the more u €
L,1 (D7). As was mentioned above, we everywhere assume that p > 0.

Definition 1. Let F € Ly(Dy) and 0 < p < 2/(n — 1). A function u € W} (Dy,Sz) is
called a strong generalized solution of the nonlinear problem (4), (5) in the domain Dy if there

exists a sequence uy € C? (DT, ST) = {u € C? (DT) Doulg, = 0} of functions such that u; — u in
the space W} (D, S7) and [Luy + A|ug|” ue] — F in the space Ly (Dr). The convergence of the
sequence {\ |uy|” u,} to the function A|u[Pu in the space L, (Dr) under the condition that uj, — u

in the space W} (Dy, St) follows from Remark 1. Note that since |u[* € L, (D) and the domain
Dy is bounded, we so much the more have u € L, 1 (Dr).

Definition 2. Let 0 < p <2/(n—1), F € Lyo.(D), and F' € Ly (Dr) for every T' > 0. We say
that problem (4), (5) is globally solvable if for each T' > 0 it has a strong generalized solution in

the domain D7 in the space Wy (D7, St).

Lemma 1. Let A > 0, 0 < p < 2/(n—1), and F € Ly (D). Then each strong generalized
solution w € W3 (Drp, St) of problem (4), (5) in the domain Dy admits the a priori estimate

[ellviz (pr,50) < VE/2TIF LoD (7)

Proof. Let u € Wj (Dr, Sy) be a strong generalized solution of problem (4), (5). By Definition 1,
there exists a sequence u;, € C? (DT, ST) of functions such that

klggo e — u‘|VV21(DT,ST) =0, leIgO [ L + A fue]” w — F||L2(DT) =0. (8)

Consider the function u; € C? (DT, ST) defined as the solution of the problem

Luk+)\|uk|puk :Fk, (9)
Uk|sT = 0;(10)
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ON THE EXISTENCE OR ABSENCE OF GLOBAL SOLUTIONS 3

here
Fk :Luk—i—)\\uk\puk. (11)

By multiplying both sides of Eq. (9) by du,. /0t and by integrating over the domain
D, ={(z,t) e D: t <7}, 0<7<T,

we obtain

1 [0 [ou)’ auk
- === — | Ay, ==
2/675(675) dr di / Uk g v dt

D,
0
m/ ukdxdt—l——/ lu k\””dmdt:/Fk%dxdt. (12)

-

We set €2, := DN{t = 7}. Obviously, Q. = D, N{t =7} for 0 < 7 < T. Then, by using (10) and
the argument in [25, pp. 202-203] and by integrating the left-hand side of (12) by parts, we obtain

8uk 1 " 8uk 6’U,k 2 8uk
/Fk—dxdt ﬂ Z(axil/o—ﬁl/i> +( ) ( Zl/)]

i=1

3.
1] o\ = [ Ouy
+§/ a2 + (E) 0y (&C) i +_/|u P (13)
G, L i=1 ¢
where v = (vy,...,V,, 1) is the unit outward normal on 0D, .
0 0
Since 1/08— —Z/ia), i = 1,...,n, is an intrinsic differential operator on S, it follows
Z;
from (10) that
ou ou .
<8—3;:1/0—8—:1/i> N =0, i=1,...,n. (14)

By using (3) and (14), from (13), we obtain the inequality

/ mu? + <%> +Z (8uk) ]d:c §2/Fk%d;¢dt. (15)
Q Dr

.

By using the notation

w(5) :/

Qs

mu2 + (Quy /0t)* + i (auk/axi)Ql dx

i=1

and by taking into account the inequality

duy, our\® 1,
2F, k) 4 CoF
Bt €(8t>+€k’

which is valid for every & = const > 0, from (15), we obtain the inequality

4
w(é)ga/ (0)do + 1 NE gy 0<6ST. (16)

0
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4 KHARIBEGASHVILI

Since the quantity || Fj , is a nondecreasing function of 4, it follows from (16) and the Gronwall

2
”Lg(Dd‘
lemma [28, p. 13 of the Russian translation] that

1 2
w(d) < z 1%, (py) €xp de.

