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1. Introduction

Consider a semilinear wave equation of the form

0%u

ot2
where X\ # 0 is a given real constant, f and F' are given real functions, besides,
f is a nonlinear one and w is an unknown real function, A = Y"1 | (,%2%, n > 2.

Let D be a conic domain in the space R"! of the variables x = (1, 72,
..., xy) and ¢, i.e. D contains, along with the point (x,t) € D, the whole ray
l:(tx,7t),0 < 7 < 0o. Denote by S the conic surface of D. Suppose that
D is homeomorphic to the conic domain w : ¢t > |z|, and S\O is a connected
n-dimensional manifold of the class C*°, where O = (0, ...,0,0) is the vertex
of S. Suppose also that D lies in the half-space t > 0 and Dy := {(z,t) € D :
t< T}, Sp:={(z,t) € S:t <T} T > 0. It is clear that if T = oo, then
Do =D and S, = S.

Lyu := Au+ Af(u) =F, (1.1)
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For the equation (1.1) we consider the problem on finding of a solution
u(zx,t) of that equation in the domain Dy by the boundary condition

U |sp =g, (1.2)

where ¢ is a given real function on Sr.
In the linear case, when A = 0 and the conic manifold S = 0D is time-
oriented, i.e.

(V%—ZV?) ls <0, wpls <O, (1.3)
=1

where v = (v1,...,Vn, 1) is the unit vector of the outer normal to S\O, the
problem (1.1), (1.2) was posed by S.L. Sobolev in the work [1], where the
unique solvability of this problem in the corresponding functional spaces is
given. In the same work [1] it is made a conjecture that the obtained results
will be valid for nonlinear wave equations. The aim of the present paper is
to reveal conditions for nonlinear source term in the equation (1.1) which will
ensure a global solvability of the problem (1.1), (1.2) in some certain cases and
be a cause of nonexistence of a global solution of this problem in other cases,
although in all these cases the considering problem will be locally solvable.
In the particular case of nonlinearity when f(u) = |u[Pu, p = const > 0 and
the homogeneous boundary condition (1.2), i.e. for g = 0, the problem (1.1),
(1.2) has been considered in [2], while for the nonhomogeneous boundary con-
dition (1.2) this problem has been studied in [3]. Note that in the case (1.3)
the problem (1.1), (1.2) can be considered as a multidimensional version of the
Darboux second problem [4, pp. 228, 233] for the semilinear equation (1.1).

It should be noted also that for the nonlinear wave equations (1.1) other
problems (Cauchy problem with initial conditions at ¢ = 0, Cauchy character-
istic problem in the light cone of future, mixed and periodical problems) are
considered in numerous literature [see, e.g., [5—24]].

Below we require that the condition (1.3) is fulfilled and the nonlinear
function f satisfies the following requirement

feC®), |f(u)| <M + Mul®, a=const>0, uweR, (1.4)

besides, in the following sections we consider also the condition
/ f(s)ds > —Ms — Myu?, u€ R, (1.5)
0

where M; = const > 0,i=1,2,3,4.

Remark 1.1. In the case when « < 1 from the inequality (1.4) it follows the
inequality (1.5). It is obvious also that the function f(u) = |u|*signu satisfies
both conditions (1.4) and (1.5) for My = 0,My = 1,M5 = My = 0, since
Iy Is|*signsds = = |ul*™, o> 0.
Denote by W§(€) the Sobolev space consisting of the elements of L (Q),
having in Lo (£2) all generalized derivatives up to the kth order, inclusively.
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Remark 1.2. The embedding operator I : Wy (Dr) — Ly(D7) is the linear
continuous compact operator for 1 < g < 2(7?:1), when n > 1 [25, p. 86].
At the same time the Nemitsky operator K : L,(Dr) — Lo(Dr), acting
according to the formula Ku = f(u), where the function f satisfies the condi-
tion (1.4), is continuous and bounded for g > 2a [26, p. 349], [27, pp. 66, 67].
Thus, if o < 2 ie 20 < (nH) , then there exists a number ¢ such that

n—17
1<g< 2("+1) and ¢ > 2a. Therefore, in this case the operator

Ko = KI:Wy(Dr) — Lo(D7) (1.6)

is continuous and compact. Moreover, f(u) € La(Dr) follows from u € Wi
(Dr), and if u,, — u in the space W4 (D), then f(u,,) — f(u) in the space
Ly(Dr).
Definition 1.3. Let F' € Ly(Dr),g € W3 (St) and the condition (1.4) be ful-
filled with 0 < a < 2t We call a function v € W3 (Dr) a strong generalized
solution of the nonlinear problem (1.1), (1.2) of the class W4 in the domain Dr
if there exists a sequence of functions uy € C?(Dr) such that up — u in the
space W4 (Dr), Lyu, — F in the space Lo(Dr) and uk|sT — ¢ in the space
W4(S7). The convergence of the sequence {\f(u)} to function Af(u) in the
space La(Dr) when uy — u in the space W3 (Dr) follows from Remark 1.2.

