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1. STATEMENT OF THE PROBLEM

Consider the nonlinear wave equation

9%
Ou = 5 — Au = f(u) + F, (1)

where f and F' are given real functions; moreover, f is a nonlinear function, u is the desired
unknown function, and A = >""  8%/9x7, n > 1.

For Eq. (1), we consider the characteristic Cauchy problem on finding a solution wu(z,t) of this

equation with the boundary condition

uls, =g (2)
in the truncated future light cone Dr: |z| <t < T, z = (z1,...,x,), T = const > 0, where g is a
given real function on the characteristic conic surface Sr,t= |z, t <T. If T = +o0, then D,
t > |z| and S = 0D : t = ||.

Numerous publications (e.g., see the bibliography in [1-20]) deal with the local or global solv-
ability of the Cauchy problem for nonlinear equations of the form (1) with the initial conditions
Uli—o = up and wuy] +—o = u1. As to the characteristic Cauchy problem in the linear case, that is
problem (1), (2) with f = 0, it is known that this problem is well posed and global solvability takes
place in the corresponding function spaces [21-25].

In what follows, we consider special cases of a nonlinear function f corresponding to many-
dimensional variants of the sine-Gordon equation and the Liouville equation. For these equations,
we analyze the existence or absence of a global solution of the characteristic Cauchy problem (1), (2).
Note that this problem for Eq. (1) with a power-law nonlinearity was considered in [26].

2. MANY-DIMENSIONAL VERSION OF THE SINE-GORDON EQUATION

Consider the case in which f(u) = Asinpu, where A and p are given nonzero real numbers.
In this case, Eq. (1) acquires the form

0*u :
Lu :—E—Au—)\smuu—kﬂ (3)

where we have set L = [ for convenience.
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136 KHARIBEGASHVILI

To simplify the exposition, in what follows, we assume that the boundary condition (2) is
homogeneous; i.e.,
’U,‘ST =0. (4)

We set W} (Dr,Sr) := {u € W} (D) : uls, =0}, where W} (D7) is the usual Sobolev space
[27, p. 56] and condition (4) is treated in the sense of the theory of traces [27, p. 70].

Remark 1. Since the Nemytskii operator N : L, (Dr) — Lo (Dr) acting by the formula
Nu = Asin pu is continuous and bounded [28, p. 349; 29, pp. 66—67 of the Russian translation] and

the embedding I : W3 (D, S7) — Lo (D7) is a continuous compact operator [27, p. 81], it follows
that
NQ =NI: W21 (DT7 ST) — Lg (DT) (5)

is also a continuous compact operator.

Definition 1. Let F € L,(D7). A function u € Wy (D, Sy) is referred to as a strong
generalized solution of the nonlinear problem (3), (4) in the domain Dy if there exists a sequence
of functions u,, € C2 (DT,ST) = {u eC? (DT) Dl = 0} such that u,, — wu in the space
ng (Dr,St) and [Lu,, — Asin pu,,] — F in the space Ly (Dr). In this case, the convergence of
the sequence {Asin pu,,} to the function Asinpu in the space Lo (D7) as u,, — u in the space
W} (Dr, S7) follows from Remark 1.

Lemma 1. Let F € Ly (D). Then any strong generalized solution u € W} (Dr, Sz) of prob-
lem (3), (4) in the domain Dy admits the a priori estimate

€
ollzor 501 < |5 TP Lo + O T), ©)

3e|A|wy, 12
A )T"“) and w, is the area of the unit sphere in R™.

where C()\ L, ) (W

Proof. Let u € W} (Dr, St) be a strong generalized solution of problem (3), (4). By Definition 1
and Remark 1, there exists a sequence of functions u,, € C? (DT, ST) such that

m—0Q0

Aiinoo |t — “HW;(DT,ST) =0, lim || Lu,, — Asinpiun, — F|;,p,y = 0. (7)

Consider the function u,, € C? (DT, ST) that is found from the problem

Lu,, — Asin pu,, = F,,, (8)
Up|g, = 0. 9)

Here
F,, = Lu,, — \sin pu,,. (10)

By multiplying both sides of Eq. (8) by du,,/0t and by integrating the resulting relation over
the domain D,, 0 < 7 < T, we obtain

1 [ (Ou,\ Oy, A 8 Oy,

D D, D,

We set Q, := DN {t = 7}, and by v = (vy,...,V,,1) we denote the unit outward normal
to St\{(0,...,0)}. By performing integration by parts and by taking into account (9) and the
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ON THE SOLVABILITY OF THE CHARACTERISTIC CAUCHY PROBLEM

relations v|g = (0,...,0,1) and 1|y = —1/2/2, one can readily obtain the relations