0.
This, together with the relation inf..q PP _ o5 attained for e = 1/, implies the inequality
€
w(d) < ed||Fill},p,y, 0<6<T. (17)

In turn, it follows from (17) that

T
o\’ = (Our\” e
loulfiseonsn = [ [+ (G) + 3 (52) ]dwdt: [ v < ST I o, (19)
Dr =1 0

7

Here we have used the fact that one of the equivalent norms in the space VV21 (Dr, St) is given by
the expression

Dt

1/2

mu® + (Ou/0t)* + i (au/axi)Ql dx dt

i=1

regardless of whether m = 0 or m > 0. Indeed, it follows by a standard argument from the relations

uls, =0 and
t

u(z,t) = / %dﬂ (x,t) € Dy,

»(z)

where t — ¢(z) = 0 is the equation of the cone S, that the following inequality holds [25, p. 63]:

2
/u2(x,t)dxdt STQ/ (%) dx dt.

T T

By using (8) and (11) and by passing to the limit as £ — oo in (8), we obtain the estimate (7),
which completes the proof of the lemma.

Theorem 1. Let A > 0,0 <p <2/(n—1), F € Lyo.(D), and F € Ly (Dr) for each T > 0.
Then problem (4), (5) is globally solvable; i.e., for each T > 0, this problem has a strong generalized

solution u € Wy (Dg, St) in the domain Dy .

Proof. First, in the form needed by us, we study the solvability of the linear problem corre-
sponding to (4), (5) for the case in which A = 0 in (4), i.e., for the problem

Lu(z,t) = F(z,t), (x,t) € Dy, u(z,t) =0, (x,t) € Sp. (19)

In this case, if F' € Ly (Dr), then, in a similar way, one can introduce the notion of a strong
generalized solution u € W, (Dr,Sr) of problem (19) for which there exists a sequence w; €
C? (DT, ST) of functions such that

dm o = wlhgopsr =00 im 1B = Fllp,p,) =0

It follows from the proof of Lemma 1 that the a priori estimate (7) is also valid for a strong
generalized solution of problem (19).
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ON THE EXISTENCE OR ABSENCE OF GLOBAL SOLUTIONS 5

We introduce the weighted Sobolev space WQ’fa(D), 0<a<oo, k=1,2,..., of functions of the
class W5',.(D) with finite norm

2

k .
; d'u
2 — —2a—2(k—i) |__dU
T B R P e
i=0 7,
where
1/2 _ _
"= Zn:x2+t2 Ou_ _ o' e
= — j ) Ox? Otio axzf ---axfgatio’ =1 n + 7.

We set Wﬁa(D,S) = {ue W}, (D): uls=0}. Along with problem (19) in the domain Dr.,
we consider a similar problem in the infinite cone D in the following setting:

Lu(z,t) = F(x,t), (x,t) € D, u(z,t) =0, (x,t) € S. (20)
Here Lu := 0*u/0t* — Au + mu, and the coefficient m = m(z,t) has the properties
m e C™® (D) , mlp,, =m, diam suppm < +oo0. (21)

The existence of a function m with the above-mentioned properties is obvious. If m = 0, then,
obviously, we set m = 0.

By virtue of inequality (3), which, by [20, p. 114], is valid for the equation Lu = F, there
exists a constant oy = ag(k) > 1 such that if & > «y, then problem (20) has a unique solution
u € ngfa(D, S) for each function F' € W*~{(D).

Since the space C§° (Dr) of compactly supported and infinitely differentiable functions in Dy
is dense in L (D7), it follows that for a given function F' € Ly (Dr) there exists a sequence of
functions Fy, € Cg° (Dr) such that lim, o |[Fy — F|,,p,) = 0. We fix £, continue the function
F, by zero outside Dr, and keep the same notation for the resulting function; then F, € C5°(D).
Obviously, F, € WF~ (D) for any k¥ > 1 and a > 1 and hence for a > ay = ay(k). By virtue
of preceding considerations, there exists a solution 4, € WQ’fa(D, S) of problem (20) for F' = F,.
By virtue of (21), the function u, = 1|, is a solution of problem (19) for ' = Fy; i.e., Lu, = F;, and

uglg, = 0. Since uy € W¥ (Dy,Sr) = {u € W§(Ds): uls, =0}, it follows from the embedding
theorem [25, p. 84] that u, € C? (Dr, Sr) for sufficiently large k, namely, for k > (n +1)/2 + 2.
Since the a priori estimate (7) is also valid for a strong generalized solution of problem (19), we have

