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1. STATEMENT OF THE PROBLEM

For the nonlinear equation
Lu = uy — ugy + a(z,t)e" = f(z,1) (1.1)

in the half-plane Q := {(x,t) : « € R, t > 0}, we consider the Cauchy problem with the initial
conditions

u(z,0) = p(x), ug(x,0) = P(x), x € R :=(—00,400), (1.2)

where a, f, ¢, and ¥ are given real functions and w is the unknown real function.

Note that if a = const # 0 and f = 0, then Eq. (1.1) is the classical Liouville equation, for which
the Cauchy problem has been completely studied (e.g., see [1, 2]). At the same time, methods
suggested in these papers for the analysis of the Cauchy problem cannot be used for a broad class
of functions a and f.

Let Py := Py(xy,to) be an arbitrary point of the domain 2, and let Dp, := {(x,t) : t+x9—1t9 <
r < —t+xo + ty, t > 0} be the triangular domain bounded by the characteristic segments 7 p,:
r=t+xzo—toand Yo p: * = —t+ 9 +t5, 0 <t <ty of Eq. (1.1) and by the segment vp, : t =0,
o —to < x < xp + Lo

First, the Cauchy problem for Eq. (1.1) is posed in the finite domain Dp,: find a solution
u=u(z,t), (z,t) € Dp,, of Eq. (1.1) satisfying the initial conditions

u(z,0) = p(x), ug(x,0) = P(z), T € Ypy, (1.3)
where ¢ and v are given real functions on vp,.

Definition 1.1. Let a,f € C(Dp,), ¢ € C'(yp,), and ¥ € C(yp,). A function u is called
a generalized solution of problem (1.1), (1.3) in the class C' in the domain Dp, if u € C(Dp,)
and there exists a sequence of functions u, € CQ(EPO) such that u,, — uw and Lu, — f in the
space C(Dp,) and u,(+,0) — ¢ and u,(-,0) — 1 in the spaces C*(vp,) and C(vp,), respectively,
as n — oo.

Remark 1.1. Obviously, a classical solution of problem (1.1), (1.3) in the class C?*(Dp,) is
a strong generalized solution of this problem in the class C' in the domain Dp . In turn, if a strong
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1764 KHARIBEGASHVILI, DZHOKHADZE

generalized solution of problem (1.1), (1.3) in the class C' in the domain Dp, belongs to the space
C?(Dp,), then it is also a classical solution of that problem.

Definition 1.2. Now let a, f € C(2), ¢ € C*(R), and ¢ € C(R). We say that problem (1.1),
(1.3) is globally solvable in the class C if, for any point Py € €, this problem has a strong generalized
solution in the class C' in the domain Dp,.

Definition 1.3. Let a, f € C(Q), ¢ € C*(R), and ¢ € C(R). A function u € C(Q) is called
a global strong generalized solution of problem (1.1), (1.2) in the class C' if, for any point P, € €,
it is a strong generalized solution of problem (1.1), (1.3) in the class C in the domain Dp, in the
sense of Definition 1.1.

Remark 1.2. Note that in the case where the existence and uniqueness theorem holds for
a strong generalized solution of problem (1.1), (1.3) in the class C' in the domain Dp, for any
Py € Q, we obtain the existence of a unique global strong generalized solution of problem (1.1),
(1.2) in the class C in the sense of Definition 1.3.

The present paper is organized as follows. In Section 2, under some constraints for the coefficient
a of Eq. (1.1), we derive an a priori estimate for a strong generalized solution of problem (1.1),
(1.3) in the class C in the domain Dp, in the sense of Definition 1.1. In Section 3, we prove
the existence of that solution. In Section 4, we perform an equivalent reduction of the posed
problem to a nonlinear integral equation of Volterra type in the class of continuous functions.
In Section 5, we prove the existence of a strong generalized solution of this problem in the sense
of Definition 1.1, and in Section 6 we provide a proof of the existence of a unique global classical
solution of problem (1.1), (1.2). In Section 7, we consider the problem on the local solvability of
problem (1.1), (1.3) and (1.1), (1.2) with no constraint imposed on the continuous function a, and
in Section 8, we analyze the absence of a strong generalized solution of problem (1.1), (1.3) in the
class C in the domain Dp, in the sense of Definition 1.1.