0 (Oum\’ Ou \* Ou \* O\
oD Q S

D,

2
/ % (cos pu,,) dx dt = / (cos pu,,) vods = /cos Yy dx — g /cos JTLTG
D, Sy

oD, O,

1
= /cosuumdm — i/dx,

. Q,
2
/ Ot Oty 3

O L [ 0 ot
912 ot oz, ot 7o) o \or )

D, oD, D,

_ i, Oty d _1/ Oup ) d
=] oz ot VYT 2 oz, ) 0
o

T T

T T T

Oy, Oy, 1 Oy, ? 1 Oy, ?
- o, Wyids —3 / ( oz, > vods — 5/ ( oz, > dx.
Q

oD, 3,

Then relation (11) can be represented in the form

n

ou,, .l Oou,, ou,y, 2 Oou,, 2 9 - )
/Fm 5 drdt = % Z(&Ly VQ—WVZ) +< En > (VO—ZI/J- ds
D,

Li=1

.

1 o\’ < [ Ou,\’
+§/ <W> +;<8xi>

Q, b =1

0

Si — =

ince (1/0 oz,
that

=0, 1=1,...,n.

O, Dt ,
8:171' 0 ot ! S.

n
2 2
vy — E v;
j=1

valid on the characteristic surface S, relation (12) acquires the form

Oum\’ = [ Oun\’ 2\ 1 Ouy,
/[<7> +z;<8xi> ]daz—l—;/(cos,uum—§> dw—Z/meda:dt.
Q = Q

T T T

By virtue of the relation

=0
S,

We use the notation

Then, by virtue of the inequality

ou ou,, \> 1
2F, —= < ~ ZF?
a = °© ( > * €
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1/1-—>, i =1,...,n,is an interior differential operator on S,, it follows from (9)
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valid for any ¢ = const > 0, from (13), we have
/ 1
2
w(d) < E/w(a)da + B 1 Fonl Lo ps) +

0

3| A|wn

W&”, 0<6<T. (14)

Since HFmHi2 (D, 1S & nondecreasing function of 4, it follows from (14) and the Gronwall lemma
[30, p. 13 of the Russian translation] that

3| A |wn
|p[n

1
w(d) < [g ||Fm||iz(D6) + 5"] exp de.

If ¢ = 1/0, then we obtain the inequality

3|)\|Wn n
w(é) <e [5 ||En||ig(Da) t g ] ’

lpln

which implies that

, B aum 2 n 8um ?
||u7n||W21(DT,ST) _/ W +ZZ_; O

Dr
1 ) 3| A |w
_ _T2 . _ 2% gl
<e [2 | mHLz(DT) + |p|n(n + 1)

T
dx dt = /w(é)dd
0

and hence
e
tnlig o529 < 5T UEnls oy + 0 ), (16

where ¢(\, u, T) is the function defined in Lemma 1.
By using (7) and (10) and by passing in inequality (16) to the limit as m — oo, we obtain the
estimate (6), which completes the proof of the lemma.

Remark 2. Note that in the linear case [A = 0 in (3)], that is, in the case of the problem
LU(ZE,t) :F(ZE,t), (:E,t) EDTa u(ac,t) :07 (:L‘vt) € STa (17)

for F € Ly (Dr), one can introduce the notion of a strong generalized solution u € VVQ1 (Dr, St)
of problem (17) in a similar way. In this case, by definition, there exists a sequence of functions

Uy € C? (DT, ST) satisfying relation (7). It follows from the proof of Lemma 1 that the a priori
estimate (6) with A = 0, that is, the estimate

e
ullig D52y < 4/ 5 TIE 22000 (18)
2 2

is also valid for a strong generalized solution of problem (17). By [26], problem (17) has a strong

generalized solution in the class W} (Dr, S7), whose uniqueness follows from the estimate (18).
Consequently, the solution u of problem (17) can be represented in the form v = L™'F, where

L™ : Ly(Dy) — W} (Dg,Sr) is a linear continuous operator, whose norm, by (18), admits the

estimate
_ e
HL 1HL2(DT)HW21(DT,ST) < \/;T' (19)

