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Abstract

In the present paper, for wave equations with power nonlinearity we investigate the problem of the existence or nonexistence of
global solutions of a multidimensional version of the first Darboux problem in the conic domain.
© 2007 Elsevier Ltd. All rights reserved.
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1. Statement of the problem
Let us consider a nonlinear wave equation of the type

8%u
Lu::m—Au—l—mu:f(u)—l—F, (1)
where f and F are given real functions; f is a nonlinear function, f(0) = 0, and u is an unknown real function,

2
m=const>0,A=Y" 2 n>2

i=1 52> " =
By D :t > |x]|, x, > 0, we denote a half of a light cone of the future which is bounded by a part S° = DN {x, = 0}
of the hyperplane x, = 0 and by a part S : t = |x|, x, > 0, of the characteristic conoid C : t = |x| of Eq. (1). Suppose
Dr={(x,t)eD:t <T}, 8% ={(x,)eS®:¢t<T},Sr ={(x,1) € S:t <T}, T >0.Inthecase T = o0, it is
obvious that Dy = D, Sgo = S%and So = S.
For Eq. (1) we consider the problem on finding in the domain D7 a solution u(x, t) of that equation under the
boundary conditions

ou

0x,, | c0
nls9

=0, uls, =g, 2
where g is the given real function on S7.
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The problem (1), (2) is by itself a multidimensional version of the first Darboux problem for the nonlinear Eq. (1),
when one portion of the data support is the characteristic manifold and the other one is the manifold of time type [1,
pp- 228,233].

The questions of existence or nonexistence of a global solution of the Cauchy problem for nonlinear equations of
type (1) with the boundary conditions u|;—9 = uo, % . | g = U1 have been considered and studied in [2-17]. As for
the multidimensional versions of the first Darboux problem for linear hyperbolic equations of the second order, they
are formulated correctly and their global solvability arises in the corresponding functional spaces [18-20].

In the present work we distinguish particular cases of the nonlinear function f = f(u), when the problem (1), (2)

is globally solvable in one case and unsolvable in the other case.

2. Global solvability of the problem

We consider the case when f(u) = —A|u|Pu, where A % 0 and p > O are the given real numbers. In this case Eq.
(1) takes the form
82
Lu :—F—Au+mu——klu|pu+F. 3)

Note that Eq. (3) emerges in relativistic quantum mechanics [21-24].
In this section we will restrict ourselves to the consideration of the case when the boundary conditions (2) are
homogeneous, i.e.
au
8.xn Sg

=0, ulg, =0. )

Remark 1. The embedding operator / : WI(DT, St) — L4(Dr) is the linear continuous compact operator for

1 <gq < 2("“) , when n > 1 [25, p. 81]. At the same time, Nemytski’s operator K : L,(D7) — L(Dr), acting
by the formula Ku = —Alul”u, is continuous and bounded if ¢ > 2(p + 1) [26, p. 349] [27, pp. 66,67]. Thus if

p < % ie.2(p+1) < 251”:“11), there exists a number g such that 1 < 2(p+ 1) < g < Z(nnj—ll)7 and hence the
operator
Ko = KI:W,(Dr, Sr) - Lg(Dr) (5)

is continuous and compact. In addition, from u € W21 (D7, St) it all the more follows that u € Lj,1(Dr). As is
mentioned above, we assume that here and in the sequel, p > 0.

Ifu e C2(Dy ) is a classical solution of the problem (3), (4), then multiplying both parts of Eq. (3) by an arbitrary
function ¢ € C 2(DT) which satisfies the condition ¢|;,=7 = 0, after integration by parts we obtain

d
/ —ugods—/ Ur @y dxdt—i—/ qungodxdt+/ mug dx dt
SOUST oN Dt Dr Dr

=—k/ |u|pug0dxdt+/ Fodxdz, 6)
Dr Dr
where % = vo% — Zl 1 Vige a is the derlvatlve with respect to the conormal v=(1,...,V, V) is the unit vector
of the outer normal to 0 Dy, V ( 8x1 e 8x =—). Taking into account that ‘ 50 = ;x , and St is the characteristic
manifold on which B—N is the interior differential operator, by virtue of (4) we have 2 IN | SOuSy = 0. Therefore Eq. (6)
T

takes the form

—/ ut<p,dxdt+/ quVx(pdxdt—i-/ mugodxdt:—)»f |u|pu(pdxdt+/ Fodxdr. @)

Dt Dr Dr Dr Dy

Taking into account the fact that u € W21 (D7, ST), by Remark 1, implies |u|’u € Lo(Dr), we can consider
equality (7) as the basis for finding a weak generalized solution of the problem (3), (4) of the class W21 (Dr, S1).
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Definition 1. Let F € Lo(D7) and 0 < p < % The function u € W21 (D7, ST) is said to be a weak generalized

solution of the nonlinear problem (3), (4) in the domain D7, if for any function ¢ € W21 (Dr) such that ¢|;—7 = 0 the
integral equation (7) is fulfilled.