2. A PRIORI ESTIMATE FOR A STRONG GENERALIZED SOLUTION
OF PROBLEM (1.1), (1.3) IN THE CLASS C IN THE DOMAIN Dp,

Consider the conditions
a,a, €C(Q); a>0, a <0 everywherein Q (2.1)

and

v C'(R), e CR). (2.2)

Lemma 2.1. Let conditions (2.1) and (2.2) be satisfied, and let Py be an arbitrary point of
the domain Q. If u is a strong generalized solution of problem (1.1), (1.3) in the class C' in the
domain Dp,, then one has the a priori estimate

1/2
lalle@n < lflo@ay + leleran) + lal 012, + ¥llern) (2.3)

with a positive constant ¢, = ¢1(ty) independent of u, a, f, ¢, and 1.

Proof. Let u be a strong generalized solution of problem (1.1), (1.3) in the class C in the
domain Dp,, and let Py € Q. Then, by virtue of Definition 1.1, there exists a sequence of functions

u,, € C?(Dp,) such that

il = o,y =0, Jim Wt = Flooy, =0, (2.0
Jim flun(,0) = @llern) =0, lm fluni(-,0) = lleen,) =0, |
and consequently, by virtue of the continuity of the function a,
Tim fla(e" —e*)llep,,) = 0. (25)
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CAUCHY PROBLEM FOR A GENERALIZED NONLINEAR LIOUVILLE EQUATION 1765

Consider the function u,, € C?(Dp,) as a solution of the Cauchy problem

Lu, = f,, (2.6)
Un(2,0) = @, (x), Une(z,0) = ¥, (), T € Yp,. (2.7)

Here
fn = Luy,, On = Uy (+,0), Uy, = Upy(+,0). (2.8)

Let Py := Fy(x(,ty) € Dp,. Then, obviously, Dg; C Dp, and vp; C 7yp,- By multiplying both
sides of relation (2.6) by wu,; and by integrating the resulting relation over the domain

Dps - :=A{(z,t) e Dp; : 0<t <7}, 0<7<ty,

we obtain

[ @oizai—2 [ Gnedeais [ ) dra

DP(;,T DPé,T DP(Q,T
+ 2 / (ae")ydxdt — 2 / ae" drdt =2 / Fnln: do dt.
DPé,T DPé,T DPé,T

Set Qp, , := Dp N{t =7}, 0 <7 <. Then, by taking into account (2.7) and by integrating
the left-hand side in the last relation by parts, we reduce it to the form

2 / Fnlin: dx dt + 2 / ae’ dz dt

DPé,T DPé,T

2
= Z / Uy (Vg — Vo) + 02, (v} — v2) + 2ae“ v?] ds
i:17 P

shth
— / [ (x) + V2 (x) + 2a(x,0)e?] dx + / [u?, +uZ, + 2a(z,7)e" ] dx, (2.9)
zh—tg QPé,T

where v := (v;,14) is the unit outward normal on dDp, » and v, p; - == i p N{t < 7}, 1 = 1,2.
Since the relations

=0, i=1,2,

t1v;, pr ’ t2_ i Vi, P}
v , >0 (v; —v3)| ;

are satisfied everywhere on v; p, i = 1,2, it follows from (2.1) and (2.9) that

wp (1) <2 / Fnln: dx dt + au,. (2.10)

Dps
PY,T

Here

2
W) 1= / (w2, +2)dz+ / U (Ve — vating)? ds, (2.11)
=1

Qps.r Vi, P~
x4+t
o= / [ (x) + V2 (x) + 2a(x,0)e?"] d. (2.12)
() —t,
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1766 KHARIBEGASHVILI, DZHOKHADZE

By using the relation

2 / Frttny dz dt < /ufltda:dt—FanHQb(DPw),
DPé,T

DPé,T

we rewrite inequality (2.10) in the form

< [ et 1S o

Dy

07

This, together with (2.11), implies that

w, (1) < /wn(a) do + ”aniz(Dpo,T) + ap, 0< 7 <t
0

Since the quantity || f,[|7, Dp,.,) 18 @nondecreasing function of 7, it follows from the last inequality
and the Gronwall lemma (e.g., see [3, p. 13]) that

wy(7) < GT(anHiz(DPW) + ay,). (2.13)

One can readily see that v,— — v, —
Y "o ot

tangent of v, p;. Therefore, the integration along the segment 7, p; leads to the relation

is an operator of interior differentiation along the unit

wn (@, th) = pu(aly — th) + / (Vettns — vt ds.