Remark 3. By virtue of (19) and Remark 1, one can readily see that if F' € Ly (D7), then for

the function u € W} (Dy, St) to be a strong generalized solution of problem (3), (4), it is necessary
and sufficient that v is a solution of the functional equation

u= L (\sinpu+ F) (20)
in the space W} (Dr, St).
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ON THE SOLVABILITY OF THE CHARACTERISTIC CAUCHY PROBLEM 139
We rewrite Eq. (20) in the form
u=Au:=L" (Nou+ F), (21)

o

where, by Remark 1, the operator Ny : Wy (D7, Sr) — Ly (Dr) given by (5) is a continuous
compact operator. At the same time, by Lemma 1, the a priori estimate ||u||W21( Dr.sp) < Co With a

positive constant ¢y = co(\, i, T, F') independent of v and 7 is valid for any value of the parameter
7 in the interval [0, 1] and for any solution u of the parametric equation u = 7Au. Therefore, by

the Leray—Schauder theorem [31, p. 375], Eq. (21) and hence problem (3), (4) have at least one
solution u € Wy (Dr, Sr).

Let us show that problem (3), (4) has at most one strong generalized solution in the class
W} (Dr, Sr). Indeed, let u; and uy be strong generalized solutions of problem (3), (4) in the class
ng (Dr, St); i.e., there exist sequences of functions wuy,,, Uz, € C? (DT, ST) such that

Hm ||wm, — ui||vi/21(DT,sT) =0, Hm || Lt — Asin g, — F|p, p,y =0, i=1,2. (22)

m—00 m— 00

By setting v = ug,,, — U1, and by using the obvious relation

1

[ (uam) — f (uim) = (Uam — U1m) / I (tugy + (1 — T)uy,y,)dr for  f(u) = Asin pu,

0
one can readily see that v € c? (DT, ST) is a solution of the problem

@ — AV = gv + Fyy, — Fip, v|s, = 0. (23)
ot? i
Here F},, = Lug, — Asin pug,, ¢ = 1,2, and
1
= g s ) = Nt [ €08 itz + (L= D), lgal < Pl 20
0

By analogy with the derivation of (13), for the solution v of problem (23), one can derive the

relation
ov\? LA AN ov v
[ 5@ friioneaf i -ns
a = D D

T T T

By taking into account the inequality in (24), one can readily see that

ov ov\’
.= < 2 — .
Q/QMUatdacdt _/v d:z:dt—l—/(at) dx dt (26)

In a similar way, we obtain

ov

ot

2/(F2m—F1m)%dmdt g/\Fgm—Flm\2dmdt+/

D, D, D,

2
da dt. (27)

Since

U|ST =0, ’U(l‘,t) = / %{ﬂdﬂ (:L‘vt) € Dr

||
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140 KHARIBEGASHVILI

for a function v € C2 (DT, ST), it follows that, by using standard considerations, one can obtain

the inequality [27, p. 63]
2
/1)2(m,t)da:dt < 7'2/ <%> dx dt. (28)
D

T T

By setting

wo(8) = / [(82}/(‘%)24-2(8@/8@)2] dx

Qs
and by using (26)—(28), from (25), we obtain the inequality

)

wp(d) < (2 + 52) /wo(a)da + || Fyy — F1m||2LQ(D5), 0<d<T,
0

which, together with the Gronwall lemma, implies that
wo(8) < | Fom — Fimll}, oy exp (2 +T2) T, 0<6<T. (29)

In turn, it follows from (29) that

2 2 B o\’ v\’
[w2m = wimllviy(or.50) = 10503 Dy 50y = %) > 9z ) |zt
Do i=1 ¢
T
= /wo(é)dé < T | Fomm — F1m||2LQ(DT) exp (24 T°)T. (30)

0

By virtue of (30) and the second inequality in (22), we have lim,,, ., ||u2m — ulmHv”vg(DT,ST) = 0.
This, together with the first relation in (22), implies that [jus — u1||W§(DT7ST) = 0; i.e., us = uy.
This completes the proof of the uniqueness of the strong generalized solution of problem (3), (4) in
the class W (Dyg, Sy).

Therefore, the following assertion is valid.

Theorem 1. Let F' € Ly (Dr). Then problem (3), (4) has a unique strong generalized solution
u € W3 (Dr, St) in the domain Dr.

Remark 4. Let F' € Ly, (Do) and F' € Ly (D) for any 7' > 0. We say that problem (3), (4)
with T' = oo has a global solution of the class ng in the future light cone D, if there exists a function
u € Lajoc (D) that is a strong generalized solution of problem (3), (4) of the class W (Dr, Sr) in
the domain Dy for any finite 7' > 0. It follows from Theorem 1 that problem (3), (4) has a unique
global solution of the class VVQ1 in the future light cone D..

