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1. GREEN-HADAMARD FUNCTION OF THE FIRST DARBOUX PROBLEM
FOR A GENERAL SECOND-ORDER HYPERBOLIC EQUATION
WITH TWO INDEPENDENT VARIABLES

In the plane of independent variables x and y, consider the general linear second-order hyperbolic
partial differential equation

Ly = Ugy + a(‘rvy)uz + b(m,y)uy + C(ZL‘,y)U = f(‘rvy)7 (1)

where a, b, ¢, and f are given real functions and wu is the unknown real function. In what follows,
we assume that the functions a, a,, b, b,, ¢, and f are continuous in their domain.

For Eq. (1), consider the first Darboux problem in the following setting: in the domain Dy :
0 <y<a<T,find a regular solution u(x,y) of Eq. (1) with the boundary conditions (e.g., see
1, p. 228; 2, p. 107; 3; 4, p. 7; 5, p. 12])

u(x,0) =0, u(y,y) =0, 0<z,y<T. (2)

It is well known that the Green—-Hadamard function plays an important role in the study of prob-
lem (1), (2); this function was defined and constructed in [3, 4, 6-11] for some special cases of Eq. (1)
with singular coefficients. In this section, we present an in a sense modified (as compared with
the approaches used in the above-mentioned papers) approach to defining the Green-Hadamard
function of problem (1), (2) for Eq. (1) with regular coefficients a, b, and c.

Along with (1), consider the equation
L*v := vy — (a(z,y)v), — (b(z,y)v), + c(z,y)v =0, (3)
where L* is the Lagrange adjoint of L. One can readily see that
vLu —ul*v = (vuy,), — (vyu), + (auv), + (buv),. (4)
Take a point P := P(§,n) € Dy and consider the corresponding quadrangle
Qp={(z,y): y<z < 0<y<n} CDr
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with vertices O(0,0), Py(n,n), P(&§,n), and Ps(&,0), rectangle
Dp={(z,y): n<r<{ 0<y<n}

with vertices P, Py, P»(n,0), and Ps, and triangle Qs p := {(z,y) : y <z <n, 0 <y < n} with
vertices O, P;, and P» (see the figure).

By using relation (4), where u is a regular solution of Eq. (1) in the domain Dy and v is
a regular solution of Eq. (3) in the domains ©; p and Q p, and by applying the Green formula
to the above-mentioned subdomains €2, p and €2 p of the domain Qp, one can readily justify the
relations

/ fodrdy = / (vuyvy, — vyuv, + auvy, + buvy,) ds =: I, i=1,2, (5)
Qi p

oy, p

where v := (v,,1,) is the unit outward normal on 0%, p, i = 1, 2.
In what follows, we assume that the function v satisfies the conditions

(vy — av)|z=¢ =0, (Ve = bV)|y=y = 0, v(€,m) =1; (6)

ie., it is the Riemann function R(z,y;§,n) of the operator L in the domain ; p (e.g., see
[12, p. 449]). Thus, below we use the notation

U|Q1,P = R(;U,y;&,n). (7)

By virtue of (5), (6), and the boundary conditions (2), we have

n n € €
I = —/vyu\w_g dy+/auv\1_5 dy—i—/vum\y_,,dx—i-/buv\y_n dx
n n

0 0
7 7
+ /vyu‘w—nJr dy — /auv‘w—wr dy
0 0

n

13
= (vu)|u:n‘ii§; - /u(vy - av)‘%Zé dy — /u(vw - bv)‘y:n dx + /u(vu — av)|p=py dy
n

0 0

n

n

— u(€n) + / w(vy — a0)]eeps dy, (8)

0
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n

I, = / VULV, dS — /u(vy —av) |y dy. 9)

oPr; 0

By adding relations (8) and (9) and by taking into account (5), we obtain

n
[ fodzdy =i+ [ullel, ~ ale)dy+ [ vu,ds, (10)
Qp 0 op
where [v] := v|,—p — V]pey—.
Now, assuming that
olor, =0 (11)
and
[v]y —alv] =0, (12)
from (10), we directly obtain
ugon) = [ fodedy,  P=Pn) € Dy, (1)
Qp

Remark 1. Equation (12) with respect to the variable y for the function v~ (y) := v(z,y)|s=y—
can be treated as the ordinary differential equation

v, (y) — a(n,y)v™(y) = d(y),

where
d(y) = Ry($> y)|z:n+ - a(”?v y)R(ZL‘, y)|ﬂc:n+'

In view of the Cauchy condition v~ (n) = 0, we have

v (y) = /d(yl)eXP{/a(nayz)dyz}dyl- (14)

n Y1

The function v satisfying Eq. (3) and conditions (11) and (14) is uniquely determined in the domain
2y p as the solution of the first Darboux problem for hyperbolic equations (e.g., see [2, p. 107;
11, p. 204)).