’
V1,P0

Then, by squaring both sides of this relation and by using the Cauchy and Schwarz inequalities,
we obtain

Jun (0, t0)[* < 247 (w5 — t) + 2 / ds / (Vetng = Votins)* ds

'Y1,P6 '71,P6
g 2902('17/0 - té)) + 2\/§t0 / (Vtunr - Vrunt)2 dS.
V1, P

This, together with (2.11)(2.13), implies that

Jun (2, t0)[* < 207 (w5 — 1) + 4toe™ (| fullL, (pry) + ) < 2007 (25 — 1)
+ dtoe” (| full& ) mes Dr, + 2t0ll 016y + 2tollvn ey, + 4tollal; 00 e n,)
= 20, (x5 — to) + 4tge” (toll fullo ) + 21010000, + 2¥nllEtrny) + 4llal- 0)e* len,))-

Here we have used the obvious inequalities
I By < 1 120y mes Doy = Bl 2, i - oy < 2ol - (B0

Consequently,

1/2
‘un(x67t6)| < Cl(anHC(ﬁpo) + ”Qon”cl(vpo) + Ha('ao)ewnHC/('ypo) + “1/}71“0(7130))7
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CAUCHY PROBLEM FOR A GENERALIZED NONLINEAR LIOUVILLE EQUATION 1767

where
¢} = max{4tie 2 + 8txe', 16t5e™ }. (2.14)

By passing in this inequality to the limit as n — oo and by taking into account (2.4) and (2.8),
we obtain the estimate

1/2
[u(at, )] < e1(1flle@ry) + Iellerny) + lal 0014 ) + 18 lotn)- (2.15)
Since B} := Pj(zy,t,) € Dp, is an arbitrary point of the domain Dp,, we have the estimate (2.3).

3. UNIQUENESS OF A STRONG GENERALIZED SOLUTION OF PROBLEM (1.1), (1.3)
IN THE CLASS C' IN THE DOMAIN Dp,

Theorem 3.1. Let a, f € C(Q), and let condition (2.2) be satisfied. Then, for any given point
Py € Q, problem (1.1), (1.3) has at most one strong generalized solution of the class C' in the
domain Dp,.

Proof. Indeed, suppose that problem (1.1), (1.3) has two distinct strong generalized solutions
u' and u? of the class C' in the domain Dp,. Then, by Definition 1.1, there exists a sequence of

functions u?, € C?(Dp,) such that

HIHI;O HU; - uiHc(BpO) =0, Jl_fgo ”Lu; - ch(BPO) =0, 3.1)
, ° , ) 3.1
Jim fluy, (+,0) = @llerr) =0, Tim fJug, (+0) = Yllogy,) =0
and v v
lim [la(e" —e*)l|lop,,) =0, i=12 (3.2)

Set w,, == u2 —ul and O := 92/0t> —9?/0x%. One can readily see that the function w, € C?(Dp,)
satisfies the relations

Uwn 4 gn = fn, (3.3)
wn|’ypo = Tna wnt YPy - Vna (34)

where
n = a(e“i - e“i), fn = L Lun? Tn (’LL - U )|’>'p0 Vp = (ui - uqlz)t|vp0- (3'5)

By virtue of the first relation in (3.1), there exists a number K := const > 0 independent of the
indices 7 and n and such that

luyllem,,) < K. (3.6)
By virtue of relations (3.1) and (3.5), we have
T (o =0 I [vloen =0, lm [ Fulleg,, =0 (3.7)
By virtue of the estimate (3.6) and the first relation in (3.5), one can readily see that
|9n| < age™ Jwnl, (3.8)
where ao = |lall¢(B,,)-
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1768 KHARIBEGASHVILI, DZHOKHADZE

By multiplying both sides of relation (3.3) by w,; and by integrating the resulting relation over
the domain Dpy ., where Fj := Fj(zg,t;) € Dp,, by using (3.4), and by following the lines of the

derivation of relation (2.9) from (2.6) and (2.7), we obtain

2
v, (7) 1= / (w2, +w?2,)dx + Z / Uy H(Ving — Vawnr)” dss
=1

Qpé,T Vi, Py,T

=2 [ (= g omdodt 4 17 oy +

DP’