3. MANY-DIMENSIONAL VERSION OF THE LIOUVILLE EQUATION

If f(u) = Aexp pu, where X\ and p are given nonzero real numbers, then Eq. (1) acquires the
form
0%u
Lu::w—Au:Aexpuu—l—F. (31)
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ON THE SOLVABILITY OF THE CHARACTERISTIC CAUCHY PROBLEM 141

Definition 2. Let F' € Ly (Dr). A function w is called a weak generalized solution of prob-
lem (31), (4) in the class W, in the domain Dr if u € W} (Dr,Sr), exppu € Ly (Dr), and the
integral relation

/[—utgot + VouV,pl de dt = )\/goexp,uuda: dt + /Fgodac dt (32)

DT DT DT
is valid for any function ¢ € Wy (Dyr) such that ¢|,—r = 0.

By performing integration by parts, one can readily show that a classical solution u € CO’Z(DT, St)
of problem (31), (4) is also a weak generalized solution of problem (31), (4) in the class W; in the
sense of Definition 2. Conversely, if a weak generalized solution of this problem belongs to the class
C? (Dr), then it is also classical.

Definition 3. Let F' € Ly (D). A function u is called a strong generalized solution of prob-
lem (31), (4) in the class W} in Dy if u € W} (Dg, S), exp pu € Ly (D) and there exists a sequence
of functions u,, € C? (DT, ST) such that u,, — u in the space ng (Dr, St) and exp pu,, — exp pu,
[Lu,, — Aexp pu,,] — F in the space Lo (Dr).

Obviously, a classical solution of problem (31), (4) in the space C? (DT, ST) is a strong general-

ized solution of this problem in the class Wzl, and, in turn, the latter is a weak generalized solution
of problem (31), (4) in the class W, .

Theorem 2. Let F € Ly (Dr). If Ap < 0 and AF|p, > 0, then problem (31), (4) with n = 2
has a weak generalized solution in the class Wy in the domain Dr.

Theorem 2 is a consequence of the following assertions. First, let A > 0 and p < 0. Instead
of (31), we consider Eq. (1) with f(u) = Aexp p|u|, that is,

d*u
Lu := 5 Au = \exp plu| + F. (33)

By analogy with Definition 3, for problem (33), (4), we introduce the notion of a strong gener-

alized solution in the class VV21 in the domain Dy.

Lemma 2. Let F' € Ly(Dr). Then any strong generalized solution u of problem (33), (4) in
the class W3 in the domain Dy satisfies the estimate

|y — +ci(A\ p, T, c1 (A, i, .
> (Dr,S51) 2 L2(T) ! ! |uln(n + 1)

Proof. The proof reproduces the proof of Lemma 1 almost literally. One should only use the
relation

A
IT:)\/aaL;nexpMumMa:dt: ;/%[(exp/ﬂum\—1)sgnum]da:dt
D,

D,

A
=2 / (exp i |t,| — 1) sgn u,,dx

.

with regard of the boundary condition (4) instead of the relation

ou,, . A 1
)\/ 5 sin pu,, dx dt = —;/ <cos,uum — 5) dx

T T
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142 KHARIBEGASHVILI

used in the proof of Lemma 1. Since u < 0 and 0 < exp p|u,,| < 1, it follows that
A A
<3| o=
1 It
Qs

Remark 5. Since p < 0 and 0 < exp plu| < 1, it follows that Remark 1 is also valid for the
Nemytskii operator N : Ly (Dy) — L (Dy) acting by the formula Nu = Xexp p|u|. Therefore,
by analogy with Remark 3, which implies Eq. (21), problem (33), (4) is equivalent to the operator
equation u = Au := L~! (NTu + F) in the space W (Dr, Sy), where I : W} (Dr, Sz) — Ly (Dr)
is the embedding operator and NI : W3 (Dy,Sy) — L, (Dr) is a continuous compact operator.
Further, by Lemma 2, each solution u of the equation u = 7Au with any value of the parameter
7 in the interval [0,1] admits the a priori estimate [lullyy;(p,. s,y < c2 With a positive constant
cg = co(A, p1, T, F') independent of u and 7. Therefore, by the Leray—Schauder theorem [31, p. 375],

the equation u = Au and hence problem (33), (4) has at least one strong generalized solution u

Wn g
n

in the class ng in the domain Dr. Obviously, this solution is also a weak generalized solution of
problem (33), (4) in the class W3 in the domain Dr; i.e., the integral relation

/ [—uipr + VouVe dedt = / pexp plu|dx dt + / Fodxdt (34)
Dr Dt Dr
is valid for any function ¢ € W3 (Dr) such that ¢|—7 = 0.

