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Abstract. One boundary value problem for a hyperbolic equation with
power nonlinearity and the iterated wave operator in the principal part is
considered in a conical domain. Depending on the index of nonlinearity
and spatial dimensionality of the equation the question on the existence and
uniqueness of a solution of a boundary value problem is investigated. The
question as to the absence of a solution of this problem is also considered.
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1. STATEMENT OF THE PROBLEM

In the Euclidean space R"*! of independent variables x1, s, . . ., T,,, t consider
a nonlinear equation of the form
Lyu = Pu = Af(u) + F, (1.1)

where \ is a given real constant, f : R — R is a given continuous nonlinear
function, f(0) = 0, F' is a given, and u is an unknown real function, O =

g—; — Z; 6‘9—%, n>2.

Let Dp : |z] <t < T be the domain which is the intersection of the light cone
of future K}, : t > |z| with apex at the origin O(0,0,...,0) and a half-space
Hr :t <T,T = const > 0. Assume Sy = dDr NOKS, S% = 0Dy N OHy. Tt
is obvious that Sr : t = |z|, 0 <t < T, is a characteristic conical manifold for
equation (1.1), S : |z| < T, t =T, and 9Dy = Sy U S9.

For equation (1.1) consider the boundary value problem on determination of

its solution u(xy,...,z,,t) in the domain Dy by the boundary conditions
ulpp, =0, (1.2)
0
2 =o. (1.3)
ot s

It should be noted that for nonlinear hyperbolic equations the question of the
local or global solvability of the Cauchy problem with the initial conditions for
t = 0 is considered in vast literature [see, e.g., 1-20].
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As is known, for a nonlinear wave equation of the form Cu = A\f(u) + F' the
characteristic problem in the light cone of future K : ¢ > |z| with a boundary
condition of the form u| ok =9 in the linear case, i.e., with A = 0 is well-posed

and the global solvability takes place in appropriate function spaces [21-25],
while in the nonlinear case, when the function f(u) has exponential nature and
A # 0, this problem was considered in [26-28].

Assume C’k(ET,ODT,S%) = {u € C*(Dr) : u|8DT =0, ‘3—’: s = O}, k> 1.

Let u € C*Dy,0Dr,S9) be a classical solution of problem (1.1), (1.2),
(1.3). Multiplying both parts of equation (1.1) by an arbitrary function ¢ €

C%*(Dr, 0Dy, S) and integrating the resulting equation by parts in the domain
D+ we obtain

/Dungdmdt:)\/f(u)gbda:dt+/F¢dxdt. (1.4)
DT DT DT
Here we have used the equality
/ Oulle dx dt = %Du ds — / ¢iDu ds + / d*u dx dt
) ON ON
Dy dDr dDr Drp

and the fact that since S = 90Dr N 6K5L is a characteristic manifold, the
n

derivative on the conormal 8% = ’ynH% - %’3%1.7 where v = (71, -+, Vi, Ynt1)
i=1

is the unit vector of the outer normal to dDr, is an inner differential operator
on the characteristic manifold Sy and thus if v € C'(Dr) and v|g = 0, then

v _
ON | Sy = 0.

Let us introduce the Hilbert space W %’D(DT) as the completion with respect

to the norm
ou\ 2 "/ Ou\?
2 ou 2
u —1—((,%) +;(6’xi> + (Ou)

2 —_—
W5 a(Dr)
D

T

dx dt (1.5)

lu

of the classical space C?(Dr,dDr,S%). It follows from (1.5) that if u €
W1 o(Dr), then w € Wi(Dr) and Ou € Ly(Dyr). Here W}(Dy) is the
known Sobolev space [29, p. 56] consisting of elements from Lo(D7), which have

first order generalized derivatives in Ly(Dr), and I/ff%(DT) = {u € W3(Dy) :
ulop, = 0}, where the equality ul,, = 0 should be understood in the sense
of the trace theory [29, p. 70]. Moreover, since from (1.5) it follows that
u € I/f/’%(DT) and Ou € Lo(Dr), then an arbitrary function u from the space

W 3. 1(Dr) satisfies the homogeneous condition (1.3) in the sense of the trace
theory [29, p. 130].
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Let us assume that equality (1.4) underlies the determination of a generalized
solution of problem (1.1), (1.2), (1.3).

