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1. STATEMENT OF THE PROBLEM

In the plane of the independent variables x and ¢, consider the nonlinear wave equation
Lyu := gy — Ugy + Au|u = f(x,t), (1)

where A and « are given real constants, Ao # 0, « > —1, f is a given real function, and w is the
unknown real function.

By Dr == {(x,t) : —kt<zxz <t 0<t<T; 0<k=const <1}, T < oo, we denote the
triangular domain lying inside the characteristic angle {(z,¢) € R? : ¢ > |z|} and bounded by the
characteristic segment v; r: * =t, 0 <t < T and by the segments vy, r: x = —kt, 0 <t < T, and
var: t =T, —kT <z < T, of time and space type, respectively (Fig. 1).

For Eq. (1), we consider the first Darboux problem of finding a solution u(x,t) of this equation
in the domain D7 on the basis of the boundary conditions (e.g., see [1, p. 228])

u

=0, i=12 (2)

Note that numerous papers (e.g., see [2-11]) deal with the existence or absence of global solutions
of various problems (initial value problems, mixed problems, and nonlocal problems of various
forms, including periodic ones) for nonlinear equations of the hyperbolic type. In the linear case,
i.e., for Aa = 0, problem (1), (2) is known to be well posed, and global solvability takes place in
appropriate function spaces [1, 12-15].

We show that if the nonlinearity « and the parameter A satisfy certain conditions, then prob-

lem (1), (2) is globally solvable in some cases and has no global solution in other cases, although,
as shown below, this problem is locally solvable.

Definition 1. Let f € C (DT). A function w is called a strong generalized solution of prob-
lem (1), (2) of the class C' in the domain D7 if u € C (D7) and there exists a sequence of functions
U, € C? (DT,FT) such that w, — w and Lyu, — f in the space C(DT) as n — oo, where
C? (DT,FT) = {u € C? (DT) D oulp, = O} and I'r := 1.7 Ua r.

374



ON THE EXISTENCE AND ABSENCE OF GLOBAL SOLUTIONS 375

N \ ’ngT:t:T Y

~ Dt

’)’2,T¢$=—kt\ Mrir=t

8y

0

Fig. 1.

Remark 1. Obviously, a classical solution of problem (1), (2) in the space C? (DT,FT) is a
strong generalized solution of this problem of the class C' in the domain Dr. In turn, if a strong
generalized solution of problem (1), (2) of the class C in the domain D7 belongs to the space
C? (DT), then it is also a classical solution of this problem.

Definition 2. Let f € C' (D). We say that problem (1), (2) is globally solvable in the class
C' if, for any finite T > 0, this problem has a strong generalized solution of the class C' in the
domain Dr.

2. A PRIORI ESTIMATE FOR THE SOLUTION OF PROBLEM (1), (2)

Lemma 1. Let -1 < a < 0. If a > 0, then it is additionally assumed that A > 0. Then any
strong generalized solution of problem (1), (2) of the class C' in the domain Dt satisfies the a priori
estimate

lullopry < eillfllepry + 2 (3)

with positive constants ¢;(T,c, \), i = 1,2, independent of u and f.

Proof. First, consider the case in which & > 0 and A > 0. Let u be a strong generalized solution
of problem (1), (2) of the class C' in the domain Dr. Then, by Definition 1, there exists a sequence

of functions u,, € C? (DT, FT) such that

ey —ull o,y =0, B Lyt = Fllegp, =0, @
and consequently, .
T [l = Mo, = 0 )

Let us treat the function u,, € C? (DT, T T) as a solution of the problem

L)\un = frm (6)
Unlp,, =0, I'ri=mrUvr. (7)

Here
fn = L)\un- (8)

By multiplying both sides of Eq. (6) by du, /0t and by integrating the resulting relation over the
domain D, := {(z,t) € Dr: 0<t <7}, 0<7 <T, we obtain

1 8 8’LLn 2 82un aun

T T

A 0 a42 . 8’LLn
+a+2/a|un| dwdt—/fnﬁda:dt. 9)
D, D,

DIFFERENTIAL EQUATIONS Vol. 44 No.3 2008



376 BERIKELASHVILI et al.

Set Q, := D,oN{t =7}, 0 <7 <T. Then, by taking into account (7) and by integrating by
parts on the left-hand side in relation (9) in the case k € (0, 1), we obtain

8un 1 aun aun ? 8“’71 ’ 2 2
/‘fnﬁdl’ dt = / 2—1/"1 [<%Vt — WV1> + < ot > (Vt — Vw) ds
D, r.

n 1 / ou,, 2 n ou,, 2
2 ot ox
Q

-

)\ a+2
—_— 1
da:—l—a+2/|un| dzx, (10)
Q,

where v := (v,, ;) is the unit outward normal vector on 9D, and I, :=TrN{t < 7}.