Remark 2. In a standard way [25, p. 113] we can prove that if a weak generalized solution u of the problem (3), (4)
belongs to the space WZZ(DT), then the homogeneous boundary conditions (4) for that solution will be fulfilled in the
sense of the trace theory.

Suppose C2(Dr, S%, St) = {u € C3(Dr) : 2 o =0 ulsy = 0}.
T

Definition 2. Let FF € Ly(Dr) and 0 < p < n—El The function u € W21 (Dt, ST) is said to be a strong

generalized solution of the nonlinear problem (3), (4) in the domain Dy if there exists a sequence of functions
up € 62(5]“, Sg, St) such that uy — u in the space WZI (Dr, ST), and [Luy + Mug|Pux] — F in the space Ly(Dr).
Note that the convergence of the sequence {A|ux|Puy} to the function A|u|Pu in the space Lo(Dr), as ux — u in the
space WZI (D7, St), follows from Remark 1.

Remark 3. It can be easily verified that if u € Wzl (Dr, St) is a strong generalized solution of the problem (3), (4),
then it will automatically be a weak generalized solution of that problem. Therefore if in addition the fact that
u € W22(DT) is known, then the boundary conditions (4) for that solution are fulfilled in the sense of the trace
theory.

Definition 3. Let 0 < p < ”—31, F e Lyjoc(D)and F € Ly(Dr) for any T > 0. We say that the problem (3), (4) is
globally solvable if for any 7 > 0 it has a strong generalized solution in the domain Dt from the space W21 (Dr, S1)-

Lemmal. Let . > 0,0 < p < %1 and F € Ly(Drt). Then for every strong generalized solution u € W2l (Dr, ST)
of the problem (3), (4) in the domain Dt an a priori estimate

e
11 .57 < \/;T”FHLz(DT) ®)

is valid.

Proof. Letu € W21 (D7, ST) be the strong generalized solution of the problem (3), (4). By Definition 2, there exists a
sequence of functions uy € ¢ 2(Dr, S(T), S7) such that

1 — o — 1 p _ —
kli)ngo |k u”Wzl(DT,ST) =0, kli)ngo ||LI/£k + Mug|"ug F||L2(DT) =0. )]

Consider the function u; € ¢ 2(Dr, S(T), ST) in the capacity of a solution of the problem

Luy + Mug|Puy = Fy, (10)
ouy
=0, g, =0. 1D
a.xn Sg
Here
Fr = Luyg + AMug|Puyg. (12)

Multiplying both parts of Eq. (10) by % and integrating with respect to the domain D;, 0 < 7 < T, we obtain

1 3 [ dup\’ ) 9
_/ T () dxdr — Aukﬂdxdmﬂf < w2 dxdr
2 D, dt at D, ot 2 D, ot

A 9 9
TR —Iuk|p+2dxdt:/ Foe 2K e dr (13)
p+2Jp, ot D, ot
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Let 2, := DrN{t =1},0 < t < T. Obviously, dD; = S? U S; U {2;. Taking into account (11) and equalities
vlp, =(,...,0,1),and V|S9 = (0,...,0,—1,0), integration by parts provides us with

3 [ dup\> g\ g\ dug \ 2
/ Ry el dxdt:/ Uk vods=/ Uk dx—i—/ Y o ds,
D, at at aD, at 2, at . at
9
/ —(uk)zdxdt=f uivods=/ u? dx,
p, 0t ID; 2
9
f —|uk|p+2dxdt=/ |uk|p+2v0ds=/ lug| P2 dx,
p, 01 aD; 2
2ug 9 dug 9 1 3 [ dup\>
/ ”kﬂdxdtzf ”"ﬂvids——/ TR dxar
ox2 ot 3D, dx; Ot 2 D, at \ dx;
dug 9 1 dup \ 2 dug 9
=/ “kﬂv,-ds--f U pods = | 2k 2K s
aD; dx; Ot 2 aD; 0x; S, dx; Ot
1 dug \ 1 dup \ 2
__/ Uk vods__/ U\ gy,
2 Js, \ 0x; 2 Jo, \ 0x;