It follows from the above argument that the function v depends not only on the variables z and
y but also on the coordinates £ and 7 of the point P; i.e., v =: G(x,y;&,n), where (z,y) € Qp
with P := P(§,n) € Dr. In the literature, the function G is known as the Green-Hadamard
(or Riemann-Hadamard) function [3, 4, 6-11]; by (7), for P := P(&,n) € Dy, it has the form

ooy [ By En) if w>nand (2,y) € Qup
Flayioon) = {H(m,y; &mn) i z<nand (z,y) € Qap, (15)
where
H(l‘, Y; g? 77) = U|Q2,P .
Thus, in view of (15), formula (13) acquires the form
uen) = [ Gloén iy dedy,  Pi=P(En) € Dr. (16)

Qp
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2. REDUCTION OF THE DARBOUX PROBLEM TO THE GOURSAT PROBLEM
AND THE CASE IN WHICH THE GREEN-HADAMARD FUNCTION
OF THE FIRST DARBOUX PROBLEM (1), (2) CAN BE EXPRESSED
VIA THE RIEMANN FUNCTION OF EQ. (1)

Let u be a regular solution of problem (1), (2) in the domain Dr. Consider the function u
defined in the square Dy 1 := {(z,y) : 0 < z,y < T} by the formula

= iy an
Obviously, it satisfies the equation

Lw = Way + a(z, y)w, + bz, Y)wy + c(z, y)w = flz,y) (18)
in Dy 7\{(z,y) : y = z} and the homogeneous Goursat conditions

w(z,0) =0, w(0,y) =0, O0<z,y<T, (19)

where
~  Ja(z,y) ify<z ~ [ b(z,y) fy<z
C { (y,x) b, y) = {a(y,x) if y >z,
~  Jelzyy) ify<a ~ . flzyy) if y<x
C“w”‘{< z) i ‘ {—ﬂ%@ it y >

(20)

=

8

&
I

For the Riemann function R(z,y;&,n) for Eq. (18) in the domain D, 1 to be well defined, we
require that @, d,, b, b,, and ¢ be continuous functions in D 7, which is equivalent to the relations

a(x,z) = b(z,x), a,(z,x) =b,(x,x), 0<z<T. (21)

In what follows, we require that fe C (ELT), which is equivalent to the conditions
feC(Dy) and f(z,z)=0, 0<z<T. (22)

If conditions (21) and (22) hold, then one can show that the function u given by (17) is a regular
solution of the Goursat problem (18), (19) in D; r. In this case, the solution of problem (18), (19) at
the point P := P(§,n) of the domain D; 7 can be represented in the form (e.g., see [12, p. 450; 13])

n 13

w(é,n) = /dy/ﬁ(w,y; &n)f(z,y) de. (23)

0 0

By taking into account relations (20), one can readily show that the function —w(y, =), as well as
w(x,y), is a solution of the Goursat problem (18), (19). By virtue of the uniqueness of the solution
of this problem, we obtain w(z,y) = —w(y, ), (z,y) € Dy r. This, in turn, implies that, in addition
to the first condition in (19), the function w satisfies the condition w(z,z) =0, 0 < x < T} i.e.,
w is a solution of problem (1), (2) in Dr. Now, by virtue of the uniqueness of the solution of the
first Darboux problem (1), (2), we obtain © = w in the domain Dy. Therefore, it follows from
the representation (23) of the solution u of problem (1), (2) at the point P := P(,n) of the domain
Dy and from (20) that

n Y n 3
z@m:—/@/ﬁm%mwm@m+/@/ﬁmwmwmwm
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= —O/dwO/R(y,x;E,n)f(x,y)dy+O/d:rO/R(:r,y;£,n)f(ﬂf,y)dy
3 n
+/dw0/§($,y;£,n)f(ﬂ%y)dy

n z 3 n
:/M/ﬁmmeJWJ@mm%w@+/m/émwmwmw@

= /[fi(x,y;&n)—ﬁ(y,m;f,n)]f(w,y)dwdw / R(z,y;€,m) f(z,y) dz dy. (24)