Since Voo ~Vag, is an interior differential operator on I'z, it follows from (7) that
x
ou,, ou,,
-2y, =0 11
( ar ' ot ¥ > r, (11)
Since D,: —kt < x <t, 0 <t < T, we obviously have
(vi—vd)|. <0, vl < 0. (12)

(One can readily see that (v; —v7)|, =0, (v} —v2)|,, <0.) If A >0, then, by (11) and (12),

x x

from (10), we obtain the estimate

wy(T) ::/ [(%) + <8€;;"> ]dm §2/fn%dmdt. (13)

-

One can readily see that the estimate (13) is valid for k¥ = 0. By using the inequality

ou,, ou,, S|
25t §€<at> +23’

valid for any € = const > 0, we obtain

T

1
wy (r) < z—:/wn(a)da F My, O<TST (14)
0

Since, by (14), the quantity || aniz( p,) 18 a nondecreasing function of 7, it follows from the Gronwall
lemma (e.g., see [16, p. 13 of the Russian translation]) that

1 2
wa(7) < <l fallzyo,) exp(re)-

p(re)

ex 1
This, together with the relation ing = et attained for e = —, implies the estimate
e> € T

wo(7) < e | fll o, O0<7T<T. (15)

If (z,t) € Dy, then, by (7), we have

Un (2, t) = up(x,t) — u, (—kt, t) = / %z’t)da,

—kt
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which, together with (150, implies the inequalities

lup (2, 2)] / /[au”at} do < (x + kt) /[8““”5} do < (z + kt)w,(t)

—kt —kt
< (L4 k)tw,(t) < (L+k)et® || fallf,py < L+ K)et® || full &5, mes Dy
1
< 5(1+k)26t4 1 £lle 5y (16)

It follows from (16) that
llleory < 50+ HT Uflcqon- )

By using (4)—(8) and by passing in inequality (17) to the limit as n — 0o, we obtain the estimate

(&
lllecon < |/ 50+ KT leqon, 18)

From (18), we find that the estimate (3) is valid for a > 0 and A > 0.

Now consider the case in which —1 < a < 0 for an arbitrary A. If -1 < a < 0,ie., 1 < a+2 < 2,
then we use the well-known inequality

P bl o 2 2 1 1
ab< T+ <a=|un| Zob=1, p= >1, g=-=>1, —+—=1>
P q a+2 « P q
and obtain the relations
@ 2 2
/|un\ +2da:§/ ot \un|2—g o = 2 /\un|2da:+m(l+k)7'. (19)
2 2 2 2

By virtue of (11), (12), and (19), it follows from (10) that

1 Ou, \* | (0u,\’ Al , al .
- uy, _ A |l ou,
2/[( 8t> +<ax> ]dﬂf— 2 /Iunl dm+2(a+2)(1+k)7+/fn odwdt.(20)

Q- Q- D,

By the trace theory, we have the estimate (e.g., see [17, pp. 77, 86])
||un||L2(QT) < ¢o(7) ||u7l||ﬁ/21(DT,FT) ’ (21)
where W} (D,,T,) := {u € W} (D,): ulr. =0}, W}(D,) is the well-known Sobolev space, and

Ou,, 2 ou,, 2
||u’n||W21(DT,FT) = / [<W> + ( 7 > ] dx dt.
D

-

Here ¢y(7) is a positive constant independent of w,,, which can be estimated from above as follows:

co(T) < VT, 0<7<T. (22)

2+ <8aut"> , it follows from (21), (22), and (20) that

. Ouy,
Since 2f, 5
ou,, 2 ou,, 2 ou,, 2 ou,, 2

<
/[(815) +<ax>]da:_|)\|7'/[<8t> +<83}> dx dt
Q D,

+/ 0u,\" dt+/ qrdt+ 2L 0 e (23)
at ) a+2 T
D,

-
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By using the form of the function w,(7), from (23), we obtain