Definition 1. Let F' € Ly(Dr). We call a function u € ch/%’m(DT) a weak
generalized solution of problem (1.1), (1.2), (1.3) if f(u) € Ly(Dr) and for any

function ¢ € V?/é,D(DT) the integral equality (1.4) is valid, i.e.

/DuDgﬁdwdt:A/f(u)(bd:cdtJr/F¢dxdt Vo € Wio(Dr).  (16)
Dt

Dr Dr

It is easy to verify that if a solution u of problem (1.1), (1.2), (1.3) in the
sense of Definition 1 belongs to the class C*(Dr), then it will be a classical
solution of this problem.

2. SOLVABILITY OF PROBLEM (1.1), (1.2), (1.3) IN THE CASE OF A
NONLINEARITY OF THE FORM f(u) = |u|*sgnu

Assume that in equation (1.1) the nonlinear function f has the form
f(u) = |u|*sgnu, a=const>0, «a#1. (2.1)
Then in accordance with (2.1) equation (1.1) and the integral equality (1.6)
take the form
Lyu := 0*u = Au|*sgnu + F (2.2)

and

/Dquﬁdazdt:)\/(b]u\asgnudxdt—l—/ngdxdt Vo e I/i)/;D(DT). (2.3)
Dt

Dt Dr

Lemma 1. The inequality

g (o) < IDlzaor) Yu € W i(Dr) (24

is valid, where the norm of the space V(E/;D(DT) is given by equality (1.5) and
the positive constant ¢ does not depend on wu.

Proof. Let Q, == Dy N{t =71}, D, = DrN{t < 7}, S; = {(x,t) € D, :
t=lz|},0<7<Tand v= (71, %, Yasr1) be the unit vector of the outer
normal to 0D,.

Since the space C? (Dg, Dy, S%) is a dense subspace of the space W 5a(Dr)
it is sufficient to prove inequality (2.4) for functions from the space

C*(Dy,0Dr, S%). For u € C*(Dr,0Dy, S}), taking into account the equali-
ties ulg =0, Q, =9dD, N{t =7} and 7|, = (0,...,0,1), it is easy to obtain
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by integration by parts

0% Ou 1 [0 [ou)? 1 ou\ 2
/W@dmdt_ﬁ/a(g) dxdt_§/ (E) Ynt1ds
D, D

T T

1 ou\ > 1 ou\ >
= — _— — — <
2/(615) dm+2/<at> Vng1ds, T<T, (2.5)
Q

T T

d%u du ou Ou 1 [0 (0u)’
——dxdt = —vds — = [ — dz dt
oz ot " or, ot 2/87 (axi) ¢
D, 8D, .
ou Ju 1 ou \ 2
= 6_@5%%_5/ ((‘9@) Yn1ds
0D~ D,
ou Ou 1 ou '\ 2
= / a—%a%ds——ﬁ/(axi) Vnt1ds
oD- s,

It follows from (2.5) and (2.6) that

ou 1 - ou ou 2
Cu— = E - _ A
S =

1

T T

+ (%)2 <7§+1—;’Vf)]ds
+%J[(%>2+i(§;)2} dr, v<T. (27

T

Since u|g = 0 and the operator (’Yn+1£ — %-%), 1 < i < n, is an internal
differential operator on S;, we have the equalities

Ou 0
a$i,yn+1 at%

n
Therefore, taking into account that 72, — > 'y]z = 0 on the characteristic
j=1

=0, i=1,...,n. (2.8)
S,

manifold S, in view of (2.7) and (2.8) we have

/ @2+i Ou )’ d—2/D O wdt, +<T.  (29)
5 > . T = ugy dedt, T <T. )
Q = D

T T
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n 2
Assuming w(d) = [ {(%—?)2 + > (%) } dz, and using inequality QDU% <
Qs i=1 '

€ (%—?)2 + 1|0ul?, which is valid for any & = const > 0, from (2.9) we obtain
; 1
w(d) < E/w(a)do + —||D||%2(D5), 0<d<T. (2.10)
€
0