whence by virtue of (13) it follows that

/ T / 1 Z dus ity 2+ dur\* [ 5 Z 2\ | 4
—dxdr = — — Vg — — Vi — Vg — Vs s
b, ot ¢ 2vo | &= \ox 0 Tar ot 0 LT
T T i=1 =
1 5 8uk>2 4 (8uk>2 A 5
+ - mug+ | — ) + — ) | dx+—— ug P dx. 14
2/9[ k (81‘ ; dx; p+2 QT|"| (14

n
(vg — Z vjz) =0. (15)
j=1 s,
Taking into account that (voaixi —V; %), i =1,...,n,is the interior differential operator on S;, by virtue of (11)

we have

ouy ouy
Vo~ —— Vi

With regard for (15) and (16), from (14) we find that

5 (o \E s ur\? 21 5 dui
f muk—i—(—) + E (—> dx + —— |ug P T dx:Z/ F—— dx dt,
o) ot = \0x; p+2Jo, p, Ot

whence by virtue of A > 0 it in turn follows that

/ 2y (i 2+Xn: )| <2/ F O gy dr 17)
m —_— _— X — ax .
o |7 o 2\ ox; S T

With the notation w(8) = [ 0 [mu,% + (a{%)z +>0, (%)2] dx, taking into account the inequality 2Fk% <

=0, i=1,...,n. (16)

8(%")2 + % F2, valid for any & = const > 0, we find that inequality (17) yields

1)
1
w(s) < af w(o)do + ;||Fk||%2(D5), 0<8<T. (18)
0
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From (18), bearing in mind that the value || Fj ||i2 (Dy) 384 function of §, is nondecreasing, it follows by the Gronwall
lemma [28, p. 13] that

1
lw@l < IFx 7y, €XP Se.

The latter with regard to inf;~¢ eX‘Z—‘SE = ¢4, which can be achieved for ¢ = %, results in
w(®) < e8| Fillyp,. 0<8<T. (19)

In turn, from (19) it follows that

i\ I [ Oup\?
2 _ 2 E
Wy oy 50y = fDT [muk +( dt ) * — (E)xi drdi

! € 2
= /0 w(d)dé < 3 TN Frllz, py)- (20)
Here we have used the fact that in the space Wzl (D, ST) the expression {fDT [mu? + (%—’;)2 + Z?:l (%)Z] dx dr}1/?
provides us with one of the equivalent norms, irrespective of whether m = 0 or m > 0. Indeed, from equalities
u(x,7)

uls; =0and u(x, 1) = f];/(x) 5 dt, (x,1) € D7, where t — y(x) = 0 is the equation of the conic manifold St,
standard reasoning leads us to the inequality [25, p. 63]

8 2
f uz(x, H)dxdr < TZ/ <_u) dx dr.
Dr Dr ot

Now, by (9) and (12), passing in inequality (20) to the limit as kK — oo, we obtain (8), which proves our lemma. [J

Theorem 1. Let A > 0,0 < p < =21, F € Ly 1oc(D7) and F € Ly(Dr) for any T > 0. Then the problem (3), (4) is
globally solvable, i.e. for any T > O this problem has a strong generalized solution u € Wzl (D7, ST) in the domain
Dr.

Proof. Before we pass to the question of the solvability of the nonlinear problem (3), (4), let us consider the same
question for the linear case, when in Eq. (3) the parameter A = 0, i.e. for the problem
Lu(x,t) = F(x,t), (x,t) € Dr,

9 21
21 =0. ulg =o. @D

00X, | 0
l’lST

In this case, for F' € L, (D7) we analogously introduce the notion of a strong generalized solution w € WZ,1 (Dr, ST)
of the problem (21) for which there exists the sequence of functions uy; € ¢ 2(Dr, S?, S7) such that limg_, o ||ur —
M||W21<DT’ST) = 0, limy_ o [Lux — Fllz,(p;) = 0. Here it should be noted that by Lemma 1 for A = 0 the a priori
estimate (8) is valid for the strong generalized solution of the problem (21), as well.