W%(DT,ST) S \V e/QTHFg - Fgl

Since {F,} is a Cauchy sequence in Ly (Dr), it follows from (22) that {u,} is a Cauchy sequence
in W (DT, ST). Since the space Wy (DT, ST) is complete, it follows that there exists a function
u € W} (Dr, St) such that

HUg — Uy Lo(Dr) * (22)

ellr?o lue = ullyiy (r,50) = 0,

and since Luy, = Fy; — F in the space L, (Dr), we find that this function, by definition, is a strong

generalized solution of problem (19). The uniqueness of this solution in the space W (Dy, St)
follows from the a priori estimate (7). Consequently, for the solution u of problem (19), we can

write out w = L™'F, where L' : Ly (Dy) — W (Dr,S7) is a linear continuous operator whose
norm, by (7), can be estimated as

HL_IHLQ(DT)_,W;}(DLST) <+/e/2T. (23)
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6 KHARIBEGASHVILI

Note that if F € Ly (Dr), 0 < p < 2/(n — 1), then, by virtue of (23) and Remark 1, for the

function u € W} (Dr, St) to be a strong generalized solution of problem (4), (5) it is necessary and
sufficient that u is a solution of the functional equation

u=L""(=Au[fu+ F) (24)
in the space Wi (Dr, St).
We rewrite Eq. (24) in the form
u=Au:=L" (Kyu+F), (25)

where, by Remark 1, the operator K, in (6) is a continuous compact operator. Consequently,
by virtue of the estimate (23), A : W3 (D, Sr) — Wy (Dr,S7) is also a continuous compact
operator. At the same time, by Lemma 1, the a priori estimate |[ullyi(p,. s, < €| Fllzo(pr) with

a positive constant ¢ independent of w, 7, and F' is valid for any parameter value 7 € [0, 1] and
for any solution of the parametric equation u = 7 Au. Therefore, by the Leray—Schauder theorem

29, p. 375], Eq. (25) and hence problem (4), (5) have at least one solution u € W} (Dr, Sy). The
proof of the theorem is complete.

3. ABSENCE OF THE GLOBAL SOLVABILITY OF THE PROBLEM

Below we restrict our consideration of Eq. (4) to the case in which A < 0 and the spatial
dimension is n = 2. To simplify the argument, we assume that m = 0 and

St = ko|z|, ko = const > 1. (26)
Obviously, condition (3) is valid for the cone S given by (26). In this case, we have
Dp = {(z,t) € R*: klz| <t <T}.

For (2°,t°) € Dy, we introduce the domain D,o 0 = {(x,t) € R®: klz| <t <t® — |z — 2|},
which is bounded below by the cone S and above by the past light cone S, ,o: t = t° — |z — 2°|
with vertex (z2°,t°).

The following assertion is valid for any n > 2.

Lemma 2. Let F € C (Dr), and let u € C? (Dy) be a classical solution of problem (4), (5).
If Flp_, ,, = 0 for some point (x°,t°) € Dy, then ulp , , = 0.

Proof. Since the proof of this lemma reproduces, in a sense, the proof of Lemma 1, we only
outline key points of the proof.

We set
on7t0,7_ = on7to N {t < 7'}, on,to,T = D;C07t0 N {t = T}, O<t<r.

Then 0D;o0 0, = 51, U Sy US3,, where Sy = 0Dy040,. NS, Sor = 0Dyo40, NS 0, and
Ss, = OD40 0+ N Qo0 . Just as in the derivation of (13), by multiplying both sides of Eq. (4)
by Ou/0t and by integrating the resulting relation over the domain D,o 0., 0 < 7 < t°, in view
of (4) and the relation F[p , , = 0, we obtain

1 |x=(0u ou \° N[, =,
0= / 2—1/0 [Z (a—xiljo — EVZ> + <E> <7/0 — ;Vj ds

i=1

Sl,rUS2,r
A o2 ou\® [ ou\’
Do |ulP"vods + e + Z oz, dx. (27)
SQ,TUS:},,T Sgﬂ- i=1
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ON THE EXISTENCE OR ABSENCE OF GLOBAL SOLUTIONS 7

By virtue of (3), (5), and the relation

n " ,
<V§_Zyi2> <0’ V0‘317—<0’ <V§_Zyi2> :07 I/OSQT:_>07
i=1 Si,- 1 i=1 Sa.r ’ \/5
ou ou ou ou 2
o, T = 0’ a.. Y Z 07 = 17 s 10y
(axiyo 6t”> . <6wi1/0 aﬂ) . L n

we have the inequality

1 "\ [ du ou \’ ou\> R
2—1/0 Z %7/@ — EVZ' + E vy — Z Vj ds 2 Oa (28)
i=1 g ]