QQ’P Ql,P

By virtue of the representations (16) and (24), we find that, for P:= P(&,n) € Dy, the function

H(xz,y;&,m) in (15) can be expressed via the Riemann function R(z,y;&,n) of Eq. (18) by the
formula

H(z,y;€,m) = R(z,y;€,n) — Ry, ;€,7), (z,y) € Q. p; (25)

moreover, ﬁ({l}, Y; 67 7]) = R(‘T7 Y; 67 7])7 (.T, y) € QLP-
Now let us additionally show that

R(x,y:€,m) = Ry, z;n, ), (y, ) € Q3 p, (26)

for P = ﬁ(n,{) € Dy, where Q3 p:={(z,y): n <2z <T, 0<y<Eg y<a}
To prove relation (26), note the following.
1. The Riemann function R(z,y;&,n) satisfies the equation

LR := Rzu(‘rr y; &, 77) - (CL({L’, y)R({L’, y; &, 77))1 - (b(xa y)R(%, Y3 €, 77))1/ +C(x7 y)R(%, Y3 €, 77) =0 (27>

for (z,y) € Q3 p and the Goursat conditions

Rl,—¢ := R(&,y;6,m) = exp{/a(&m)dm},
" (28)
R|y—y = R(z,n;&,n) = eXp{/b(&,n) d&}-

3

2. By virtue of (20), (27), and (28), the Riemann function R(z,y;&,n) satisfies the equation

L*R := Ry, — (b(y, 2)R), — (a(y, »)R), + c(y,z)R = 0 (29)
for (y,x) € Q3 p and the Goursat conditions

E|z:£ = E(gaya f>77) = exp{/b(nbg) dnl}v
! (30)

x

Rl == R(z,m;€,1) = exp{/a(n,&)d&}.
3
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Let us show that the function R (z,y;&,n) given by the formula

Rl(x>y; f>77) = R(vavnvé.) fOI‘ (y,l’) € QB,Pv (31)
satisfies problem (29), (30).

Indeed, we have

Z>k‘Rl = Rwu(ya x;n, é) - (a(y7 ‘T)R(:% x5, 5))&1 - (b(y7 %)R(y, x;n, é))w + C(y7 %)R(y, x;n, é) (32)

By exchanging the variables  and y and the variables £ and 7 in relation (27) and by taking

into account (32), we obtain LR, = 0; i.e., the function R; satisfies Eq. (29). Next, by virtue of
relations (28) and (31), we have

Rilo—¢ := Ri(§,y5€,m) = R(y,&n,€) = exp{/b(m,é) dm}

and N
Rily—y := Ry(z,m;&,n) = R(n,z3n,§) = eXp{/a(n,&)d&}.
¢

Hence it readily follows that the function R;, as well as the function P:, satisfies problem (29),
(30); therefore, by virtue of the uniqueness of the solution of the Goursat problem, we obtain

E(x,y;&,n) = Ri(z,y;&,n) for (y,z) € Q3 p. This completes the proof of relation (26).

3. NONNEGATIVITY OF THE GREEN-HADAMARD FUNCTION
OF THE FIRST DARBOUX PROBLEM (1), (2)

First, let us consider a sufficient condition on the coefficients a, b, and ¢ of Eq. (1) that guarantees
the nonnegativity of the Green—-Hadamard function of problem (1), (2), that is, the property

G(x7y7€777) Z 07 ('T7y) € QP7 P = P(§77]) € DT7 (33)

at the end of this section, we present its application to the problem on the absence of a global
solution of the first Darboux problem for hyperbolic equations with a power-law nonlinearity.

Theorem 1. Let
k>0 (34)

in the domain Dy, where k := b, + ab — ¢ is the Laplace invariant of Eq. (1). Then condition (33)
s satisfied.

Proof. The operator L in Eq. (1) can be represented in the form

Lu = lu — ku, (35)
where 3 3
lu = = — +b|u.
u <8y+a><8x+ >u (36)
By a straightforward integration, one can readily show that the solution of the problem
Ww=r; U0)=0, Ulyy=0 - 0<zy<T, (37)
can be represented at the point P := P({,n) in the form
Ul = [ Rleyi& ) dedy. (3)
Qi p
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Here
Yy

R(x,y;&,m) = exp{/a(w,m)dm + /b(&,n) d&} >0 (39)
n 3

is the Riemann function of the operator [ given by (36) (e.g., see [14, p. 16]).
In view of relations (35) and (38), the solution of problem (1), (2) satisfies the following integral
equation at the point P := P(£,m) € Dy :

u(€,n) = / R(z,y;&,n)k(z, y)u(r,y) dz dy + / R(z,y;&,n)f(x,y)dedy, (&,n) € Dr.  (40)