07

By virtue of the estimate (3.8) and the Cauchy inequality, we obtain the relation

2 /(fn—gn)wmda:dt§2 / w2, dx dt + / f2dxdt + / g2 dx dt

DPé,T DPé,T Dpy,~ DPé,T

(3.9)

<2 / why drdt + || full7,op, ) + 0™ / w2drdt.  (3.10)

Dp

bor

Dp

bor

Next, by virtue of the first relation in (3.4), one can readily see that

t

wp(z,t) = 1 (2) + /wm(m,o)da, (z,t) € Epéﬂ-.
0

By squaring both sides of this relation and by using the Cauchy and Schwarz inequalities, we obtain

t
|lwn (2, 1)]? < 272(x) + 2t/w2t(az,a) do, (z.t) € Dpy ;.
0
By setting -
o, 1) = Wpe(z,t) for (z,t) € Bpé,f
0 for (z,t) ¢ Dpy -,

and by using the inequality ¢ < 7 satisfied for (z,t) € ﬁp“, we arrive at the inequality

zo+tg T T
/ w2 dx dt < 27'H7'n”2L2(7p0) + 27 / dm/ (/1)2(1’,0') da) dt
b=ty 0

Dp, z(q 0

07

’ ’
zo+t, T

= 27_”7-””%2(71:0) + 272 / d:r/v2(a:,t) dt = 2’7’||Tn||%2(,ypo) + 272 / w2, drdt.  (3.11)

() —t, 0 DPé

\T

It follows from relations (3.9)—(3.11) that
v, (1) < 2(7%age®™ +1) / w2, dx dt
DPé,-r

1y + 17 rrey + 1alBeaory + 27026 1l

T

< 2(a2e™ + 1) / 0n(@)d + | fullzory + 1T armey + 1Walaary + 270262 (7l -

0

DIFFERENTIAL EQUATIONS  Vol. 47 No. 12

2011



CAUCHY PROBLEM FOR A GENERALIZED NONLINEAR LIOUVILLE EQUATION 1769

Consequently, by the Gronwall lemma, for 0 < 7 < ¢;, we obtain the estimate

0n(™) € a(lfallZaiony + 17ty + 1V 2aorey + 26002 Il

where ¢y := exp{2ty(t2a2e** + 1)}. This, together with (3.9), implies that

/ (VWny — Vewnt)? ds

/
1,P4

< \/Ecz(anHiz(Dpo) F Tl rmg) F 12l aimy) + 2t0aoe®  [7all7 0 m)): 0 <7<t
Next, by reproducing the argument used in the derivation of the estimate (2.15), we obtain
(wn(a, o) < 202(xh — 1) + 4t3ca(toll fllay ) + 2172 m)
+2lvallén,) + 4oage™ [17ally, )

Consequently, by virtue of (3.7), we have lim,, .o |wn (20, )] = 0; i.e., u(z,ty) = u'(xg,t;) for
any (xy,t,) € Dp,. This completes the proof of Theorem 3.1.

4. EQUIVALENT REDUCTION OF PROBLEM (1.1), (1.3)
TO A NONLINEAR INTEGRAL EQUATION OF THE VOLTERRA TYPE
IN THE CLASS OF CONTINUOUS FUNCTIONS

Let u € C?(Q) be a classical solution of problem (1.1), (1.3). Set
Dz,t = {(l’l,tl) . tl +r—t< T, < —tl +3§'+t, tl > 0}, (l’,t) c Q.

Note that Dp, = D, for © = xy and ¢t = t;. By using the initial conditions (1.3) for ¢ € C*(R)
and ¢ € C'(R) and by integrating Eq. (1.1) over the domain D, ;, we obtain the relation

u(x, t) + (O (ae"))(x,t) = F(x,t), (x,t) € Dp,. (4.1)

Here
Fz,t) = (O f) (1) + (L) (@, 1) + () (2, ), (4.2)

and the continuous operators

ly : C*(yp,) — C*(Dp,), k=0,1,2, ly : C*(7yp,) — C**(Dp,), k=0,1,

1. C*(Dp,) — C*(Dp,), k=0,1, (43)
act by the formulas (e.g., see [4, p. 173])
1 T+t
(h)@.t) = 5lote +0) + @~ 1)), (L)1) / 0(E) de.
(4.4)

(O f) (1) = /fs, ) dé dr.