T

[Aal
wn(r) £ (N + 1) [ wn(o)do + 14l 00,y + Log L+ B
0

which, together with the Gronwall lemma (e.g., see [16, p. 13 of the Russian translation]), implies

the inequality
Aol
) < [Ifallsion + 2
By analogy with the derivation of (16) from (15), from (24), we obtain

| (2, 8)]* < (1 + k)tw, ()

(1+k)T ] exp(|A\|T + 1)r. (24)

A
gu+kﬂ[wugwﬂm%DT+£fiu+kﬂ}wmuw+1ﬂ

el

—(1+k)T [;1+kﬂawubDﬂ+- (1+kﬂﬂ@mﬂMT”+Ty (25)

It follows from (25) that

T RYe] 1 )
\/; (1+k)||fn||C(DT)+ +2(1+k) exp{§(|)\|T +T)},

which, together with (4)—(8) and after the passage to the limit as n — oo, implies the estimate

T 1
lulloory <\ 5T0+ Bexp {5 (NG +7) bl

4 é%%#l+kﬂ¥mp{%ﬂAﬂa+lj}. (26)

The proof of the estimate (3) is complete.

[unllony) <

Remark 2. It follows from (18) and (26) that the constants ¢; and ¢ occurring in the esti-
mate (3) have the form

€ = \/g(l + k)T, =0 if a>0, A>0, @7)
¢ = \/gT(l —I—k:)exp{% (AT —|—T)}7
(28)
[Aa|

1
Co = ﬂ+kﬂ@m{§wmﬂ+ﬂ} if —1<a<0, —oo<A\<+o0.

+2

3. EQUIVALENT REDUCTION OF PROBLEM (1), (2)
TO A NONLINEAR INTEGRAL VOLTERRA EQUATION

Let Py := Py (xo,to) be an arbitrary point of the domain Dr. By G, +, we denote the charac-
teristic quadrangle with vertices at the point Py, (xo,%o) and at the points P;, P,, and P; lying on
the supports of the data v, 7 and 7, 1, respectively; i.e., (see Fig. 2)

P =P <k(330 —to) to —$o>

k+1 7 k+1

By py (=R (o —20) (1= B) (ta—a0))
2(1+ k) 2(1 + k)

P3 = P3 <x0+t0,x0+t0>.
2 2
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Let u € C?(Dr) be a classical solution of problem (1), (2). By integrating Eq. (1) over the
domain G, ;,, which is the characteristic quadrangle of this equation, by using the homogeneous
boundary conditions (2), and by returning to the original variables x and ¢, one can readily obtain
the relation

1
u(a:,t)+% / ufuda'a’ = / F@ ) dedt,  (a,1) € Dy. (29)
Gz,t

x,t

Remark 3. Relation (29) can be treated as a nonlinear integral Volterra equation, which can
be represented in the form

u(z,t) + A (Ly Hul*u) (z,t) = F(x,t), (x,t) € Dr. (30)

Here L;"' is the linear operator acting by the formula

(Ly') (z,t) == % / v (2! t) da'dt’, (z,t) € Dr, (31)
and _
F(z,t) := (Ly" f) (z,0), (x,t) € Dr. (32)

Lemma 2. A function v € C (DT) is a strong generalized solution of problem (1), (2) of the
class C in the domain Dt if and only if it is a continuous solution of the nonlinear integral equa-
tion (30).

Proof. Indeed, let u € C (DT) be a solution of Eq. (30). Since f € C (DT), and the space
C? (Dr) is dense in C (D7) (e.g., see [18, p. 37 of the Russian translation]), it follows that there
exists a function sequence f,, € C? (DT) such that f,, — f in the space C (DT) asn — oo. Likewise,
since u € C' (DT), it follows that there exists a function sequence w,, € C? (DT) such that w,, — u
in the space C (DT) as n — oo. We set

Up = —A (L51 ‘wn‘awn)—i_Lalfm n=12,...