Since the space Cgo (D7) of finite functions infinitely differentiable in Dr is dense in L, (D), for the given
F € L,(Dr7) there exists the sequence of functions Fj € Cgo(DT) such that limg_ o0 || Fx — Fllz,(p;) = 0. For a
fixed k, continuing evenly the function Fj with respect to the variable x,, into the domain D, = {(x,?) € Rt
xn < 0,|x| <t < T} and then by zero beyond the domain Dy U D, and retaining the same designation, we will
have Fy € COO(RTFI) for which the support supp Fy C Do U D, where Rf’ﬁl = R"t1 N {t > 0}. Denote by uy a
solution of the Cauchy problem

ouy
ot

Luy = Fy, ugl;— =0, =0, (22)

t=0
which, as is known, exists, is unique and belongs to the space C OO(R’j_“) [29, p. 192]. Moreover, since supp Fy C

Do UDZ, C {(x,1) € R™ . ¢ > |x|}and u|;—o = O, a{% o = 0, taking into account the geometry of the domain
t=
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of dependence of a solution of the wave equation Lu = F, we will have suppu; C {(x,1) € R ¢ > (x|} [29,
p. 191] and, in particular, ux|s, = 0. On the other hand, the function Up(x1, ..., Xp, 1) = up(xy, ..., —Xu, t) is
likewise a solution of the same Cauchy problem (22), since the function Fj is even with respect to the variable x,,.
Therefore owing to the uniqueness of the solution of the Cauchy problem, we have iy = ug, i.e. ug(xy, ..., —x,,t) =
up(xy, ..., xp, t), and hence the function uy is likewise even with respect to the variable x;. This in turn results in

g%’; lx,=0 = 0 which together with the condition uy|s, = 0 implies that if for the narrowing of the function in the

domain D7 we retain the same designation, then u; € ¢ (D7, S (%, St). Next, by (8) and (22) we have the inequality

e
lux = welly) py.sp) = \/;Tlle — FellLyop) (23)

because the a priori estimate (8) is valid for the strong generalized solution of the linear problem (21), as well.

Since the sequence { Fy} is fundamental in L, (D7), the sequence {uy} is, by virtue of (23), likewise fundamental
in the space W21 (Dr, ST), which is complete. Therefore there exists the function u € W21 (Dt, ST) such that
limy oo ||Ux — u||‘i,21(DT’ST) = 0, and since Luy = F; — F in the space Ly(Dr), this function is, according to
the definition, the strong generalized solution of the problem (21). The uniqueness of that solution from the space
W21 (D7, ST) follows from the a priori estimate (8). Consequently, for the solution u of the problem (21) we can write

u=L'F, where L' : Ly(Dr) — W21 (D7, ST) is the linear continuous operator, whose norm, by virtue of (8),
admits the estimate
-1 e
1Ly =t or.sp =4/ 3T (24)
Note that for F € L(Dr),0 < p < nle, by (24) and Remark 1, the function u € W21 (D, ST) is the strong

generalized solution of the problem (3), (4) if and only if u is the solution of the following functional equation:
u=L""(—Alu|’u+ F) (25)
in the space WZI (D7, ST).
We rewrite Eq. (25) in the form
u=Au =L " (Kou + F), (26)

where the operator K : WZ,1 (Dr, ST) = L2(D7) from (5) is, according to Remark 1, a continuous and compact one.
Consequently, by virtue of (24), the operator A : W21 (Dr, ST) —> WZ1 (Dr, ST) is likewise continuous and compact.
At the same time, by Lemma 1, for any parameter i € [0, 1] and for any solution of the equation with the parameter
u = nwAu the a priori estimate ||u ||W21 (Dr.Sp) = c||FllL,(py) with the positive constant ¢, independent of u, « and F,
is valid. Therefore by the Lere—Schauder theorem [30, p. 375], Eq. (26) and hence the problem (3), (4) has at least
one solution u € Wzl (D7, ST). Thus Theorem 1 is complete. [

3. Nonexistence of global solvability of the problem

Below we will consider the case when in the problem (1), (2) the coefficient m = 0 and f () = X|u|? +1 where A
and p are the given positive numbers, i.e. we will consider the problem

Ou = B _ Au=AulP'+ F (27)
T2 ’

ou

9x;, 50 =0, uls, =2 (28)

in the domain D7, T > 0, where g is the given real function on S7.