Remark 4.1. Relation (4.1) can be treated as a nonlinear integral equation of Volterra type.

Lemma 4.1. A function u € C(Dp,) is a strong generalized solution of problem (1.1), (1.3) of
the class C in the domain Dp, if and only if it is a continuous solution of the nonlinear integral
equation (4.1).
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1770 KHARIBEGASHVILI, DZHOKHADZE

Proof. Indeed, let u € C(Dp,) be a solution of Eq. (4.1). Since u(f) € C(Dp,) and the space
C?*(Dp,) is dense in C(Dp,) (e.g., see [5, p. 37]), it follows that there exists a sequence of functions
w,(f,) € C*(Dp,) such that w,(f,) — u(f) in the space C(Dp,) as n — oo.

Likewise, since ¢ € C'(yp,) [respectively, 1 € C(vp,)], it follows that there exists a sequence of
functions ¢, € C?(vyp,) [respectively, ¥, € C'(yp,)] such that ¢, — ¢ (respectively, 1, — 1) in
the space C'(vp,) [respectively, C(yp,)] as n — oo.

Set u, := —0O Y (ae® ) +0"  f, + 110, +120,, n = 1,2,... One can readily see that u,, € C%(Dp,),
and since, by virtue of (4.3) and (4.4), Iy, Iy, and O°' are linear continuous operators in the
corresponding spaces and moreover,

Jim fwn oy, =0, lim 1fa = fllow,,) =0
Jim lln = plleren) =0, lm ¥, = vlleen, =0,

it follows from (2.5) that u, — —07'(ae") + O~ f + Lo + by, un(-,0) — ¢, and un(-,0) — ¢
in the spaces C(Dp,), C*(yp,), and C(vp,), respectively, as n — co. But from relations (4.1) and
(4.2), we obtain —~'(ae®) + O~ f + I, + ly1) = u. Therefore, we have

Tim [lu, — o, = 0.
On the other hand, Ou,, = —ae“" + f,, which, together with the relations

lim Ju, — UHC(EPO) =0, nh_>n010 [, — U”c(ﬁpo) =0, 7}51(}0 | fr — ch(BPO) =0,

implies that
Lu,, = Ou, + ae"” = —ae"" + f, +ae" = a(e" —e*) —a(e" —e“)+ f, — f

in the space C(Dp,) as n — oo. The converse is obvious.

5. EXISTENCE OF A STRONG GENERALIZED SOLUTION OF PROBLEM (1.1), (1.3)
OF THE CLASS C IN THE DOMAIN Dp, AND THE GLOBAL SOLVABILITY
IN THE SENSE OF DEFINITION 1.2

As was mentioned above, the operator J-! occurring in (4.4) is a linear continuous operator
acting, by virtue of (4.3), from the space C(Dp,) to the space of continuously differentiable functions
CY(Dp,). Next, since the space C*(Dp,) is compactly embedded in the space C(Dp,) (e.g., see
[6, p. 135 of the Russian translation]), we readily obtain the following assertion.

Lemma 5.1. The operator 07! : C(Dp,) — C(Dp,) occurring in (4.4) is a linear compact
operator.

We rewrite Eq. (4.1) in the form
u=Au:=-0""(ae") + F, (5.1)

where the operator A : C(Dp,) — C(Dp,) is continuous and compact, because the nonlinear
operator N : C(Dp,) — C(Dp,) acting by the formula Nu := ae® is bounded and continuous
and the linear operator 07! : C(Dp,) — C(Dp,) is compact by virtue of Lemma 5.1. At the
same time, by Lemma 2.1 and relation (2.14), for any value of the parameter 7 € [0,1] and for
any solution u € C(Dp,) of the equation u = 7Au, we have the a priori estimate (2.3) with the
same positive constant ¢;, which occurs in the estimate (2.3) and is independent of u, a, f, ¢, ¥,
and 7. Therefore, by the Leray—Schauder theorem (e.g., see [7, p. 375]), under the assumptions of

Lemma 2.1, Eq. (5.1) has at least one solution u € C(Dp,). Therefore, by Lemma 4.1, the following
assertion holds.