One can readily see that u, € C? (DT,FT); and since Ly is a linear continuous operator act-
ing in the space C (DT), and moreover, lim,, ., ||w, — UHC(DT) =0, lim, .o || fn — f”C(DT) =0,
we have u, — —A (Lg'|u[*u) + Ly f in the space C' (Dr) as n — oo. But it follows from (30)
that —A (Lg '|ul*u) + L' f = u. Therefore, we have lim,_. [u, — ull¢(p,y = 0. On the other

DIFFERENTIAL EQUATIONS Vol. 44 No.3 2008



380 BERIKELASHVILI et al.

Fig. 3.

hand, Lou, = —\|w,|" w, + f,., which, together with the relations lim,, . |Ju, — u||C(DT) =0,
lim,, . ||w, — UHC(DT) =0, and lim,, ., || fn — f”C(DT) = 0, implies that

L)\’U,n = Loun + A ‘un|aun =-A ‘wn‘awn + fn + A ‘un‘aun

=-A [|wn|awn - ‘u|au] + A Hun‘a Up — ‘u|au] + fo— f

in the space C (DT) as n — o0o. The converse is obvious.

4. THE CASE OF GLOBAL SOLVABILITY OF PROBLEM (1), (2)
IN THE CLASS OF CONTINUOUS FUNCTIONS
As was mentioned above, the operator L, ! occurring in (31) is a linear continuous operator acting
in the space C (DT). Let us now show that this operator is actually a linear continuous mapping

of the space C (DT) into the space C* (DT) of continuously differentiable functions. To this end,
we use the linear nonsingular transformation ¢t = £ + 7, * = £ — 7 of independent variables and
pass into the plane of the variables &, 7. After that the triangular domain D7 becomes the triangle

1—k,_ 14k
D!, with vertices at the points O(0,0), N{(T,0), and N, <TT’ %T), and the characteristic

quadrangle G, ; occurring in Section 3 becomes the rectangle G/, , with vertices

,(t+o t—2 1=k (t—z) t—=x (1 =Fk)(t—x) 4+
P P P ————= P, | —
<2’ 2>’ 1< 20+k) 7 2 )7 72 2(1 + k) ) Bl
i.e., in the variables  and 7, the rectangle G | (= G, ;) with vertices
1—k 1-k
P’ P ——— Py ——
(677_)7 1<1+k7_77—>7 2(1_1_]{:7—70)7

and Pj(&,0) (Fig. 3). Moreover, the operator Ly ' occurring in (31) becomes the operator (Lg 1)I
acting in the space C (D}) by the formula

I3 T
((Lgl)’w) (€,7) = /w(ﬁ',T')dfldT': / dg'/w(g’,r')dT’, (€,7) € Dy (33)

Ge . (1—k)7/(1+k) 0

If w € C (D}), then it readily follows from (33) that

8% (@) w)€n) = [wEerar,  &neD; (34)

0
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TN k=1 [ (., 1k )\ .,
o () w) €n) =1 w(f,Hkr)df
0
3

+ / w(€,1)de, (7)€ Dy

(1—k)T/(14+E)

1+k _
Now, since 0 < ¢ < T and 0 < 7 < %T for (&,7) € DY, it follows from (33)—(35) and the
inequality 0 < k < 1 that

0 /
g(LEl) w

. o
H(LO ) ch(D’T) - Ha_f (L") w c(Dy) +‘ o(Dy)

1—-k 1—-k
< |- I d Tllwllewy) + Tllwllewm,) + I kTHwHC(D/T)
k

1 _
+ <5 T1r k:7_> lwllem,) < (T° +2T) lJwllos,);

ie.,

<T?+2T, (36)

C(DL)—C1(Dh)

| @y

which completes the proof.
Further, since the space C* (D}) is compactly embedded in the space C (D}) (e.g., see [19, p. 135

of the Russian translation]), it follows from (36) that the operator (Lal)/ :C(Dy) — C (D}) is a
linear compact operator. Therefore, by returning from the variables £ and 7 to the variables x and
t for the operator L;' in (31), we obtain the following assertion.

Lemma 3. The operator Ly' : C (DT) — C (DT) given by (31) is a linear compact operator
and maps the space C (DT) into the space Cl(DT).