1,P Q1,p

It is known that the Volterra integral equation (40) can be solved by the successive approximation
method (e.g., see [5, p. 48])

Uy = 07 un(é.v 77) = / R(I‘, Y; ga 77)]?(33, y)un—l (':L‘v y) dﬂj’ dy

Q1,p

+ / Re,y:&n)f(e.y)dedy, n>1,  (.y)€Dr  (41)

Q1,p
By virtue of inequalities (34) and (39) for f > 0, it follows from the recursion relations (41) that
u,(6,m) >0,  n=0,1,..., (&n) €Dy (42)

Since lim,, o |ty — ullc5,) = 0, from (42), we have

w(€,n) >0 if f(&n) >0, (&n) € Dr. (43)

Therefore, by virtue of inequality (43), the right-hand side of relation (16) is nonnegative for any
nonnegative function f € C(Dr). This readily implies that condition (33) is satisfied. The proof
of Theorem 1 is complete.

Remark 2. Note that if the coefficients of the operator L are constant, then the sufficient
condition (34) for the nonnegativity of the Green-Hadamard function of problem (1), (2) is also
necessary.

Indeed, suppose that the coefficients a, b, and ¢ in Eq. (1) are constant and

k:=ab—c<O. (44)
We write out problem (1), (2) for the new unknown function u = uexp(ay + bz) in the form

Uy + (¢ — ab)u = fexp(ay + bx), (z,y) € D, (45)
u(z,0) =0, u(y,y) =0, 0<z,y<T. (46)

The solution of this problem at the point P := P(£,n) € Dy can be represented as follows:
u(é,m) = / G(x,y; &) f(x,y) exp(ay + bx) dudy,  (&,n) € Dr, (47)
Qp

where C?(a:, y; €, 1n) is the Green-Hadamard function of problem (45), (46).
By comparing the representations (16) and (47), one can readily show that

G(z,y;€,m) = G(z,y;€,m) exp{aly — n) + bla — €)}.

DIFFERENTIAL EQUATIONS Vol. 47 No.4 2011



478 DZHOKHADZE, KHARIBEGASHVILI

In accordance with (15), the Green-Hadamard function é(ZL‘, y; &, n) of problem (45), (46) coincides
in the characteristic rectangle €; p with the Riemann function of Eq. (45), which can be represented
via the Bessel function Jy by the formula (e.g., see [12, p. 455])

Ga,y;6,m) = Jo(2v/k(z — €)(y —n)), (z,y) € Q. p.

It remains to note that the Bessel function .J; is sign alternating and has infinitely many zeros.
Similar results on the sign definiteness of the Riemann function were obtained in [15].

By way of application of Theorem 1, let us study the global solvability of the first Darboux
problem for the nonlinear equation

Lou = ugy + c(z,y)u = Aul|” + f(z,y) (48)

in the domain Dy with the boundary conditions (2), where A > 0 and a > 1 are constants and ¢
and f are given continuous functions in the closed domain D .

Let u be a classical solution of problem (48), (2) in the domain Dz. Then, by a straightforward
integration by parts, one can readily justify the integral relation

/uLogodacdy = )\/ |u|* dx dy + /f@da:dy (49)
Dr Dr Dy
for any function ¢ such that

¢ € C*(Dy), o(x,z) =0,  ¢T,y)=0, 0<a,y<T. (50)

Lemma 1. Let a function u be a classical solution of problem (48), (2) in the domain Dr. If the
conditions ¢ < 0 and f > 0 are satisfied, then u >0 in Dr.

Proof. Obviously, by virtue of (16), the function u is a solution of the nonlinear integral Volterra
equation

u(é,n) = A/G(l’,y; & m)lu(z, y)|* dmdy+/G(x,y; &) f(x,y)dedy, P:=P(,n) € Dr.
Qp Qp

Next, by virtue of the condition ¢ < 0, we have inequality (34); consequently, inequality (33)
holds by Theorem 1. Now, from the last relation, we readily obtain u > 0 in the domain Dr. Under
the assumptions of Lemma 1, relation (49) can be rewritten in the form

/|u\L0g0dxdy:)\/|u\o‘g0da:dy+/fg0dxdy. (51)
Dr Dr Dr

In what follows, we use the method of test functions [16, pp. 10-12]. Let us introduce a function
@ = %z, y) such that