From (2.10), taking into account that the value ||D||%2( py) @ a function of 0
is non-decreasing, in view of Gronwall’s lemma [30, p. 13] it follows that

1
w(6) < <0l o, exp b=,

Hence, taking into account the fact that ing % exp de = ed and it is reached at
e>

€= %, we obtain
w(6) < ed|0)7,p,y, 0<6<T. (2.11)
From (2.11), in turn, it follows that

T
ou\’ "/ ou\? e
/ [(E) +Z <3x-> ] dxdt:/w(é)dég 5T2\|Du||§2(DT). (2.12)
Z:1 v 0

Dt

t —_—
Using the equalities ulg = 0 and u(z,t) = [ 9ued) g (x,t) € Dy, which

||

are valid for any function v € C?(Dr, 0Dz, S%), by a standard reasoning [29,
p. 63] we easily obtain the inequality

2
/u2(a:,t) dx dt §T2/ <%) dx dt. (2.13)

Dt Dr

By virtue of (2.11) and (2.13) we have

o\’ [ Oou\’
2 2 2
s = — 0 dz dt
s on [ | (8t) 2 ((%:) M
Dr =
e e
< <1 + §T2 + §T4> HD‘&(DT)?
whence inequality (2.4) with the constant ¢ = 1+ £T% + £T* follows. O

Lemma 2. Assume F' € Ly(Dr), 0 < a < 1, and in the case a > 1
additionally require that A < 0. Then in the case with a nonlinearity of form
(2.1) for a weak generalized solution uw € W y5(Dr) of problem (1.1), (1.2),
(1.3) , i.e., problem (2.2), (1.2), (1.3) in the sense of the integral equality (2.3)
with |u|® € Ly (Dr), we have an a priori estimate

il sy < a1 Fllaom + e (214)
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with non-negative constants ¢; (T, a, N), i = 1,2, which do not depend on u, F’
and ¢, > 0.

Proof. First, let @« > 1 and A < 0. Assuming in equality (2.3) that ¢ = u €
I/f/%,D(DT) and taking into account (1.5), for any € > 0 we have

Cul|? = C)? da dt = wl*dedt + | Fudzdt
Lao(Dr) —

DT DT
/Fudxdt< —/Fdedt+5||u||L2(DT
DT
2 2
< 1P +elully, (2.15)

Due to (2.4) and (2.15) we have
2

2 < (|02 < SR
||U||Wé7D(DT) — C || u||L2(DT) — 45“ ||L2(DT) 2’D(DT)7
from which for € = ﬁ < C% we obtain
2 < ¢ Ik — A2 2.16
HUHW%D( = m” ||L2(DT) =c| ||L2(DT)‘ (2.16)

From (2.16) in the case a > 1 and A < 0 follows inequality (2.14) with ¢; = ¢?
and ¢y = 0.
Let now 0 < a < 1. Using the known inequality
eaf b4
ab < — +
p gt

with a parameter € > 0 for a = [u|*™, b=1,p =

1,1
a+1>1q_— ;_l_a_l’
in the same way as for inequality (2.15) we have

||Du||%2(DT) :/(Du)2 dxdt:)\/|u|o‘+1dxdt+/Fudmdt

Drp Dt Dr

1 11— 1
S\)\|/ [5 —|2—oz‘u’2+2 qolé] dxdt+4—/F2dxdt+€/u2dxdt
g £
Dr

Dy

1 14+« -«
= P + 2 (W52 +1) il o)+ s mes Dy (21)

In view of (1.5) and (2.4) it follows from (2.17) that

CQ

< ABullzy o0 < ZIFIZ 00

e 1) 2
W%,D(DT)

2,0 T)

+502(
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whence for e = 1¢72 (|A[12 + 1)71 we obtain

“1
Wz, < |1-ed |A|1+O‘+1
W o(Dr)
2,0
1_

C
x (—HFH%Q(DT) e

1+« 1l -«
(m + 1> \|F||§2(DT) +2c (2.18)