By using (32), we rewrite Eq. (30) in the form
u=Au:= Ly (=\u|*u + f), (37)

where A : C (DT) — C (DT) is a continuous compact operator, since the nonlinear operator
K:C (DT) — C (DT) acting by the formula Ku := —A|u|*u + f is bounded and continuous for
a > —1, and, by virtue of Lemma 3, the linear operator L;"' : C (DT) — C (DT) is a compact
operator. At the same time, by Lemmas 1 and 2 and relations (27) and (28), the a priori estimate

lullcory < el fllepry +¢

with positive constants ¢ and ¢ independent of u, 7, and f is valid for any parameter 7 € [0, 1]
and any solution u € C (DT) of the equation u = 7Au. Therefore, by the Leray—Schauder theorem

(e.g., see [20, p. 375]), Eq. (37) has at least one solution u € C' (Dr) under the assumptions of
Lemma 1. Therefore, by virtue of Lemma 2, we have justified the following assertion.

Theorem 1. Let —1 < a <0, and let A > 0 if « > 0. Then problem (1), (2) is globally solvable
in the class C in the sense of Definition 2; i.e., if f € C (DOO) , then for any T > 0, problem (1), (2)
has a strong generalized solution of the class C in the domain Dr.
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5. SMOOTHNESS AND UNIQUENESS OF THE SOLUTION OF PROBLEM (1), (2).
THE EXISTENCE OF A GLOBAL SOLUTION IN D,

Relations (30)—(32), together with Lemmas 2 and 3, readily imply the following assertion.

Lemma 4. Letu be a strong generalized solution of problem (1), (2) of the class C in the domain
Dr in the sense of Definition 1. If a > 0 and f € Cl(DT) , then u € C? (DT) ; therefore, it is a
classical solution of this problem.

Lemma 5. If a > 0, then problem (1), (2) has at most one strong generalized solution of the
class C' in the domain Dr.

Proof. Indeed, suppose that problem (1), (2) has two strong generalized solutions u; and u,
of th§ class C in the domain Dp. By Definition 1, there exists a sequence of functions wu;, €
C? (D7,T'r), i = 1,2, such that

Tim sy~ wllogpyy =0, lim Lyt — Fllogp,, =0, i=1.2 (38)

We set Wy := U, — Ur,. One can readily see that the function w,,, € 2 (DT, FT) is a classical
solution of the problem

Lownm + GnmWnm = frm (39)
wnm‘l"T =0, Ir:=vrUyr. (40)
Here
1
Inm = A1+ ) / [t + t (Ugn — Uury)|” dt, (41)
0
Jrm = Laug, — Lytqy, (42)

where we have used the obvious relation

1

o (22) — o (@1) = (@2 — 1) / o (i + t (2 — 1)) dt

0

for the function p(z) := |z|*x with xy = us,, T1 = Ui, and « > 0. By virtue of the first
relation in (38), there exists a number M := const > 0, independent of indices ¢ and n, such that
Hui"”C(DT) < M, which, in turn, by (41), implies the estimate

lnmllongy < N +@)M Vam, (13)
By (42), it follows from the second relation in (38) that

i fumllen,y =0 (44)

If we multiply both sides of Eq. (39) by Owy.,/0t, integrate the resulting relation over the
domain D, := {(z,t) € Dr: 0 <t <7}, 0 <7 <T, use the boundary conditions (40), and follow
the derivation of inequality (13) from (6) and (7), then we obtain

Ownm \* | (Onm \? s
@ D

T T

where Q. ;== D N{t=7},0<7<T.

DIFFERENTIAL EQUATIONS Vol. 44 No.3 2008
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By virtue of the estimate (43) and the Cauchy inequality, we obtain the relations

2

T T T

2
< / <a°g;’”> dx dt + 2 / F2 dwdt+2 / g2 w2 drdt
D,

T T

a nm ?
< / < (gt > dx dt + 2 / 2 drdt +2)*(1 4 a)>M>* /wimdaj dt. (46)
. D, .
Further, by applying standard considerations to the relations

t

a nm ) B
wnm|FT = 07 wn7n($>t) = / %Mdﬂ (':L‘vt) S DT7

¥ (z)

where ¢t —(z) = 0 for k # 0 is an equation of the support I'z := v, 7 U2 1 of data of problem (1),
(2), we obtain the inequality (e.g., see [17, p. 63])

2
/ W2 dwdt <77 / <8°5’£m> da dt. (47)