¢" € C*(Dw), lpry >0, @O(z,2)=0, 0<z<1, ¢z =0 (52)
and )
|2, ) 1
= e dx dy < +o0, o =1+ o (53)

One can readily see that the function

0 _JA=2)(x—y)™ for (z,y) € Dr—y
cp(m,y)—{ 0 for x > 1,

with sufficiently large positive constants n and m satisfies conditions (52) and (53).
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Set or(z,y) = @°(x/T,y/T), T > 0. In view of (52), it is easily seen that
or € OZ(ET)7 ¢T|DT > 07 QOT(QZ',I') = 07 QDT(Tvy) = 07 0< r,y <T. (54)

We assume that f is fixed and introduce a function of one variable T by setting

¢(T) = /fcpT dz dy, T >0. (55)

Proposition [on the absence of global solvability of problem (48), (2)]. Let ¢, f € C(Dy), and
let the conditions ¢ < 0 and f > 0 be satisfied in the closed domain D... If

Liminf¢(T) > 0, (56)

then there exists a positive number Ty = To(f) such that for T > T, problem (48), (2) has no
classical solution in the domain Drp.

Proof. Suppose that, under the assumptions of this proposition, there exists a classical solution
u of problem (48), (2) in the domain Dy. Then, by Lemma 1, relation (51) holds, where, by virtue
of (54), the function ¢ can be chosen in the form ¢ = ¢7; i.e.,

/\UILosona:dyZA/IU\"‘sonzder/fsonxdy-
Dr Dr Dr

This, together with relations (54) and (55) and the condition ¢ < 0, implies the inequality

)\/|u\o‘g0Tdmdy§/\u|g0Tmyda:dy—C(T). (57)
DT DT

If we set a = |u|py/? and b= | o7y |/ ©3/? in the Young inequality with parameter & > 0,

€ 1 / 1 1
abﬁ;ap+p,5p,7lbp; a,b>0, 54—]7:1, pi=a>1,
then, by using the relation p’/p = p’ — 1, we obtain
‘SOTwy| € 1 |90Tm |;D,
uprey| = |uler "0 < = [uPor + —— e
e o e

By taking into account (57), from the last inequality, we obtain

T

£ 1 | o7y 7
<)‘ - 5) / |u|Por dx dy < pler’ —1 ;;"31 dx dy — ((T),
Dr T

which, for € < Ap, implies that

P oy ” p
Pordrdy < ; dedy — ——— ((71).
/ |u‘ (IOT x y — ()\p _ E)plgp/fl (pg.‘il x y )\p ¢ C( )
DT T
By using the notation p’ =p/(p — 1) and p = p’/(p’ — 1) and the relation

: p 1
min ——mM = —
0<e<dp (Ap —e)ple?’ =1 NP
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480 DZHOKHADZE, KHARIBEGASHVILI

where the minimum is attained for € = A, we obtain the inequality

1 Orayl” P’
/\u|pg0dedy§ v |s07;/y‘1 da:dy—XC(T). (58)
T
Dr Dt

Since pr(z,y) := ¢°(x/T,y/T), it follows from (52) and (53) that, after the substitution z = Tx;
and y = Ty, one obtains the easy-to-verify relations

|90Tmy|p/ de dy — T_Q(p’_l) |902y|p dr dus = T—Q(p’—l)
p—1 Xz y - |()00|p,_1 T yl - n < +OO
f T Do,

This, together with condition (54) and inequality (58), implies that

1 / /
0< / ulPor da dy < VT’Q(’) Dy % ¢(T). (59)
Dt

Since p’ = p/(p — 1) > 1, it follows that —2(p’ — 1) < 0, and by (53), we have the relation

lim L,T_Q(p,_l)% = 0.

T—o0o \P
Therefore, by virtue of (56), there exists a positive number Ty := Ty(f) such that if T > Ty,
then the right-hand side of inequality (59) is negative, while the left-hand side in this inequality
is nonnegative. It follows that if there exists a classical solution w of problem (48), (2) in the
domain Dr, then we necessarily have T' < Ty, which proves the desired assertion.

Remark 3. One can readily see that if f € C(Dy.), f > 0in D, and f(x,y) > cx™™ forz > 1,
where ¢ := const > 0 and 0 < m := const < 2, then condition (56) is satisfied, and therefore, for
A>0,a>1,and ¢ < 0in D, problem (48), (2) with sufficiently large T has no classical solution
u in the domain Dr.