From (2.18) in the case 0 < a < 1, follows inequality (2.14) with ¢; =

1
A (IAHe + 1) and ¢; = ¢ (2]A|5r% mes Dr)?, where ¢ = 7=, Lemma 2 is
completely proved. O

Remark 1. From the proof of Lemma 2 it follows that in estimate (2.14) the
constants ¢; and ¢y are equal:

Ha>1, A<0: ¢g=¢% =0 (2.19)
2) 0<a<l, —oco<A<+4o00:

1 1
1 2 3
o (|)\| +a+1) , c2_c( ) . (2:20)

1
where the constant ¢ = (1 + £T% + §T4)2 is taken from estimate (2.4) and

2
9= 14"

Remark 2. Below we will consider the linear problem corresponding to (1.1),
(1.2), (1.3), when A = 0. In that case, for F' € Ly (Dr) we analogously to

the above introduce the concept of a weak generalized solution u € W 3 5(D7),
when the integral equality

(u, @)y = /DuDgﬁdw dt = /F¢dm dt Vo € V?/%ﬂ(DT) (2.21)

Dr Dr

holds.

Remark 3. In view of (1.5) and (2.4), taking into account that

(Ou, ng)LQ(DT)

= /DuDQﬁdl’dt < ||Du||L2(DT) ||D¢||L2(DT)
T

< ||Du||v?/ HD(bHWl 4 (Dr)

the bilinear form

(u,¢)g = /Dungdwdt

Dt
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of (2.21) can be considered as a scalar product in the Hilbert space W 30(Dr).
Therefore, since for F' € Ly (Dr)

(Dr)’

/Fqbdx dt

Dt

S NWF N 2oop) 19l 2o0r) < N1F || 2o(D2) ||¢HWO/%B

due to the theorem of Riesz [31, p. 83] there is a unique function u in the space

I/f/é,D(DT) that satisfies equality (2.21) for any ¢ € V([j/Q,D(DT) and for whose
norm an estimate

lellg s om)

is valid. Thus, being introduced the notation u = L LF. we find that to the lin-
ear problem corresponding to (1.1), (1.2), (1.3), when A = 0, there corresponds
a linear bounded operator

Ly : Ly (Dr) = W yg(Dr),
for whose norm, by virtue of (2.22), an estimate

12| <IIFlL,

< 1Fl oo (2.22)

(2.23)

Lo(Dr) le (D) (D)

is true.

Taking into account Definition 1 and Remark 3, equality (2.3), which is equiv-
alent to problem (2.2), (1.2), (1.3), can be rewritten in the form of an equivalent
equation

u= Ly' [Mu|*sgnu + F] (2.24)

in the Hilbert space ‘X/%’D(DT)-

Remark 4. The embedding operator [ : g 5(Dr) — L,(Dr) is a linear con-
tinuous compact operator for 1 < ¢ < @ when n > 2 [29, p. 81]. At the
same time, the operator of Nemytskii N : L,(Dy) — Lo(Dr), which acts ac-

cording to the formula Nu = A|u|*sgnu, a > 1, is continuous and bounded for

q > 2a (32, p. 349], [33, pp. 66, 67]. Thus, if 1 < a < 2£I then there exists a

(n+1

number ¢ such that 1 < 2a < ¢ < and hence the operator

Ny = NI:WYDy) — Lao(Dr) (2.25)

is a continuous and compact operator. In that case, since u € W i(Dr), it
is clear that f(u) = |u|*sgnu € Ly(D7). Further, since in view of (1.5) the

space W 50(Dr) is continuously embedded into the space W 3(Dr), taking into
account (2.25) the operator
Ny = NII, : W 35(Dr) — Lao(Dr), (2.26)

where I : V?/%D(DT) — Wl 5(Dr) is the embedding operator, is continuous and

compact for 1 < a < "*}. For 0 < a < 1, operator (2.26) is also continuous
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and compact, since according to the theorem of Rellich [29, p. 64] the space

I/f/ 3(Dr) is continuously and compactly embedded into Ly(D7), and the space
Ly(Dr), in turn, is continuously embedded into L,(Dr) for 0 < p < 2.