Therefore, Theorem 2 will be proved for the case in which A > 0 and p < 0 once, for n = 2, we
show that the above-mentioned solution u of problem (33), (4) is nonnegative, i.e., u|p, > 0, since,
in this case, relation (34) implies (32).

Indeed, by setting g = Aexp p|u| + F, we rewrite relation (34) in the form

/ [—urps + VouV 0| da dt = /ggo dedt Yo e W, (Dr), Oli=r = 0. (35)

DT DT

Let Gr: |z| < T, 0 <t < T, be a cylinder containing Dr. We continue the functions u
and g by zero outside Dr into the domain Gr and keep the previous notation for the result-

ing functions. Obviously, g € L, (Gr), and since u € W} (Dr,St), we have u € W3, (Gr) =
{ue W} (Gr): uljzj=r = 0} and u|,—o = 0. By taking into account the relations u|g,\p, = 0 and
9lao\pr = 0 and formula (35), we obtain

l/[—mwt+VGqu¢MMdt:L/gwdxdt V€ Wiy (Gr). (36)

Gr Gt

where Wzl,o (Gr) == {v e W3, (Gr) : ¥|;—r = 0}. Relation (36) implies that u is a generalized
solution of the mixed problem [27, p. 210]

Ou = g, u)t—o = 0, Utl,_g = 0, Ujgj=r =0 (37)

in the class W3 (Gr) in the domain Gr.

On the other hand, assuming that the function g is continued by zero outside G in R?, by @ €
D' (R®) we denote the generalized function that is a solution of the Cauchy problem

Oi=g,  il,,=0 (38)

in R?. Since g|;<o = 0, we find that the solution of problem (38) in the space D’ (R?) of generalized
functions exists, is unique, and can be represented in the form [32, p. 225]

u=%x*g, (39)
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ON THE SOLVABILITY OF THE CHARACTERISTIC CAUCHY PROBLEM 143

where & (1, @2, t) = 6(t — |z])/(2m/t? — [2[? ), and 6 is the Heaviside function. Since g € L, (R?)
and n = 2, it follows that the function @ given by (39) is a locally integrable function that can be
represented by the Poisson formula [32, p. 214] for ¢t > 0:

_ _it 9(&,t) . al -
u(xl,xg,t)—%_/ / TS e >0 (Haw=0). @

0 |—z|<t—T

Now, by taking into account the inequalities A > 0, F' > 0, and hence by virtue of the above-
performed construction, g|p, = (Aexp p|u|+F)|p, > 0 and g|gs\p, = 0, and by using relation (40),
we obtain @ > 0 in R®. Since @ is a solution of the Cauchy problem (38), where g € Lo (R?), it
follows from [33, p. 189 of the Russian translation] that @ € W5 . (R*); moreover, by virtue of the
relation g|gs\p, = 0, from (40), we have il ,, = 0. Therefore, the function i, _ € Wy (Gr)is a
solution of the mixed problem (37) in the sense of the integral relation (36). Now, by virtue of the
uniqueness theorem for the mixed problem (37) in the class W, (Gr) [27, p. 210], we have u = @
in the domain G and hence u = @ > 0 in the domain D7. This completes the proof of Theorem 2
for the case in which A > 0 and ¢ < 0. If A < 0 and g > 0, then the considerations are performed
in a similar way.

Remark 6. Let F' € Ly, (Do) and F' € Ly (Dr) for any T' > 0. We say that problem (31), (4)
is globally solvable in the weak sense if, for any T > 0, this problem has a weak generalized solution

of the class ng in the domain Dr. It follows from Theorem 2 that if the function F' satisfies the
inclusions F' € Lgjoc (Do) and F € Ly (D7) for any T' > 0, then, for Ay < 0, AF|p, > 0, and
n = 2, problem (31), (4) is globally solvable in the weak sense. In what follows, we show that if
Ap > 0, then problem (31), (4) is not necessarily globally solvable in the weak sense.

Theorem 3. Let F € Lo (Do) and F € Ly (Dr) for any T > 0. In addition, let A\F|p,_ >0
and F # 0; i.e., F' # 0 on a set of a positive Lebesque measure. If Au > 0 and n = 2, then
problem (31), (4) is not globally solvable in the weak sense; i.e., there exists a Ty = To(F) > 0

such that for T > Ty problem (31), (4) has no weak generalized solutions of the class ng in the
domain Drp.