Remark 4. Under the assumption that ' € L,(Dr), g € W21 (St)and0 < p < %, just analogously to Definitions 1
and 2 regarding a weak and a strong generalized solution of the problem (3), (4) in the domain Dr, and also taking
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into account Remark 1, we introduce the notions of a weak and of a strong generalized solution of the problem (27),
(28):

(i) the function u € W21 (D7) is said to be a weak generalized solution of the problem (27), (28) in the domain Dt
if for any function ¢ € W21 (Dr) such that ¢|,—7 = 0 the integral equality

d
—/ utw,dxdt—i—/ vxuvx<pdxdz=x/ |u|p+1<pdxdt+/ F(pdxdt—/ 28 yds (29)
Dy Dr D7 Dr Sr IN

holds, where % = vo% — Z?:l Vi % is the derivative with respect to the conormal which is, in turn, the interior
1

differential operator on S7, since the conic manifold St is a characteristic one, and v = (v, ..., V,, Vg) is the unit

vector of the outer normal to 0 Dy, Vy = (%, R %);

(i1) the function u € W21 (D7) is said to be a strong generalized solution of the nonlinear problem (27), (28) in

Ju 0 = 0} such that

the domain Dr if there exists the sequence of functions uy € Co‘ﬁ(BT, Sg) = {u € CZ(BT) D xy ¢

uy — u in the space Wzl (D7), [Oug — Mug|Pt'] — F in the space L>(D7), and uy|s, — g in the space W21 S7).
Obviously, the strong generalized solution of the problem (27), (28) is likewise the weak generalized solution of
that problem.
3
rmal 57,
characteristic conic manifold S, coincides with the derivative % with respect to the spherical variable r = (2+x]?)
taken with the minus sign.
There arises a theorem on the nonexistence of a global solution of the problem (27), (28).

Remark 5. Note that the derivative with respect to the conormal being the interior differential operator on the

172

(S) and F € Ly(Dr), g € W) (Sr) forany T > 0. Then if 0 < p < -

loc n—1

Theorem 2. Let F € Ly joc(D), g € W)
and

Flp >0, gls =0, —| =0, (30)
Fls

there exists a positive number To = To(F, g) such that for T > Ty the problem (27), (28) fails to have a weak
generalized solution w € Wzl (Drt) (which is nontrivial in case F = 0 and g = 0) in the domain Dr.

Proof. Let G : |x| <t < T,G; = GrN{xy, <0}, 8 : ¢t = |x|,x, < 0,7 < T. It is evident that
Dy = GJTr =GrN{x, >0land Gy = G, U S% U D7, where Sg = dD7 N {x, = 0}. We continue the functions
u, F and g evenly with respect to the variable x, into G;l and S, ! respectively. For the sake of simplicity, for the
continued functions defined in G7 and S, Ly St we retain the same designations u, F and g. Then if u € W21 (D7)

is a weak generalized solution of the problem (27), (28) in the domain D7, for any function ¢ € W21 (G7) such that
¥ |,—7 = 0 the equality

0
—f u,w,dxdt+/ quth//dxdt:A/ |u|p+lwdxdt+f Fl//dxdt—/ —gl//ds 3D
Gr Gr Gr Gr

s;tusy ON
holds.

Indeed, if y € W) (G7) and ¥|,_; = 0, then it is obvious that ¥|p,. € Wzl(DI) and v € W) (Dr), where by the
definition, ¥ (xq, ..., Xy, 1) = ¥ (x1,..., —Xu, 1), (X1, ..., Xy, t) € D, where w|t:T = 0. Therefore according to
equality (29), we have

d
—f utw,dxdt—i—/ quvxwdxdtzkf |u|p+lz//dxdt—|—/ Ft//dxdt—/ —gll/ds, (32)
Dt Dt Dr Dr St N
- - - - Jo ~
—f u;w,dxdt—i—f quvxwdxdtzk/ |u|p+11//dxdt—|—/ Fl//dxdt—/ —gljrds. (33)
Dr Dr Dr Dr Sr N
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Taking now into account that #, F and g are the even functions with respect to the variable x,,, as well as the equality

J(xl,...,xn,t) =Yx1,..., —Xn, 1), (x1,...,xy,t) € D7, we find that
—/ ut%dxdt—i—/ V,uVel dx dt = —/ utwtdxdt+/ V,uVyey dx dt, (34)
Dr Dy T T
k/ |u|p+1$dxdt+/ F&dxdt—/ —l/fds
Dy Dy sy ON
:A/ |u|p+11ﬂdxdt+/ Fwdxdt—/ 8—1//ds (35)
. - Sy
T T