Indeed, introducing the transformation of the independent variables x and y in (55) by the
formula x = Tx,, y = Ty, after simple calculations, we obtain

C(T) =T° / f(TlflaTyl)SDO(afl,yl) dzy dy

Dr—1
> T / $1_m900($17y1)d331 dy, + T / f(TﬂflaTyl)SDO(aflayl)dxl dy,
DTzlﬁ{zlszl} DTzlﬂ{I1<T71}

under the assumption that 7" > 1. Next, let T; > 1 be an arbitrary given number. Then from the
last inequality for the function (, we have

(T) >cr*™ / 27" (w1, y1) doy dy, > ¢ / 7" (21, y1) dy dy,

Dr—1n{z,:>T~1} Droin{z1 >T; '}

provided that 7' > Ty > 1 and m < 2, which, together with (54), readily implies inequality (56).

Remark 4. It is known (e.g., see [10, p. 38; 11, p. 230]) that the Green-Hadamard function
coincides in the characteristic rectangle €y p with the Riemann function of the operator L in (1).
At the same time, if the Laplace invariant k of Eq. (1) is zero, i.e., by (35), the operator L = [
admits the representation (36), then the Green-Hadamard function of problem (37) is zero in the
triangular part (25 p of the domain Qp. It turns out that the vanishing of the Laplace invariant k&
of Eq. (1) is a necessary condition for the converse assertion. Indeed, the following theorem holds.
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Theorem 2. The Green—-Hadamard function G(z,y;&,n) is zero in the triangular domain Qs p
for any P := P(&,n) € Dy if and only if the Laplace invariant k is the identically zero,

k

0. (60)

Proof. The sufficiency of condition (60) was proved above in this section (see Remark 4).
The necessity is a consequence of the following argument. Let G(x,y;&,n) = 0 in the domain 5 p

for any P := P(£,n) € Dr. Let us show that k = 0. Indeed, (H, — aH)|,=, = 0 by virtue of (15).
This, together with (12), implies that

(Ry - aR)|w:n =0. (61)
A simple verification shows that, by virtue of (27), the following relation holds:
(BRy)s — (BaR), — BkR =0, (62)

where B(z,y;€) = exp{ [} b(¢1,y) d&i} # 0.

We replace the variable z in relation (62) by &; and integrate the resulting relation with respect
to & from z to . As a result, by taking into account the first relation in (6), we obtain [15]

£
R, (x,y:€.m) = ale,y)R(z,y:6,1) — B (2. 4:6) / B(Er, y: Ok(En, ) RE y:6,m) déy. (63)

x

By (61), relation (63) with = n acquires the form

£
/ B(E1, s k(€ y)R(E, y; €, ) déy = 0.

By differentiating the last relation with respect to 7, we obtain
&
B(n,y; R, y; & mk(n,y) — /B(fl,y; E Ry (1,45 €k (&1, y) d€y = 0. (64)
n

Now let us represent the expression R(n,y;&,n) in closed form. By the definition of the Riemann
function, we have

R(n,y;§,m)ly=n = exp{/b(&,n) d&}- (65)
13

Obviously, the solution of problem (61), (65) is given by the formula

R(n,y;¢,1m) =exp{/a(n,m)dm +/b(§1,n) d€1} # 0.

n 13

In addition, note that 5(n,y;&) # 0.
Therefore, after the division by the nonzero function 3(n, y;£)R(n,y; &, 1), Eq. (64) is a homoge-
neous Volterra equation of the second kind for the function k. Hence it readily follows that k = 0.
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4. COMPARISON THEOREM FOR THE GREEN-HADAMARD FUNCTION
OF THE FIRST DARBOUX PROBLEM (1), (2)

Let a function u’ be a classical solution of the problem

Liui = uzzy + az(xay)uzz + bz(m7y)u; + ci(z,y)ui = fz(x7y)7 (xay) € DT7 L= 1727 (66)
u(2,00 =0, w(yy)=0, O0<wy<T, i=12 (67)

in the domain Dy. By (16), the solution u’ of problem (66), (67) can be represented at the point
P :=P(&,n) € Dr in the form

W(€m) = / G, y: €. m) fi(.y) da dy, (68)

where G| is the Green-Hadamard function of problem (66), (67), ¢ = 1,2.
By analogy with (35), we rewrite the operator L; in (66) in the form

Liui = liui - kiui, (69)