DIFFERENTIAL EQUATIONS Vol. 47 No. 12 2011
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Theorem 5.1. If conditions (2.1) and (2.2) are satisfied, then problem (1.1), (1.3) is globally
solvable in the class C in the sense of Definition 1.2; i.e., for each point Py € 2, this problem has
a strong generalized solution of the class C' in the domain Dp, .

6. EXISTENCE OF A CLASSICAL SOLUTION OF PROBLEM (1.1), (1.2)
IN THE HALF-PLANE

Lemma 4.1 and relations (5.1), (4.2), and (4.3) readily imply the following assertion.

Lemma 6.1. Let a,f € C*(), ¢ € C*(R), and p € C*(R). Then any strong generalized
solution u of problem (1.1), (1.3) of the class C in the domain Dp, in the sense of Definition 1.1
is classical, i.e., belongs to the class C*(Dp,).

Lemma 6.2. Leta € C1(Q), and let condition (2.1) be satisfied. Then, for arbitrary f € C*(Q)

@ € C*(R), and ¢ € C*(R), problem (1.1), (1.2) has a unique global classical solution u € C*(Q)
in the half-plane Q.

Proof. By Theorem 3.1, Lemma 6.1, and the argument carried out in Section 5, in the domain
D, ., for ty = n € N, there exists a unique classical solution u,, € C?(D,, ) of problem (1.1), (1.3).
Since u,41 is a classical solution of problem (1.1), (1.3) in the domain D, , as well, it follows from
Theorem 3.1 that wu, | D.yn = Un. Therefore, the function u constructed in the domain €2 by the

rule u(z,t) = u,(z,t) for n = [t] + 1, where (x,?) € Q and [t] is the integer part of the number ¢,
is the unique classical solution of problem (1.1), (1.2) of the class C?(Q2) in the half-plane Q. This
completes the proof of Lemma 6.2.

7. LOCAL SOLVABILITY OF PROBLEMS (1.1), (1.3) AND (1.1), (1.2)

In what follows, we assume that a, f € C(Q2), ¢ € C*(R), and ¢ € C(R).

Theorem 7.1. For any given xy € R, there exists a positive number T := T (xq;a, f,o,1) > 0
such that, for ty € (0,T), problem (1.1), (1.3) in the domain Dp, has at least one strong generalized
solution u of the class C in the domain Dp,.

Proof. In Section 4, problem (1.1), (1.3) in the space C(Dp,) has been equivalently reduced to
the integral equation (4.1) of the Volterra type or, which is the same, (5.1). Since A: C(Dp,) —

C(Dp,) is a continuous and compact operator, it follows from the Schauder theorem that, for the
solvability of Eq. (5.1), it suffices to show that the operator A brings some ball

Br={veC([Dp): |vlop,, <R}

of radius R > 0, which is a closed and convex set in the Banach space C(Dp,), into itself. Let us
show that this is the case for sufficiently small ¢,.

Take a number T > 0 and set
@0 = |lellctwo—To,w0+ 701> Yo = [[¥[|clao—T0,z0+T0 ay = ||a||C(BP1)a fi= ||f||0(5pl)a
where P, := P;(z¢,Tp). This, together with (4.2) and (4.4) for t, < Ty, implies that
[Aullc,) < 27 aille o) + IF loma,) < o+ 27 To(are™ + fi) + dolto.  (7.1)

Now, by setting R := 2¢y and T := min{Ty,d *pg}, where d := 27 Ty(aref + f1) + 1y, for to < T
from (7.1), we obtain the estimate

[Aullep) < o+ o =20 = R.
The proof of the theorem is complete.
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Now consider the following conditions:

@ i= sup la(z,t)| <400, fii= sup [f(w,1)] < 400,

(z,t)EQ (z,t)EQ (7'2)
Bo = sup |p(z)| < +o0, U1 = sup ()] < +oo.
x€eR x€ER

Theorem 7.2. Leta, f € C1(Q), p € C*(R), and ¢ € C*(R), and let condition (7.2) be satisfied.
Then there exists a number T, = T.(a, f,¢,¥) > 0 such that problem (1.1), (1.2) in the strip

Q, :=R x (0,T.) has a unique classical solution u € C?*(€y).

The proof of this theorem follows directly from the uniqueness theorem (Theorem 3.1), Theo-
rem 7.1, and the argument carried out in Lemma 6.2.