It follows from (33), (34) and (35) that

—fu,t//,dxdt—i—/quwadxdtz)»/ |u|p+Idedt+/
T T

Gr

g
Fx/fdxdt—/STﬁt//ds. (36)

Finally, summing equalities (32) and (36), we obtain (31).
Note that the inequality g—f s > 0 under the condition (30) should be understood in a generalized sense, i.e. by the

assumption g € W21 loc (8), there exists the generalized derivative g—f € L2 10c(S) which is nonnegative, and hence for
any function 8 € C(S), 8 > 0, finite with respect to the variable r, we have the inequality

/ 98 gas > 0. (37)
S ar

Here we make use of the method of test functions [14, pp. 10-12]. In the capacity of such a function we take in
equality (31) the function ¥ (x, t) = I/f()[%(tz + |x]3)], where Y9 € C?((—00, +00)), Yo > 0, ¥, < 0; Yo(o) = 1

for0 < o <1, and Yo(o) = 0 for o > 2 [14, p. 22]. Obviously, ¥|,—7 = Oand ¢ € C%(Gr), and furthermore,
¥oe W21 (GT). Integrating the left-hand side of (31) by parts, we obtain

) )
/ qudxdt:A/ |u|”+11pdxdt+/ Fwdxdt—i—/ ¢V s —/ %8y ds. (38)
Gr Gr Gr syusy ON syusy ON
By Remark 5, owing to (30) and (37), we have
9 dg
/ Fy dxde >0, / Vs >0, / 98 yds <o, (39)
Dr s-usy ON syusy ON

where 1 is the test function, introduced above.
Assuming that the functions F, g and ¢ are fixed, we introduce into consideration the function of one variable 7',

9
y(T):/ Fwdxdt—i—/ g—wds—/ 9 yas. T=o (40)
Gr szusy ON syusy ON

Because of the absolute continuity both of the integral and of inequalities (39), the function y (T') from (40) is
nonnegative, continuous, nondecreasing and limzy_.q y(7T) = 0.
Taking into account (40), we rewrite equality (38) in the form

x/ lu|PTly dx dr = / uly dx dr — y(T). (41)
GT GT
If in Young’s inequality with the parameter ¢ > O fora = p + 1
1 / 1
abffa“+ —b*, a,b>0,ad = ¢ =14 -
o a'e? 1 a—1 p

we take a = |u|y/%, b = “]1'//;', then bearing in mind that % =o' —1= %, we find that

O P 1 Oy |
L”IIQS—IMIM Oyl

Oy | = [uly /™ (42)

Igd '—1 1poe/—l

S
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Owing to (42), equality (41) yields

£ o 1 Oy |
(x——) ul*y dedr < —— " dxdr — p(T),
o/ Jar P A

whence for ¢ < Aa we have

o Oy a
/ u® dx dr < / | dxdr — v(T). (43)
Gr (ho — e)a'e? =1 Jg, po'-l Ao — g
. . / _ _ / . _
Taking now into account that &’ = %5, & = 7 and ming<; < (M_S;"W = xa/ , which can be achieved for

& = A, from (43) it follows that

o 1 Dy | o
lul*¢ dxdr < — ——dxdr — — y(T) (44)
Gr 2 Jop po !
According to the properties of the function g, the test function ¥ (x,t) = 1/f0[%(t2 + |x[»)] = 0 for

r = (2 + |x|)Y? > T. Therefore making the change of variable ¢ = «/ETSO, x = ﬁTé, we can easily verify
that

/ 'w‘/’lad dt = f i dedt = (V2T)" 12 (45)
Gr r=

4
CRNDUCE A

where, as is known [14, p. 23],

o — f 12(1 — n)y) + 4E5 — 1EIP W] 1®
1<[Eol2+[&[2<2 VI

By (45), inequality (44) with regard for the fact that yg(c) = 1 for 0 < o < 1, we obtain

n+1-2a' /
f u|® dx df < / |y dx dr < (“/ET)—,%O — 2. (46)
r<T/\2 ~Jar - A% A

d§ d§p < o0

If p < n—l, ie.forn+1—2a" <0,wherea’ =1+ %, the equation

T n+1-2a’ /
6(T>=(f+xo—%ym=o @7)