T T

If £ =0, then, in a similar way, we obtain (47). By setting

= [ [(%52) + (52) |

-

and by using (46) and (47), from inequality (45), we obtain
2 2 r2a, 2 awnm ’ 2
W (T) < [14 207 (1 + ) M>*77] B drdt+2 [ f2 dvdt
D,

-

< [142X3(1 4 )>M**T?] /wnm(a)da +2 / f2, dx dt. (48)
0 Dr
This, together with the Gronwall lemma (e.g., see [16, p. 13 of the Russian translation]), implies

the estimate )
Worn(T) < || famllpyppy: 0<T T, (49)

where ¢ := 2exp [1 + 2)\*(1 + )’ M?**T?|T.
By performing the same considerations as those used in the derivation of inequality (16), by tak-
ing into account the obvious inequality

2 2
||fnm||L2(DT) < anm”c(DT) mes DT

and by using (49), we obtain

|wnm (2, 6)> < (1 4 k)twnm (£) < (1 4 k)Temes Dy anmHé(DT)
c _
= 5L+ BT || fumllesyy - (@1) € Dr. (50)
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It follows from (50) that

[T
Hwnmnc(DT) < 7T(1 + k) ||fnm||c(DT) : (51)

Since Wy, = Uz, — Uiy, it follows from the first relation in (38) that

imwonmllopgy = llue = wllen,,) - (52)

By using (44) and (52) and by passing in inequality (51) to the limit as n,m — oo, we obtain the
relation ||uy — ul”cw y =0, i.e., uy = ug, which completes the proof of Lemma 5.

Theorem 2. Let a > 0 and A > 0. Then, for any function f € C* (Dy.), problem (1), (2) has
a unique global classical solution u € C? (DOO, FOO) in the domain D

Proof. If « > 0, A > 0, and f € C! (DOO), then, by Theorem 1 and Lemmas 4 and 5, in the

domain Dy with T' = n, there exists a unique classical solution u,, € C? (Dn, Fn) of problem (1), (2).
Since u,41 is a classical solution of problem (1), (2) in the domain D,, as well, it follows from
Lemma 5 that w, | p, = Un. Therefore, the function u constructed in the domain D, by the rule
u(z,t) = u,(x,t) for n = [t] + 1, where [t] is the integer part of the number ¢ and (z,t) € D,
is the unique classical solution of problem (1), (2) of the class C? (Dso,T'x) in the domain Do
The proof of Theorem 2 is complete.

6. THE CASE OF ABSENCE OF A GLOBAL SOLUTION OF PROBLEM (1), (2)

In what follows, we consider the case in which A < 0 in Eq. (1) and the nonlinearity exponent
satisfies o > 0.

Lemma 6. Letu be a strong generalized solution of problem (1), (2) of the class C' in the domain
Dy in the sense of Definition 1. Then one has the integral relation

/uDgpd:rdt: —)\/ |u|0‘ugpdwdt—|—/f<pdacdt (53)
Dt
for any function @ such that
p e 02 (DT) ’ 90|t:T = 07 Sot|t:T = 07 90|’72,T = 07 (54)
where O := §%/0t* — 8% /0x>.

Proof. By the definition of a strong generalized solution u of problem (1 ) (2) of the class C' in
the domain D7, u € C (DT) and there exists a sequence of functions u,, € C? (D FT) such that

T [l — ullepyy =0, 1 Ly, — fllegp,, = 0. (55)

We set f,, := Lyu,. We multiply both sides of the relation Lyu, = f,, by the function ¢ and
integrate the resulting relation over the domain Dr. After the integration of the left-hand side of
this relation by parts in view of (54) and the boundary conditions wu,,| o =0,1=1,2 we obtain

/uanodxdt:—)\/|un|auncpdxdt+/fng0da:dt. (56)
Dt

By using (55) and by passing to the limit as n — oo in (56), we obtain (53). The proof of
Lemma 6 is complete.
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Lemma 7. Let A < 0 and o > 0, and let the function u € C (DT) be a strong generalized

solution of problem (1), (2) of the class C' in the domain Dr. If f > 0 in the domain Dr, then
u > 0 in the domain Dr

Proof. By Lemma 2 and relations (30)—(32), the function u is a solution of the Volterra integral
equation