8. THE CASE OF ABSENCE OF A GLOBAL SOLUTION
OF PROBLEM (1.1), (1.3)

Remark 8.1. Below we show that, under certain conditions imposed on the functions a, f €
C(Q), ¢ € C*(R), and ¢ € C(R), for any fixed xy € R, there exists a number

T = T*(‘To;av f7 807@ >0

such that, for ¢, € (0,7), problem (1.1), (1.3) has a strong generalized solution of the class C in
the domain Dp,, and for ¢, > T it does not have such a solution in this domain.

Lemma 8.1. Let u be a strong generalized solution of problem (1.1), (1.3) of the class C in the
domain Dp,. Then one has the integral relation

zo+to

/ae“xdwdt: /[zp(a:)x(m,O)—go(m)xt(a;,O)]dm— /uﬂxdmdt—i—/fxda;dt (8.1)

Dp, zo—to Dp, Py
for any function x such that

x € C*(Dp,), X

n =0, i=1,2. (8.2)

Proof. By the definition of a strong generalized solution u of problem (1.1), (1.3) of the class
C in the domain Dp,, we have u € C'(Dp,), and there exists a sequence of functions u, € C?(Dp,)
satisfying relations (2.4) and (2.5).

Set f, := Lu,. We multiply both sides of the relation Lu, = f,, by the function x and integrate
the resulting relation over the domain Dp,. As a result of integration by parts on the left-hand
side in this relation with regard of (8.2), we obtain

zo+to

[ aemxdsit= [ @x(@0) - eu)(e,0)] do
Dp, zo—to
- / u,Oxdxdt+ [ fuxdzdt. (8.3)
Dp, Dp,
Here
O = Uy (-, 0), Uy = Uy (-, 0). (8.4)

By passing in relation (8.3) to the limit as n — oo and by taking into account (2.4), (2.5), and
(8.4), we obtain the desired relation (8.1).
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Lemma 8.2. Let a function u € C(Dp,) be a strong generalized solution of problem (1.1), (1.3)
of the class C in the domain Dp,. If

a(z,t) < —cg:=const <0, f(z,t) >0, (z,6)€, ¢x)>0, Px)>0, =zecR, (85)
then u > 0 in the domain Dp,.

Proof. By virtue of (4.2), (4.4) and the property of the operator [(J-!, the nonnegativity of the
function u readily follows from the representation (5.1).

Under the assumptions of the lemma, by taking into account the inequality 2e* > u? for u > 0,
from (8.1), we obtain

C3 / u?y dx dt

Dp,
zo+to
<2 / [o(x)x¢(2,0) — (x)x(x,0)] dz + 2 / ulx dz dt — 2 / fxdzdt. (8.6)
xo—to DPO DPO

We use the method of test functions (e.g., see [8, pp. 10-12]). Let us introduce a function
X" := x°(z,t) such that

XO € 02(3(071))7 XO|D(0,1> >0, XO‘%‘,«),U =0, i1=1,2, (8'7)
and 0,02
o = / | ;‘0‘ dz dt < +oo. (8.8)
Do,1)

One can readily see that, for a function x° satisfying conditions (8.7) and (8.8), one can take,
e.g., the function o
XO = X* (:L‘vt) = [(1 - t)z - xQ]nv (l‘,t) € D(O,1)7 (89)
for a sufficiently large positive integer n.
Now, by assuming that xp,(z,t) = xX°((z — o) /to,t/to) and by taking into account (8.7), one
can readily see that

xp, € C*(Dp,), Xpo|Dry >0, XPolvir, =0, i=1,2. (8.10)

We assume that the functions f, ¢, and 1 and the number z, are fixed and introduce a function
of the single variable ¢,

zo+to
= [ a0 - o020 o [ p do (s.11)

We have the following assertion on the absence of the global solvability of problem (1.1), (1.3).