L' = <8y+al> <8x+bl>u’ (70)

and k; := b;, + a;b; — ¢; is the Laplace invariant of the operator L;, ¢ = 1,2. By a straightforward
integration, one can readily show that the solution of the problem

LU =F;  U'(z,00=0, U'(y,y) =0, 0<z,y<T,

where

can be represented at the point P := P(£,7) € Dy in the form

Uen) = [ RlepgnBeydedy, =12 (71)
Qi p
Here Y .
Ri(m7y; 577]) = eXP{/ai(mﬂh)dTh + /bl(§1777) dél} > 07 1= 1727 (72)
n 13

is the Riemann function of the operator I; acting by formula (70).
By virtue of relations (66), (69), and (71), the solution u’ of problem (66), (67) satisfies the
following integral equation at the point P := P(§,n) € Dr:

() = / Ri(@, ;€ )k (2, y)u (2, y) de dy
O p

+ / Ry )@ y)dedy, =12 (€1) < Dy. (73)

Qi p

It is known that the integral Volterra equation (73) can be solved by the successive approximation
method

W=0,  ui(En) = / Ry € )k (e, y)u_ () dee dy

Qi p
T / Ri(w,ys e fi(any)dedy, i=12, n>1, (.)€ Dy (T4)
Qi p
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Let fi = fo =: f > 0, and let the following conditions be satisfied:

Ry >Ry >0, (75)
ky > ky > 0. (76)
It follows from (74)—(76) that u2 > u), n=0,1,..., and since

nh_{go ||u:1 - uiHC(ﬁT) =0, =12,
we have u? > u' in the domain Dy. In turn, this, together with the representation (68), implies

that
/ (Galr,y:€.1) — Cr(w,y: €0 f (2 y) dedy =0, P o= P(€.n) € Dr,

Qp

and consequently, by virtue of the arbitrary choice of the function f > 0, we have

G2(337y§§777) 2 Gl(xay;éan)7 (6777) € ET; (:1:7y) € ﬁP’ (77)

Note that, by virtue of inequalities (72), condition (75) is equivalent to the condition

/yaz(fc,??l)dm —I—/rbz(ﬁbﬁ)d& > /al(a:,m)dnl—|—/mbl(gbn) d¢,,
¢ ¢

n n

which, in turn, is equivalent to the simultaneous inequalities

Y

/az(a:,m)dm > /al(l”a??l)d??l and /bz(&,ﬁ)d& > /51(51,77)6151- (78)
13 3

n n

We have thereby proved the following assertion.

Theorem 3. Let conditions (76) and (78) be satisfied. Then inequality (77) holds.

5. SOME SYMMETRY PROPERTIES
OF THE RIEMANN FUNCTION OF EQUATION (1)

As was shown in Section 2, if conditions (21) and (22) are satisfied, then the Green-Hadamard
function G(z,y;¢&,n) can be represented by relation (25) in the domain €2, p and, by Theorem 2,
is zero only under condition (60). At the same time, the vanishing of the right-hand side of
relation (25) expresses, in a sense, the symmetry of the Riemann function.

Below, under the assumption that Eq. (1) is defined on the entire plane of the variables x and y,
we obtain some symmetry properties of the Riemann function depending on the coefficients of
Eq. (1), which are assumed to be smooth.

Theorem 4. The relation
R(z,y;€,n) = R(y, x;§,m) (79)
holds if and only if

a(z,y) = b(y, x), c(z,y) = c(y, x), k(z,y) = 0. (80)
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Proof. Necessity. Let relation (79) hold. First, we prove the first relation in (80). Indeed, by
substituting n = £ and y = x into condition (28), we obtain

x x

[uerde = [ atem)an.

3 3

By differentiating the resulting relation with respect to z, we obtain a(z,y) = b(y, x).
Now prove the third relation in (80). It follows from (79) that

Ry(n,y;6,m) = Re(y,1:6,7)- (81)
Next, the second relation in (28) implies that
Ra(2,m;6,m) = bz, n)R(z,n;€,m). (82)

By virtue of relations (79), (81), and (82) and the above-proved first relation in (80), we obtain

R,(n,y;§,m) = a(n,y)R(n,y;§,m),

which, together with (63) for x = 7, implies that
n
/ﬁfl(t,y;&)k(t,y)R(t,y;&n) dt = 0.
13

Consequently, just as in the proof of Theorem 2, we obtain k(z,y) = 0.