Let us rewrite equation (2.24) in the form

u=Au:=Ly' (Nqu+ F), (2.27)

where the operator N : Vf/é,D(DT) — Ly(Dp), for 0 < a < " o # 1,

n—17
is continuous and compact in view of Remark 4. Then taking into account

(2.23) the operator A : Vf/%’D(DT) — V?/é,D(DT) in (2.27) is also continuous
and compact. At the same, time according to the a priori estimate (2.14) of
Lemma 2, in which the constants ¢; and ¢y are given by equalities (2.19) and

(2.20), for any parameter 7 € [0, 1] and for any solution u € I/f/%}D(DT) of the
equation © = 7Au with this parameter we have the a priori estimation (2.14)
with constants ¢; > 0 and ¢y > 0 not depending on u, 7 and F. Therefore,
according to the theorem of Lere-Schauder [34, p. 375], equation (2.27) and,
consequently, problem (2.2), (1.2), (1.3) have at least one weak generalized

solution  in the space W 3 -(Dr).
Thus the following statement is valid.

Theorem 1. Let 0 < a < Z—ﬂ, a# 1,\# 0 and in the case a > 1 addition-
ally require that A < 0. Then for any F' € Ly (Dr) problem (2.2), (1.2), (1.3)

has at least one weak generalized solution uw € W § 5(Dr).

3. THE UNIQUENESS OF A SOLUTION OF PROBLEM (1.1), (1.2), (1.3) IN
THE CASE OF A NONLINEARITY OF THE FORM f(u) = |u|*sgnu

Let F' € Ly (Dr), and uy, us be two weak generalized solutions of problem

(2.2), (1.2), (1.3) in the space V(ID/%E(DT), i.e., according to (2.3) the following
equalities

/Duingdxdt = A/¢|ui|0‘ sgnu; dx dt + /ngdxdt Vo € I/f/%yD(DT) (3.1)
Dt

Dt

are fulfilled and |u;|* € Ly (Dr), i = 1,2.
For the difference v = us — uy, from (3.1) it follows that

Dr

/ CvOé da dt

Dt

= A/¢(!u2|a sgnug — |uy|*sgnuy) dedt Vo € W%)D(DT). (3.2)

Dy
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Assuming ¢ = v € V([)/%,IZI(DT) in equality (3.2), we obtain

/ (Ov)? dadt = A / (Jug|® sgnug — |ug|“sgnuy) (ug — uq) da dt. (3.3)

DT DT
Note that for the finite values of u; and uy with a > 0 the inequality
(lug|®sgnug — |ui|*sgnuy) (ug —ug) >0 (3.4)

holds.
From (3.3) and inequality (3.4), which is true for almost all points (x,t) € Dr

with u; € Wi(Dr), i = 1,2, when a > 0 and A < 0, it follows that

/(Dv)2 dx dt <0,
Dt
whence, due to (2.4), we obtain v = 0, i.e. u; = us.
Thus the following statement is valid.
Theorem 2. Let « > 0, « # 1 and A < 0. Then for any F € Ly (D7),
problem (2.2), (1.2), (1.3) cannot have more than one generalized solution in
the space I/f/%}D(DT).

In turn, Theorems 1 and 2 give rise to

Theorem 3. Let 0 < a < 1 o # 1 and A\ < 0. Then for any F €

n—1’

Ly (D7), problem (2.2), (1.2), (1.3) has a unique weak generalized solution u €
W 50(Dr).

4. THE ABSENCE OF A SOLUTION OF PROBLEM (1.1), (1.2), (1.3) IN THE
CASE OF A NONLINEARITY OF THE FORM f(u) = |u|®

Assume now in equation (1.1) and therefore in the integral equality (1.3) that
f(u) = [ul o> 1.

Theorem 4. Let F° € Ly (Dr), |FO|1,py) # 0, F° >0, and F = pF°, =
const > 0. Then in the case f(u) = |u|*, a > 1, with A > 0 there exists a
number po = o (F°, N\, ) > 0 such that for p > o problem (1.1), (1.2), (1.3)

cannot have a weak generalized solution in the space V([)/;D(DT).