Theorem 8.1. Let condition (8.5) be satisfied, and let a function u € C(Dp,) be a strong
generalized solution of problem (1.1), (1.3) of the class C' in the domain Dp,. If

liminf ¢ (ty) > 0, (8.12)

to— 400

then there exists a positive number T := T%(x¢; a, f, @, 1) > 0 such that, forty > T, problem (1.1),
(1.3) does not have a strong generalized solution of the class C in the domain Dp,.
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Proof. Suppose that, under assumptions of this lemma, there exists a strong generalized solution
u of problem (1.1), (1.3) of the class C' in the domain Dp,. Then, by Lemmas 8.1 and 8.2, we have
inequality (8.6), where, by virtue of (8.10), for the function x, one can take the function x = xp,;
i.e.,

03/u2xp0da:dt§2/ul]xpo dx dt —2((to). (8.13)

Dp

0 Dep,

]

By using the e-inequality, we obtain

0O 2
| XP0| <€U2XP0+| XP0| ]

2ulxp, < 2lullxp,| = 2[uly/Xr, —F—=
X Po EXPy

From the last inequality and from (8.13), we obtain the inequality

[ 2
(cs —¢) / u?xp, drdt < = / [Oxr, dx dt —2((to),
€ X Po

DPO DPO

which, for € < ¢z, implies that

2
/u Xp, dx dt < / Exr, dx dt — C(to). (8.14)
(c3 —¢) XPy c3—¢€
Dpy Po
. . 1 4 . . C3 . . .

Since ming<. <., p— = — is attained for ¢ = 50 We find that inequality (8.14) acquires

the form A Ovo 12 A
/ uxp, dz dt < — / ﬂ dx dt — —((to)- (8.15)

5 C3D XPq C3

Po Po

Since xp,(z,t) = X°((x — x0)/to,t/to), it follows from conditions (8.7) and (8.8) that, after the
substitution x = xy + tox’, t = tot’, we obtain

Oy, |? Oy
Dl g, — —/|X|ddt——20<+oo.
X Py to

Dp, Do,1)

Then, by virtue of condition (8.10), from inequality (8.15), we derive the inequality

2 \? 4
OS /U Xpodflfdt< < > %0——C(t0) (816)
C3t0 C3

DPO

By virtue of the definition (8.8), we have lim;, .|, (2/(cst))?s = 0. Therefore, by (8.12), there
exists a positive number T° := T%(x¢;a, f,¢,1) > 0 such that for ¢, > T° the right-hand side of
inequality (8.16) is negative, while the left-hand side in this inequality is nonnegative. This implies
that if there exists a strong generalized solution u of problem (1.1), (1.3) of the class C' in the
domain Dp,, then we necessarily have t, < T°, which completes the proof of Theorem 8.1.

Remark 8.2. By Remark 8.1, by 7™ := T*(z¢; a, f, ¢, %) we denote the least upper bound of
to > 0 for which problem (1.1), (1.3) is solvable in the domain Dp,. It follows from Theorems 7.1
and 8.1 that 0 < T* < T°; moreover, problem (1.1), (1.3) is solvable in the domain Dp, for t; < T*
and has no solution for ty, > T*.

Remark 8.3. One can readily see that if, in addition to (8.5), we additionally require that one
of the following inequalities is satisfied:

() f(x,t) > ¢, (z,t) € (ii) p(z) > ¢ (iii) Y(z) > ¢, x€R, (8.17)
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where c := const > 0, and for the function yp,, we take

Xr (1) = X" ((x — 20) /10, /o),

where x* is given by (8.9), then condition (8.12) is satisfied, and, therefore, in this case, prob-
lem (1.1), (1.3) with sufficiently large ¢, does not have a strong generalized solution u of the class C
in the domain Dp,.

Indeed, by performing the transformation of the independent variable x by the formula
x = xy + to7 in the first integral in (8.11) in the case in which, for example, the third condi-
tion (8.17) is satisfied, after simple manipulations, we obtain

xo+to 1 1
C(ty) > / Y(x)xp, (,0)dxr =t /w(mo + toT)X " (7,0) dT > cty /(1 — 7'2)" dr
xo—to —1 —1
1
= 2ct /(1 —7°)"dr = ctyB(27',n+1) >0, (8.18)

0

where B(a,b) is a well-known Euler integral of the first kind (e.g., see [9, p. 750]). It readily
follows from (8.18) that inequality (8.12) holds. The remaining cases in (8.17) can be considered
in a similar way. The proof of Theorem 8.1 is complete.

Remark 8.4. If condition (8.17) fails, then, in general, problem (1.1), (1.2) can have a global
solution. Indeed, the function

8
t)y=ln——
u(z,t) =1In =y
is a global solution of problem (1.1), (1.2) for
8
=0 =0 =ln——+ eR.
f ) w Y SO(‘I) n (ew + eiw)QJ x
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