Proof. We restrict our considerations to the case in which A > 0 and p > 0, since the case in
which A < 0 and p < 0 can be considered in a similar way. Let u be a weak generalized solution of

problem (31), (4) in the class W in the domain Dy. Since A > 0 and hence, by the assumptions
of Theorem 3, the right-hand side (Aexp pu + F') of Eq. (31) is nonnegative in the domain Dy,
it follows from the considerations performed in the proof of Theorem 2 in the case n = 2 that the
solution u of problem (31), (4) is nonnegative in the domain Ds as well. Therefore, by using
the formula exp pu =Y - (pu)¥ /k!, we obtain

2

exppuu(e,t) > Su’(e,t),  (at) € Dr, (41)

for the case in which p > 0.
By performing integration by parts on the left-hand side in (32) and by taking into account the
boundary conditions (4) and ¢|;—r = 0, we obtain the relation

/uDgodxdt:)\/goexpuudxdt—i—/Fgodxdt. (42)
Dt

DT DT

We assume that ¢ > 0 in (42) and use the Cauchy inequality with the parameter € > 0:

1
ab§5a2+—b2, a>0, b>0,
2 2e
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12,

where a = |u|p'/? and b = |Oy|/p'/?; then we obtain

1/2‘ 90| | e+ 1 |Opf

[ullp| = |ulp oz = <3 + o5z " (43)
By (41), (43) and the inequality ¢ > 0, from (42), we have
1., ¢ Del? /
a2 — S < — | F . 44
(2)\,u 2>/u pdrdt < 25/ ” dx dt pdxdt (44)
T DT DT
If e = Au?/2, then inequality (44) acquires the form
0 2
/ugodxdt_ = 4/| i dt——/ngda:dt (45)

D

We use the method of trial functions [12, pp. 10-12]. For the trial function in (45), we take the

function
2
lnt) = o | 7 (4 1oP)|

where ¢y € C?((—00,400)), w9 > 0, p) <0, po(c) =1for 0 < o <1, and py(c) = 0 for ¢ > 2
[12, p. 22]. Since p(z,t) = 0 for r = (£2 + |z|2)"/> > T, after the change of variables t = /2T,

= V2T¢ n = 2, 2 = (21,23), € = (£1,&)], for the first integral on the right-hand side in
inequality (45), we have

Oepl? 2 1
/ﬂdxdt: / IBeF gy at = 0, (46)
P © V2T
r=(t*+|2|*)V/2<T,
t>|x|
where
—20h +4
0

1<]€0 | +¢7 <2,
o> €]

is a finite quantity [12, p. 22] for an appropriate choice of the function y.
Since ¢y(0) =1 for 0 < o < 1, it follows from (46) and (45) that

4
2
/ u dmdtﬁ/u pdrdt < )\2 4\/_T O—A—M/Fgoda:dt. (47)
r<T/V2, Dr Dy
t>|x|

Since A > 0 and, by assumption, F' > 0, F' # 0, and F € Ly (Dr) for any T' > 0, it follows
from the absolute continuity of the integral that v(T') = | b, o dx dt is a nonnegative continuous
nondecreasing function; moreover,

lim y(7T") = 0, lim ~(T) > 0. (48)

T—0 T—+oo

One can readily see that the equation

4 1 4
——wy— —y(T) =0 49
Nl \/§T%O )\MQ'Y( ) (49)
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has a unique positive root T' = T > 0, since

4 1
T N VET
is a positive continuous strictly decreasing function on the interval (0, c0); moreover,

QII“IE}J 1[)1(T) = +00, TLHJIrloo ¢1(T) = 07

Pi(T)

7o

and, as was mentioned above, v(7") is a nonnegative continuous nondecreasing function satisfying
condition (48). In addition, ¥(T") < 0 for T > T, and ¢¥(T") > 0 for 0 < T' < Ty. Consequently, if
T > Ty, then the right-hand side of inequality (47) is negative, which is impossible. This completes

the proof of Theorem 3 for the case in which A > 0 and p > 0. If A < 0 and p < 0, then, as was
mentioned above, considerations are performed in a similar way.

Remark 7. It follows from the proof of Theorem 3 that if there exists a weak generalized

solution of problem (31), (4) of the class W} in the domain Dy, then, under the assumptions of
this theorem, T' < T}, where T} is the unique positive root of Eq. (49).
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