. .. . . n+1-2«a
has the unique positive root T = Ty > 0, since the function 61(7) = ML xp is positive, continuous and
strictly decreasing on the interval (0, +00), where limr_,¢ 8;(T) = +oc and hmT_>OO 81(T) = 0, while the function
y(T) is, as is mentioned above, nonnegative, continuous and nondecreasing, and lim7—, +~ ¥ (T) > 0, because we

assume that at least one of the functions F and g is not trivial. Therefore if there exists a solution of the problem (27),
(28) in the domain Dy, then without fail T < Ty = To(F, g), which proves Theorem 2. [

Remark 6. Making use of the reasoning of [14, p. 23], the conclusion of Theorem 2 remains also valid in the limiting
case p = . The conclusion of that theorem fails to be valid if p > -=; and the second of the conditions (30),

1
i.e. the condition g|g > O, is violated. Indeed, the function u(x,t) = —8(1 + 72— |x| ) P, & = const > 0,

is the global classical, and hence, generalized solution of the problem (27), (28) for g = —¢ (a—‘g = 0) and

3”5

Pl
F = [28”‘;1 4e pptl l—ti-tzlx||x|2 - A8P+1] (141> — |x|?) 7 , where, as can be easily verified, F|p > 0if p > %

n1— 22t

I/p
and0 < ¢ < {%[T”]} . Note that inequality n + 1 — @ > ( is equivalent to the inequality p > n—zl
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Remark 7. The conclusion of Theorem 2 also fails to be valid if only the third of the conditions (30), i.e. the condition
_1

. 1 1
g—f s > 0, is violated. Indeed, the function u(x, ) = co[(t + 1)® — |x|*]” 7, where co = A_F[“(’;—J{l) — @] P, is

1
the global classical solution of the problem (27), (28) for F = 0 and g = u|s = col(t + D2 =217 > 0.

Remark 8. Inthe case —1 < p < 0, the problem (27), (28) may have more than one global solution. For example, for
F = 0 and g = 0 the conditions (30) are fulfilled, but the above-mentioned problem may, besides a trivial solution,
have an infinite set of global linearly independent solutions u (x, t), depending on the parameter > 0 and given by
the formula

1
2 2
wa(r) = Jeo[@ = =P T s ati)
0, Xl <t <a+lx,

_ 1

4(”—”2”) — M] 7. We can easily see that uy(x,t) € cl(D) for p < 0, and for —% < p < 0 the

PP
function uq (x, 1) € C*(D).

1
where co = A 7|

4. Local solvability of the problem

Remark 9. It was shown in proving Theorem 1 that the linear problem (21), which for m = 0 coincides with the
linear problem corresponding to (27) and (28) for A = 0 and g = 0, has the unique solution x = L~!F, where
L~ Ly(Dr) > W21 (D, ST) is the linear continuous operator whose norm admits the estimate (24). Note also that

analogously to Remark 1, for 0 < p < % the operator

Ki: W (Dr, $7) = LaDr) (K= ajul”*") (48)

is a continuous and compact one. Therefore the nonlinear problem (27), (28) for g = 0 is equivalent to the functional
equation

u = Au+ ug (49)

in the space W21 (D7, ST), where with regard for (48),
A=L7""Ky, up=L"'FeW)(Dr,Sr). (50)

Remark 10. Let B(0,d) = {u € W21 (Dr, ST) : ||u]] W) (Dr.S1) < d} be a closed (convex) ball in the Hilbert space

Wzl (D, ST) of radius d > 0 with center in a zero element. Since by Remark 9, the operator A : Wzl (Dr, ST) —>

WZI(DT, St) for0 < p < n%] is continuous and compact; therefore by Schauder’s principle, for the solvability of
Eq. (49) it suffices to prove that the operator A, acting by the formula Aju = Au + uy, transfers the ball B(0, d) into
itself for some d > 0 [30, p. 370]. Towards this end, we will give the necessary estimate for the value || Au|| Wl (Dr.S1)"

Ifue W21 (D7, ST), then we denote by u the function which by itself is the continuation of the function ug evenly
through the planes x, = 0 and t = T. Obviously, u € W21 (D7), where D} @ |x| <t < 2T — |x|.
Using the inequality [31, p. 258]

1
f|v|drzs<mesm1‘q||v||q,g, g=1,
(0]

and taking into account the equalities

~n4 _ q 2 _ 2
lwlly, (pry = HullL, r) Helyr ey = Hleellypr i, sy
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from the well-known multiplicative inequality [25, p. 78]

- s .
lllg.0 < BIVOIS ollvl, 5 Vv e W (2), 2 c R,

- (1 1\/1 1\' _ m+Dm
a=|-—— - — = , M= ——
roq rom n+1—m
for 2 = D; CRT  v=Ur=1,m=2and 1 < q < %, where 8 = const > 0 does not depend on v and T,
we obtain the following inequality:

1,1 1 o
lullz,(pr) < cotmes DY) ™12 ullyyr p, 5,y Yu € Wy (Dr, St), (51)

where cg = const > 0 does not depend on u.