Proof. Let us assume that when the conditions of the theorem are satisfied the

solution u € I/(I)/';D(DT) of problem (1.1), (1.2), (1.3) exists for any fixed u > 0.
Then equality (1.6) takes the form

/Du[lgbdxdt:)\/|u|"‘¢d:pdt +,u/F0qz5dxdt Vo € vov;D(DT). (4.1)

Dr Dt Dy
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It is easy to verify that

/Dum¢dxdt: /uD%dwdt Vo € C*(Dy, Dy, S2), (4.2)

DT DT
where C'*(Dr, 0Dy, S%) = {u € C*(Dr) : ulyp, =0, 88—7“5% = O} CW 35(Dr).
Indeed, since u € W;D(DT) and the space CO’Q(ET,aDT,S%) is dense in
I/(IJ/%D(DT), there exists a sequence uy, € CO’Q(ET, dDr, S?) such that
= 0. (4.3)

A [f W o(Dr)

Taking into account that

/DukD¢d:Edt: / a—D(de /ukiD¢d5+/ukD2¢dasdt, (4.4)

ON ON
DT 8DT BDT DT
where the derivative on the conormal 8‘9 Vn+1%; m Z %3 is an inner dif-
ferential operator on the characteristic manifold Sy and therefore a“’“ ‘ Sp = =0
since ug|g, = 0, from (4.4), due to the fact that Uk|5% = 6“’“|SO 0, and
dDr = S U S%, we obtain
/ OupO¢ da dt = / up P da dt. (4.5)

DT DT

Passing in (4.5) to the limit as k — oo, in view of (1.5) and (4.3) we obtain (4.2).
Taking into account (4.2), we rewrite equality (4.1) as

/|u| ¢ da dt —/um ¢ da dt

Dr
—,u/Fngde dt Vo € C*Dr,dDp,S%).  (4.6)
Dr
Below we use the method of test functions [12, p. 10-12]. Let us select a test

function ¢ € Co’4(ET,8DT,S%) such that ¢[, > 0. If in Young’s inequality
with a parameter £ > 0

1 /
abgiao‘—i— —b*; a,b>0, o= a
Q@ /e’ —1 a—1
we take a = |u|ga, b= Ei‘b‘, then due to the fact that % =o' — 1 we have
i DQ(b N 1 ’D2¢|a’
] = ot =2 < Spugeg + 2 (4.7)



552 S. KHARIBEGASHVILI AND B. MIDODASHVILI

By virtue of (4.7) and (4.6) we obtain the inequality
D2 «a
)\—— /|u| odrdt < e 1/' ,(Ml dxdt—,u/Fngﬁdxdt,

Dr

which, for e < Aa, implies

N a O2¢| ap
/|u| pdrdt < Do —g) a1 / |¢a/‘1 dxdt—)\a_g/FOgbda:dt. (4.8)
Dr

DT DT
Taking into account the equalities o/ = %=, o = < and min — =
a—1 o'—1 O<e<ia (Aa—e)a’e™
ﬁ which is obtained at e = A, it follows from (4.8) that
DZ o
/|uy bdudl < |¢ A 4o dt——/Foqﬁdxdt (4.9)

Note that the existence of a test function ¢ such that

° o 2 o
¢ € C*(Dr,8Dr,Sy), ¢lp, >0, n:/| ¢| dx dt < o0 (4.10)

is not difficult to show. Indeed, it is easy to verify that the function

o(z,t) = [(* = |2]*) (T = 0)* = [«*)]"

satisfies conditions (4.10) for a sufficiently large positive m.
Since, by assumption, F° € L, (D7), HF0||L2(DT) #0, F° >0, and mes Dy <
+00, due to the fact that ¢[, > 0 we have

0</11:/F0¢da:'dt<+oo. (4.11)
Dy

Let us denote by g (u) the right side of inequality (4.9) which is a linear
function with respect to p, then in view of (4.10) and (4.11)

g(p) <0 for > py and g(p) >0 for p < po, (4.12)
where
Ko ol A Ko
9(n) = o7 = =K1, Ho N

According to (4.12) with g > g, the right side of inequality (4.9) is negative,
while the left side of this inequality is non-negative. The obtained contradiction
proves Theorem 4. O
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