S1,+US2, +

which, together with (27), implies that

8u)2 " <8u>2] / , .
— ) + de <M uds, O<7T<t" (29)

3,7 So,7US3,+

Here, by virtue of the inclusion v € C? (DT), |vg| < 1, there exists a nonnegative constant M
independent of the parameter 7, which can be taken in the form

_ e
M = Sl i,y < oo (30)

Since u|s, = 0, it follows from (26) that

t

ou(z, o)

u(x,t) = ot

kolz|

dO', (.’IJ, t) S Sgﬂ— U Sg,T, (31)

which, after standard considerations, implies the inequality [25, p. 63]

2
/ u?ds < 2t° / <%) dx, 0<7<t (32)

S2,7US3,+ Do 0,
By setting w(r) = [ [(8u/8t)2 +>0 (8u/8mi)2] dz, from (29) and (32), one can readily
obtain

w(r) < 2tOM/w(5)d(5, 0<7<t
0

This, together with (30) and the Gronwall lemma, readily implies that w(7) =0, 0 < 7 < t°, and
hence Ju/0t = Ou/0zy = -+ = Ou/Oz, = 0 in the domain D,o 0. Therefore, u|p , , = const, and,
by using the homogeneous boundary condition (5), we finally obtain u|p , , = 0. The proof of the
lemma is complete. 1

Let G,: t > |z| + a be the future light cone with vertex (0,0, a), where a = const > 0. Then,
by (26), obviously, D\G, = {(z,t) € R*: kolz| <t < |z|+ a, |z| < a/ (ko — 1)}; moreover,

_ . k
D\G, C {(z,t) e R®: 0<t<b}, b:ka 01.
0 —

(33)

One can readily see that D;\G, = D\G, for T > b = aky/ (ko — 1).

DIFFERENTIAL EQUATIONS Vol. 43 No.3 2007 (Reg. No. 310, 21.3.2007)
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Lemma 3. Letn=2, A <0, F € C(DT) , T >b=aky/(ko—1),suppF C G,, and F > 0. If
u € C? (Dr) is a classical solution of problem (4), (5), then u|p, > 0.

Proof. First, let us show that u|p,\g, = 0. Indeed, let (2°,t°) € Dy\G,. Since supp F C G,,,
we have F'|p , , = 0, and, by Lemma 2, u|p , , = 0. Therefore, by using (33), by continuing the
functions « and F by zero outside D, in the strip ¥, = {(z,t) € R*: 0 <t < b}, and by using
the same notation for the resulting functions, we find that u € C? (2(,) is a classical solution of the
Cauchy problem

0*u ou

o Au = —\ulPu + F, U)t—o = 0, o . =0 (34)

in the strip 3,. It is known that a solution v € C? (E_]b) of problem (34) admits the integral
representation [30, pp. 213-216]

dé dr + Fy(z,t), (x,t) € 5. (35)

/ ulPu
V=72 + ]z =P

Here

§7)
Fy(z,t) 2Wl/ﬁ\/t__7 £|2dde, (36)

where Q,, = {({,7) € R*: [ —z| <t, 0<7 <t—|{— x|} is a circular cone with vertex (z,t)
and with base in the form of the disk d: |{ — z| < ¢, 7 = 0 in the plane 7 = 0 of the variables &
and 527 5 - (51752)'

Let (2°,t°) € D, and vy = ¥y(z,t) € C (Q4040). Then the linear operator ¥ : C' (Q0,0) —
C (on’to) acting by the formula

wO 57 (57 )

Yo(x,t)
27T \/t—T — |z — &2

d¢ dr, (7,t) € Quo 0,

is continuous, and its norm can be estimated as [30, p. 215]

() )2 -
Ull~6 aTTe < ‘ < = )
[¥llc@.0 m—c@,0.0 < 5 |[¥ (@00~ 2 I lle@,0,0
Consider the integral equation
o(. 1) WEDUET) e gr 4 By, t),  (2,8) € Qoo (37)
\/ t—7)2 — o — £
for the unknown function v. Here
A » ~
wO(gvT) = _%’u(é.”]—)‘ eC (on,to) ’ (38)

where w is the classical solution of problem (4), (5) occurring in Lemma 3. Since v, Fy € C (on’to);
and the operator occurring on the right-hand side in (37) is a Volterra type integral equation (with
respect to the variable ¢) with a weak singularity, it follows that Eq. (37) is uniquely solvable in