Taking into account the fact that mes Dr = 2(2)11) T+t where w, is the volume of the unit ball in R", for
qg =2(p + 1) from (51) we find that
~ IS S YO T B | .
lullzaprtror) < colpn TV EET D ull o Vu e WH(Dr, ST, (52)

where 0, , = (52 )(er#l_%)
pn = 3041y :

For || Kyullr,(py), where u € W21 (D1, ST), and the operator K is given by the equality from (48), by virtue of
(52) the estimate

12
2(p+1) _ p+1
1K ullLypr) < A [/DT ul P77 dx df} = MLy, 0)

PHOEED e b ot
< MpnT 7 ||M|IW21(DT,ST) )

holds, where £, , = [cozp,n]p“.
Now from (24) and (53), for the value ||Au||W21 (Dr.S7)° where Au = L™ Ku, the estimate

—1
”AMHWZI(DT,ST) <L ”LQ(DT)—)WZI(DT,ST)”KlullLZ(DT)

¢ I+ D (D Gy H = 2) 11 P+ i1
< \/;)pr’nT p+ + ||u||Vi’21(DT,ST) Yue W2 (Dr, ST) (54)
is valid. Note that m + ﬁ — % > 0 for p < nzl.
Consider the equation
azP™ +b =z (55)

with respect to the unknown z, where

e 1 R e
a= \/;)\‘Ep’nT1+(P+1)(ﬂ+l)(2(17+1)+n+1 2)’ b = \/;T”F”LQ(DT) (56)

For T > 0, it is evident that a > 0 and b > 0. A simple analysis, analogous to that of [30, pp. 373, 374] for p = 2,

1
shows that: (i) for b = 0, along with the zero root z; = 0, Eq. (55) has the unique positive root zo = a 7; (ii) if
b > 0, then for 0 < b < by, where

bo = [<p+ D —(p+ 1)"’31}:‘5, 57)

and Eq. (55) has two positive roots z; and z2, 0 < z1 < z2; these roots for b = by merge, and we have one positive
root

_1
21=22=20=[(p+ Dal] »;
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(iii) for b > by, Eq. (55) has no nonnegative roots.
Note that for 0 < b < by there arise the inequalities

1
21 <z0=I[(p+ Dal 7 < 2.

By virtue of (56) and (57), the condition b < by is equivalent to the condition

_1
e e D I E § P _1 _ptl
\/;T”F”LZ(DT) < [\/;)‘Zp,nT1+(p+l)(n+l)(2(P+1)+"+1 2):| [(p +1) »—(p+1) » :|

I1FllL,pr) < Var,pT ™%, an >0, (58)

or

where

-1 _ptl _1 1 1
Ynap = [(P +D r=(p+1) » i| (ALp.n) 7 exp [—5 <1 + ;)] ,

1 1 1 1
ap=14+—(1+(p+DHn+1 + -—= .
" p[ P+l )(2<p+1> et 2)]
Owing to the absolute continuity of the Lebesgue integral, we have lim7_¢ || F|1,(p;) = 0. At the same time,
limy_,0 T~% = 4-o00. Therefore there exists a number 77 = T1(F), 0 < T} < 400, such that inequality (58) holds
for

0<T <Ti(F). (59)

Now let us show that if the condition (59) is fulfilled, the operator A; : W21 (Dr, ST) — W21 (D7, ST), acting by
the formula A u = Au + ug, transfers the ball B(0, z»), mentioned in Remark 10, into itself, where z; is the maximal
positive root of Eq. (55). Indeed, if u € B(0, z2), then by virtue of (54)-(56) we have

p+1

p+l1 —
W) (Dr.51) +b<az, +b=2.

”AlM”Wzl (Dr,S7) < allul
Therefore by Remarks 9 and 10, the following theorem is valid.

Theorem 3. Let F € Ly 10c(D), g =0,0 < p < 2 and for the value T the condition (59) be fulfilled. Then the

n—1’

problem (27), (28) in the domain Dt has at least one strong generalized solution u € W21 (D7, S7).
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