(o) = / K (2, ) u (@) da'dt + F(z,1), (x,t) € Dy, (57)
Gm,t
Here K (z,t) :== —(\/2)|u(z,t)|* € C (Dr), F(z,t) := (1/2) fG (z',t') dx’dt’, and, by virtue of

the assumptions of Lemma 7,

K(x,t) >0, F(z,t) >0 V(z,t) € Dr. (58)

We assume that K(x,t) is a given function and consider the linear integral Volterra equation

v(x,t) = / K (2t v (2, ¢') da'dt' + F(z,t), (z,t) € Dr, (59)

Gyt

for the unknown function v(z,t) in the class C' (Dr). It is known (e.g., see [15]) that, in the class

C (DT), Eq. (59) has a unique continuous solution v(z,t), which can be obtained by the successive
approximation method

vo(x,t)

t)
Vnia(z,t) / K (2, t) v, (', ') dz'dt' + F(x,t), n>1, (z,t) € Dy. (60)

By virtue of (58), from (60), we have v,(x,t) > 0 in Dr for all n = 0,1,... But v, — v in the
class C (DT) as n — 00. Therefore, the limit function satisfies v > 0 in the domain Dr. It remains

to note that, by virtue of relation (57), the function u is also a solution of Eq. (59); therefore,
by virtue of the uniqueness of the solution of this equation, we finally obtain v = v > 0 in the
domain Dp. The proof of Lemma 7 is complete.

If A <0, then, by virtue of Lemma 7, Eq. (53) can be represented in the form

/|u|Dgpd:pdt:|)\|/|u|a+1g0da:dt+/f<pdxdt. (61)
Dr Dr Dt

Let us introduce a function ¢° := ©°(z,t) such that

0 2 (7 0 0 _ 0 _
90 S C (DOO) 9 90 |DT:1 > 07 90 Y2, 00 - 07 90 t>1 - 07 (62)
O°|? 1
ny = / | Soplldm dt < +oo, p'=1+—. (63)
o7 9 «

One can readily see that a function ¢° satisfying conditions (62) and (63) can be chosen in the

form
0 _J@+k)"Q—t)™ if (x,t) € Dr—y
S0("’”)_{0 it t>1

for sufficiently large positive constants n and m.
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t
By setting or(z,t) = ¢° <%, T), T > 0, and by using (62), we obtain

Oer

Sl =0 (o

t=T

YT € 02 (DT) ) QOT‘DT > 07 QOT‘»}QYT = 07 @T‘t:T = 07
We assume that f is a fixed function and introduce the following function of a single variable T :

¢(T) = /fngda: dt, T > 0. (65)
Dr

We have the following assertion on the absence of global solvability of problem (1), (2).

Theorem 3. Let A <0, a >0, feC (DOO) , and f >0 in the domain D,. If

liminf¢(T) > 0, (66)

T—+o00

then there exists a positive number Ty := Ty(f) such that for T > Ty problem (1), (2) has no strong
generalized solution u of the class C' in the domain Dr.

Proof. Suppose that, under the assumptions of this theorem, there exists a strong generalized
solution u of problem (1), (2) of the class C in the domain Dz. Then, by virtue of Lemmas 6 and 7,
we have relation (61), where, by virtue of (64), the function ¢ can be chosen in the form ¢ = @7,
ie.,

/\u|Dg0Tda:dt = |}l / |u\pg0Tdmdt+/fcpT dx dt, pi=a+1 (67)
Dr Dr Dt

By using (65), we rewrite relation (67) in the form

[A| / |u|Pordz dt = / lu|Oprdr dt — ¢(T). (68)
DT DT
If we set a = |u|ey/?, b= |Oor|/¢y/" in the Young inequality
1 / 1 1
ab<SaP 4 —— . ab>0, ~+-=1, p=a+l>]1,
p pert p v

with the parameter € > 0, then, by using the relation p’/p = p’ — 1, we obtain

Opr| _ e 1 |Oerl”
Oor| = [u] ] < Zlulp CHE 69
"LL 90T| ‘u|90T SO;/Z, = p|u‘ YT + p,gp/,l Qngil ( )
By virtue of (68) and (69), we have
1 Opl”
AN =2 [ uPordedt < —— 10218 g as ¢,
/~p’'—1 p'—1
p pe Pr
DT DT
which, for € < |\|p, implies the inequality
P [ p
ulPppdr dt < - ——dx dt — (T). 70
D/| | T (|)\|p_€)p/€p—1D 9017)“ 1 |)\|p_€ ( ) ( )
T T
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By using the relations