(Reg. No. 310, 21.3.2007) DIFFERENTIAL EQUATIONS Vol. 43 No. 3 2007
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the space C (on7to). In this case, a solution v of Eq. (37) can be obtained by the method of Picard
sequential approximations:

vo =0, Vg1 (2, 1) \/150 &7 Uk(f’ )5]2d£ dr + Fy(z,t), k=1,2,... (39)
Indeed, let w, = Quo M {t =T}, Winlg | = Vmy1—Vm (Wolg , = Fo); Am(t) = max,cq, [wn(z, 1),
m=0,1,...; ’ ’
o\ —1/2
5= [ (=) dmdm ol o ) = 27 Wollogas -
Inl<1
If Bso(t) = 6f0 (t — 7)°Yo(r)dr, B > 0, then, by taking into account (39) and the relation

[28, p. 206 of the Russian translation]

m _ 1 m mpB—1
By o(t) = s / (GT())" (¢~ 7)o (r)dr
we obtain
_ PoWp 1 [ 90| w1
o= W_T L dedr s/dT |

0 lz—&|<t—T

IN

(T)

lz—€&|<t—T

dm,d
= 1ollc@, ) / (t — T) A1 (T)dT %7‘72’2 =By 1(t),  (2,1) € Qyopo.
0 Inl<1 7
It follows that
1 t
A (t) < Bodp_1(t) < -+ < B X\ (t) = T@m) /(5F(2))m(t —7)?" I\ (7)dT
0
5m o1 (6T2)m
< sy [ =T ol 047 = Ty g Pl
0
= O
(Qm) ollc(a, 0,40)
and hence (5T2)m
meHCQo ©) H)‘ HC(OtU]) < WH OHCQOtO)'

Therefore, the series v = lim,,, o v,, = Vo + Z;.j:o w,, 18 convergent in the class C (onyto), and its
sum is a solution of Eq. (37). In a similar way, one can show that the solution of Eq. (37) is unique
in the space C' (Q0,0).

Since A < 0, it follows from (38) that

ho(&,7) = —(2m) A Ju(, )P = 0,

DIFFERENTIAL EQUATIONS Vol. 43 No.3 2007 (Reg. No. 310, 21.3.2007)
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and, by (36) Fy(z,t) > 0, since, by assumption, F'(z,¢) > 0. Therefore, the successive approxima-
tions vy, given by (39) are nonnegative; and since

klgglo l|lve — UHC(Qwo,to) =0,

we have v > 0 in the closed domain 2,0 0. Now it remains to note that, by (35), (37), and (38),
the function w is a solution of Eq. (37); and, by virtue of the unique solvability of this equation,
u=1v>0in Quo 0. Therefore, u (z°,t°) > 0 for any point (2°,¢°) € D,, which completes the proof.
Let cr and @gr(x) be the first eigenvalue and eigenfunction, respectively, of the Dirichlet problem

in the disk wg: 2?2 + 22 < R?. Consequently,
(Apr + crpr)l,, =0, Prlgw, =0 (40)

It is known that cg > 0, and, by changing the sign and by performing related normalization, one
can possibly assume that [31, p. 25]

¢rl,, >0, /goRdx =1 (41)

WR

Below we suppose that the assumptions of Lemma 3 are valid. As was shown in the proof
of that lemma, by continuing the functions w and F' by zero outside D, in the strip ¥, =
{(z,t) € R*: 0 <t < b} and by using the same notation for the resulting function, we have found

that u € C? (E_Jb) is a classical solution of the Cauchy problem (34) in the strip X,.