Finally, let us prove the second relation in (80). Indeed, by virtue of the already proved third
relation in (80), the Riemann function of Eq. (1) can be represented in the form (39); therefore,
relation (79) acquires the form

x x

/y awm)dm+ [ b€ da = [ aty.n)dns + / (&, ) de. (83)

n 13 n 13

By differentiating relation (83) first with respect to x and then with respect to y, we obtain

az(z,y) = as(y, ). (84)
Next, by taking into account relation (84), the first and third relations in (80), and the definition
of the invariant k, one can readily justify the second relation in (80).

Sufficiency. Let us show that relation (79) follows from (80). Indeed, by virtue of the third
relation in (80), the Riemann function of Eq. (1) can be represented in the form (39). Therefore,
to justify relation (79), it suffices to prove relation (83), which, by virtue of the first relation in (80),
acquires the form

x x

/y awm)dm+ [ aln&)dés = [ atym) dn -+ / a(n,€)) déy. (35)

n 13 n 13

To prove relation (85), consider the function

x x

F(z,y;€,m) = /ya(:rvm)dm +/a(n,£1)d& —/a(y,m)dm —/ya(n,&)d&- (86)
13

n 3 n
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One can readily see that relation (84) follows from (80), which, together with (86), implies that
Yy
Fac = /aw(m7771) dTh + a(nyl') - a(y,flf) =0
n

and

x

F,=a(x,y) - /az(y,m)dm —a(n,y) =0.

n

By virtue of the relation F'(§,n;&,m) = 0, hence we have F' = 0; i.e., relations (85) and hence (79)
are satisfied.

The following assertion can be proved in a similar way.

Theorem 5. The relation R(x,y;&,m) = R(x,y;n,&) holds if and only if

a(z,y) =bly,x),  clz,y)=cly,z),  h(z,y) =0,
where h := a, + ab — ¢ is the Laplace invariant of Eq. (1).

Theorem 6. The relation
R(z,y;:&n) = R(y, z;n,§) (87)
holds if and only if
a(z,y) =b(y,z),  clz,y) =cly, ). (88)

Proof. By the definition of Riemann functions (e.g., see [17, p. 178]), they satisfy the integral
equation

R(z,y:&,m) —/b(t,y)R(t,y; £,m) dt—/a(x,T)R(:E,T;&n) dr
3

+ [ dt | c(t,7)R(t,7;&,m)dr = 1. (89)
/]

By replacing the variables x and £ in this equation by y and 7, respectively, we obtain

Yy xT

Riy, 2in. ) — / b(r, @) R(r, 2, €) dr / a(y, ) R(y, t:7,)dt

n 13
Yy x

+/d7'/c(7', HR(T,t;n, &) dt = 1. (90)

n 13

Necessity. Let us assume that relation (87) holds and show that relations (88) hold. Obviously,
it follows from (89) and (90) that

T Yy

/[a(y,t) = b(t,y)|R(t,y;&,m) dt + /[b(ﬂw) —a(z, 7)|R(z,7;€,m) dr

3

+ 5/ dt / e(t,7) — e(r O)R(t 7€) dr =0, (91)
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For £ = z, relation (91) acquires the form

Y

/[b(T,aj) —a(x,7)|R(x,7;2,m)dr = 0.

n

By differentiating the resulting equation with respect to y and by taking into account the first

equation in (28), we readily obtain the first equation in (88). To prove the second equation in (88),
we rewrite (91) in the form

n

£
/dt/w(t,T)R(t,T; &,n)dr =0, (92)

Y

where w(t, 7) := c(t,7) — c(7,1).

By successively differentiating (92) with respect to the variables £ and 7, we obtain

n

£
R(E,ms €, m)w(Em) + / w(t, ) Re(t,m; €,7) di + / W(E TRy (€T Em) dr

Yy
3 n
+/dt/w(t,T)R§n(t,7‘;£,n) dr = 0.
x Y

This, together with the third relation in (6), implies that w = 0, which, in turn, justifies the

second relation in (88).

The sufficiency of relations (88) for the validity of (87) is obvious by virtue of the uniqueness

theorem for the solution of a Volterra integral equation of the second kind and relations (89)
and (90).

Remark 5. It is well known [12, p. 452] that the symmetry property R(x,y;&,n) = R(E,n;x,y)

of the Riemann function holds if L is a self-adjoint operator, i.e., if a(z,y) = b(z,y) = 0. On the
other hand, as follows from the argument similar to the one carried out in proof of Theorem 6,
the last condition is necessary as well.

10.
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