N o P _ !
p—1

min =
0<e<|Alp (‘)\‘p — E)p’gi"/—l |)\|;D/

(the minimum is attained for ¢ = |\|), from (70), we obtain

1 \D@T\pl P
Pordr dt < ——dxdt — —C(T). 1
DT DT

t
Since @7 (z,t) == ¢’ <%, T), it follows from (62) and (63) that

’
O|p

Opr|” , 0 ,
| f{‘l dxdt =T72@ D / | fp,_ldm’ dt' = T2V < 400 (72)
Dr ¥r Dr—1 |S0

after the change of variables x = T2/, t = Tt'. By virtue of (64) and (72), from (71), we have

T2 5 % (7). (73)

P
0< /|u| opdx dt < BV
Dr

Since p' = p/(p — 1) > 1, we have —2(p’ — 1) < 0, and it follows from (63) that

i —200'-1)
Mt =0

Therefore, by virtue of inequality (66), there exists a positive number T := Ty(f) such that
if T > T,, then the right-hand side of inequality (73) is negative, while the left-hand side of
this inequality is nonnegative. It follows that if there exists a strong generalized solution u of
problem (1), (2) of the class C in the domain Dz, then necessarily T < Tp, which completes the
proof of Theorem 3.

Remark 4. One can readily see that if f € C (DOO), f>0,and f(z,t) > ct™™ for t > 1, where
¢ :=const > 0 and 0 < m := const < 2, then condition (66) is satisfied, and hence problem (1), (2)
with sufficiently large T has no strong generalized solution u of the class C' in the domain Dy for
A<0and a>0.

Indeed, by introducing the transformation of the independent variables  and ¢ by the formulas
x =Tz and t =Tt in (65) and by performing simple estimates, we obtain

(T) =17 / f (T, Tt) " (2/,t) da’ dt’
D,

2 CT27m / t/—mSOO (IL’/,t/) d.’]l'l dt/
Din{t'>T-1}
+ T2 / f (T, Tt) " (2/,t") da’ dt!
D1ﬁ{t/<T_1}

under the assumption that 7" > 1. Further, let T} > 1 be an arbitrary fixed number. Then from
the last inequality for the function (, we have

T) >cr*™ / t "o (2 ) da dt > TP / t "0 (2 ) da’ dt!
Din{t'>T-1} Din{t'>T7 '}
if T'> Ty > 1. The last inequality readily implies relation (66).
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7. LOCAL SOLVABILITY OF PROBLEM (1), (2) FOR THE CASE
IN WHICH A < 0 AND a >0

Theorem 4. Suppose that A <0, a >0, f € C (DOO) , and f £ 0. Then there exists a positive
number T, = T,(f) such that for T < T, problem (1), (2) has at least one strong generalized
solution u of the class C in the domain Dr.

Proof. In Section 4, we have equivalently reduced problem (1), (2) in the space C (D) to
the functional equation (37), where A : C (DT) — C (DT) is a continuous compact operator.
Therefore, by the Schauder theorem, to justify the solvability of Eq. (37), it suffices to show that
the operator A maps some ball By := {v € C (Dr): ||v|]l¢(py) < R} of radius R > 0, which is a
closed convex set in the Banach space C (DT), into itself. Let us show that this is the case for
sufficiently small 7.

Indeed, by virtue of (31) and (37), we have

lAulewn < 126 g —con [ IlES, + 1flown |

<> sup mesGey [N ullgin,) + 1 o]

(w,t)EDT

< 5 mes Dr [\ [ullsih,, + 1Flccon]

1+k 1+k

= 27 [ ulizth,, + W llewn] < =T (AR 4 flew,) (74

= N

for ||lullop,y < R
We fix an arbitrary positive number T5. Then, by virtue of the estimate (74), we have

1+k .
lAulleion < =T (AR + 1 flo(or,)

for 0 < T < T, which, in turn, implies that if

T? := min< T3, 4}3 ,
(L+&) (AR + (| flloepy,))

then ||Aullc(p,) < R for ||lullc(p,) £ R, 0 < T < T,. The proof of Theorem 4 is complete.
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