Remark 2. Without loss of generality, in (4), one can assume that A = —1, since, by virtue of
the condition p > 0, the case in which A < 0 and A # —1 can reduced to the case in which A = —1

by the reduction of the new unknown function v = |\|'/Pu. Therefore, the function v satisfies the
equation

Ve — Av = /Uerl + |)\|1/pF(CC,t), (:Cat) € Eb-
In accordance with this remark, instead of (34), we consider the Cauchy problem

o2 )
Y Au=wt 4 F(nt), (2,8) €%y ulo=0, | =0, (42)
a2 ot |,_,

where u|y, > 0 and u € C? (E_b) In this case, as was shown in the proof of Lemma 3,
uls\a, = 0. (43)

We choose R > b > a/(ko — 1), where the number a/(ko — 1) is the radius of the disk obtained
as the intersection of the domain D: t > ko|z| with the plane ¢ = b. We introduce the functions

E(t) = /u(:c,t)goR(:c)dx, Ir(t) = /F(m,t)ng(x)dx, 0<t<b. (44)

WR

Since uly, >0, u € C* (%), and F € C (%), we have E > 0, E € C*([0,b]), and fr € C([0,]).
By using (40), (43), and (44) and by integrating by parts, we obtain

/Aungdm = /uAngd:c = —cR/ungd:c = —cpkFE. (45)

WR WR WR

Now, by using (41), the inequalities p > 0 and u|y, > 0, and the Jensen inequality [31, p. 26],

we obtain
p+1

/up+1<dex > /ungdx = Erti (46)

WR WR
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It readily follows from (42)—(46) that

E"+cgE > B 4 fr,  0<t<b, (47)
B(0)=0, E'(0)=0. (48)

To study problem (47), (48), we use the method of test functions [14, pp. 10-12]. To this end,
we choose by, 0 < b; < b, and consider a nonnegative function ¥ € C?([0,b]) such that

0<vy <1, o(t) =1, 0<t<hb, PP (b) =0, i=0,1,2. (49)

It follows from (47)—(49) that

b b
/EHI (ae < [ BO WO+ v de— [ gaivioar (50)
0 0
If in the Young inequality
€ 1 , , «
yzﬁ_ya+7/,12a’ yaZZO) o =
o a'e® a—1

with parameter ¢ > 0 we take a = p+1, o/ = (p+1)/p, y = EYY/ @Y "and 2 = | + cgyp| [/ PFTD
and use the relation o/ /o = 1/(a — 1) = o/ — 1, then we obtain

Bl + e = By <y L Aol (51)
By virtue of (51), from (50), we have
b b . o b
(1— 2) /E%z)dt < a/gi_l / [v JQ,CRIW dt—/fR(tm(t)dt. (52)
0 0 0

-1 1
By using the relation infy.. ., [a_ —1] = 1, which is attained for e = 1, and relation (52),

from (49), we obtain

b
/ Bedt < / "+ CW' — o / Falt)o(t)dt. (53)
0
Now for the test function 1, we take the function
t b
w(t) :w0(7)7 T = b_’ OSTSTl = b_ (54)
1 1
Here
Yo € c? ([077—1]) ) 0<4p <1, (55)
Po(r) =1, 0<7<1, Y(r)=0, i=0,1,2.
One can readily see that
C1 C1 C1 1 €T
w=mp Sy o= g lf) (56)

DIFFERENTIAL EQUATIONS Vol. 43 No.3 2007 (Reg. No. 310, 21.3.2007)
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Since ¢"(t) = 0 for 0 < ¢t < by and fr > 0 (because F' > 0), it follows from (54)—(56), the
well-known inequality [y + 2[*" < 297! (Jy|*" +[2]*), and in (53) that

by by, b
CR wa W)” RQ;Z)| /
Evdt < | o—dt + —o [ frt)(t)dt
O/ (G / /

<cR/¢dt+b /V’l +Cj"wf —a/fR

/ ()l - /
gc‘*b1+ —— / — dr +b; x 2¢ c o(T)dr — o fR
! b% LS ()
T1 / bl
Co/ 20/—1 W)//(TN& Qa/—lca’
< 4 2 / ol g 24 (71—1)—a’/fR(t)dt. (57)
G e 0

Now, by setting R = b = aky/(ko — 1) and by choosing a number 7; > 1 such that

b b—a a+2b a (3ky—1
b _ — = 2 — — —
! T1 at 3 3 ( k’o -1 ) (58)
from (57), we obtain
[ ()"
Eedt <b > | (14297 (n = 1) +2a’1/ T dT — /b 1/fb ,
O/ ( ) o)™ (59)
%' 1= (p+2)/p.
By [14, p. 11], the function v, with properties (55) such that the integral
[l
a) = [ D < oo (60)
| (o(7)) '
is finite exists.
By (44) and (56), we have
b1 b1 by
1 z
b= [ fdt= [ dt [ Fati@)de= [ dt [ Fat) e (5) dz
0 0 wp 0 wp
by
— [a [ Fog e (61)
0 w1
By virtue of (60), the quantity
2a’—1 , , ,
sto = 550 (e1, o) = D [ (14277 (= 1)) + 227 (3) (62)

is also finite.
The above-represented considerations imply the following assertion.
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Theorem 2. Letnz?,m:(),A:—l,FeC(D),FZO, and suppF C G, : t > |z| + a,
a = const > 0. If

b/Tl

P +2)/p / dt / F (b, t) 1 (€)dE > 2, b

0 wi

o CL]CO o 3]{;0
T k-1 T 3k —1

(63)

then for T > b problem (4), (5) cannot have a classical solution u € C* (Dr) in the domain Dr.

Proof. Indeed, by virtue of (58) and (16)—(63), the right-hand side of inequality (59) is negative,
which is impossible, since the left-hand side of this inequality is nonnegative. Therefore, if T' > b,
then problem (4), (5) cannot have a classical solution u € C? (Dy) in the domain Dy. The proof
of the theorem is complete.

Remark 3. It follows from the proof of Theorem 2 that if its assumptions are valid; and
problem (4), (5) has a solution v € C? (Dr) in the domain Dz, then the quantity T lies in the
interval (0,b0), i.e., 0 < T < b= akoy/(ko — 1).

If e =(b—a)/3 >0, then by
Goe={(z,t) ER’: |z] <e/2, a+e<t<b}
we denote the cylinder lying in the domain D, N G, together with its closure, where
Go={(z,t) e R’: t> |z|+a}.
For fixed positive constants a and ¢ for a real number k, we introduce the function space
Co*(D)={FeC(D): F>0, suppF C G,, Flg,. > "}, (64)

where b = aky/(ko — 1) and € = (b —a)/3.

Corollary 1. Letn =2, m =0, A = —1, and F € C%* (D) Then for k > (p — 2)/2, there
exists a positive number ag = ay (>0, p, k,8) such that if a < ay, then problem (4), (5) cannot have
a classical solution uw € C* (Dr) for T > b= aky/(ko — 1).

Indeed, if (z,t) € G, for € = (b — a)/3, then, by (26), we have

€T € b—a 1
I = = <1
‘b‘<2b 6 Gk (65)

Further, if we introduce the number

mo =  Inf 1(n),
[n|<1/(6ko)

then, by using the fact that, by (41), ¢i(z) > 0 in the unit disk w;: [z < 1, we obtain mgy > 0.
Therefore, by taking into account relations (64) and (65) and the inclusion F' € C&* (D), from (61)
with € = (b — a)/3, we obtain

bl bl
1 x 1 x
= — Z > = d
J(b) /dt/F(m,t)b2g01 <b>dac_ 72 dt / F(x,t)p; (b)dx
0 wp

ate |z|<e/2
Mo

b
> / F(x,t)dx dt > ”Z—gb—k = modb~* ), (66)

Ga,a
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By virtue of (61), (66), and the relation b; = b/7;, we obtain

b/Tl
pr+2)/2 / dt/F(bf,t)gpl(f)df — b(”+2)/2J(b) > mydbP /2= (k+2) (67)
0 w1

Since, by assumption, k& > (p — 2)/2 and hence (p + 2)/2 — (k +2) < 0 and the number

occurring in (62) is independent of the quantity a and b = ako/ (ko — 1), it follows from (67) that
there exists a positive number ay = ag (>0, p, k, ) such that if a < ag, then inequality (63) is valid.

Therefore, by Theorem 2, problem (4), (5) cannot have a classical solution u € C? (Dr) for T > b.

Remark 4. It was assumed in Theorem 2 that A = —1. By using Remark 2, we find that

Theorem 2 with the quantity » on the right-hand side of (63) replaced by |\|71/? 3¢, remains valid
in the case in which A < 0. Similarly, in Corollary 1 one can consider A\ < 0 instead of A = —1.

Fy

The following assertion can be proved in an even simpler way.

Corollary 2. Letn = 2, m = 0, A < 0, F = ukFy, where p = const > 0, Fy € C(D),
> 0, supp Fy C G, and F0|Db % 0. There exists a positive number pg such that if p > pg, then

problem (4), (5) cannot have a classical solution u € C* (Dy) for all T > b.
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