Definition 1.4. Let 0 < a < 2, the condition (1.4) be fulfilled and F €
Ls10c(D), g € WQ,ZOC(S) and F |DT € Ly(D7), gls, € Wi(Sr) for every
T > 0. We say that the problem (1.1), (1.2) is globally solvable in the class
Wy if for every T > 0 this problem has a strong generalized solution of the
class W3 in the domain Dr.

Definition 1.5. Let 0 < a < 2, the condition (1.4) be fulfilled and F €
Ly joe(D), g € W3,,.(S) and F |DT € Lo(Dr), glsy € Wa(St) for every

Jloc
T > 0. We say that the problem (1.1), (1.2) is locally solvable in the class W3
if there exists a number Ty = Ty(F, g) > 0 such that for T < T} this problem

has a strong generalized solution of the class W in the domain Dr.

The work is organized as follows. In Sect. 2 it is received a priori estimate
of the solution of the problem (1.1), (1.2) of the class W, which is used in
the proof of the global solvability of this problem in Sect. 3. In Sect. 4, under
certain requirements on the nonlinear function f, it is proved the uniqueness
of the solution of the problem (1.1), (1.2) of the class W (this question has
not been considered in [2,3]). In Sect. 5 we consider the cases of absence of
global solvability and in the last section it is established the local solvability
of the problem (1.1), (1.2).

2. A priori estimate of the solution of the problem
(1.1), (1.2) of the class W}

Lemma 2.1. Let A > 0, the conditions (1.3), (1.4), (1.5) be fulfilled, 0 < o <
2tl " € Lo(Dr) and g € W3 (St). Then for every strong generalized solution

n—1’
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u of the problem (1.1), (1.2) of the class W3 in the domain Dt the a priori
estimate

1
lullwiory < aillFllLyr) + c2llgllwisr) + esllgllivs sy + (2.1)

is valid with nonnegative constants ¢; = ¢;(\, S, f,T),1 <1 < 4, not depending
onu,g and F, where ¢c;j > 0,7 =1,2.

Proof. Let u € W3 (Dr) be a strong generalized solution of the problem (1.1),
(1.2) of the class W5 in the domain Dz. Then, in view of Definition 1.3, there
exists the sequence of functions uj, € C?(D7) such that

A fu = ullwypy) =0, im [|Lyug = Fllg, 00 =0, (22)
i fuelsy = gllwy sy = 0. (2.3)

Consider the function uy, € C?(Dr) as a solution of the following problem

Ly, = Fy, (2.4)
uklg, = gk-
Here
Fy := Laug, gk := ug |sy- (2.6)
Putting
u) = /O“ f(s)ds (2.7)

and multiplying the both sides of the equation (2.4) by a“’“, after integration
in the domain D, := {(z,t) € D:t <7}, 0 <7 < T, we receive

1 0 [ Ouy Ouy,
5/1) g () dr dt — / Auk—dajdt

o 8uk

Let 2, := DN {t =7} and denote by v = (v1, ..., Vn, V) the unit vector
of the outer normal to S7\{(0,...,0,0)}. Integrating by parts and taking into
account the equalities (2.5) and v |o. = (0,...,0,1) we receive

9 (duy\’ B duy, [ (o duy,
/ a (&f) dl’dt—/@DT <8t>2VOdS —/Q <8t 2d +LT 87 2I/Ud87

.

/\/ (ug)dx dt = X C(ug VodS—/\/Cgkllods—F)\/ C(ug)d

0D,
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1 2
il “j Ok 41 — / Ouik Dk 15— 7/ o (6“’“> dz dt
D, ox ot 8D, (91‘1 (9t 2 D, ot 8331‘
8uk 8uk 1 auk 2 8uk 6uk
= v;ds — vods = —;ds
oD 8301 8t 2 oD, 8.%1 oD, (91’1 315

1 ouy, 2 1 ouy, 2
—2/& (a) ”0‘“‘2/9, (a) -

Whence due to (2.8) it follows that

ouy, 1 ~ ouy, ouy, 2
Fpgtdudt= | o RN L
/ k . /S‘r 21/0 |J_Z1 ((91172 Yo at v )

_1_%2 z_i:z d+1/ %2+zn:8uk2d
o) \" =TT )y (Vo) T &) |

+A /S, C(gk)vods + )\/QT C(ug)dz. (2.9)

Since A > 0 and in view of (1.3), (1.5) and (2.7) from (2.9) it follows that

1 auk 2 - (’)uk auk 8uk 2
Q/QKat) +§(ax” . M[ a0 ) |

9
+/\/ \C(gk)||uo|ds+/\/ [M3+M4u§]dz+/ £ g dt. (2.10)
s, Q. p, Ot

Because S represents a conic manifold, then supg, o o]~ = SUPgA {1}
|vo| L. At the same time S\O represents a smooth manifold and SN{t = 1} =

0€);—1 is a compact manifold. Therefore, since vy is the continuous function
on S\O, we have

My :=sup |vo| ™ = sup || ™! < 4oo, |wo| <=1 (2.11)
5\O Sn{t=1}
Noting that (VO% - l/i%),i =1,...,n, is an inner differential operator

on St and due to (2.5) we obtain

"L [ Ouy, our, \° 9 9
/s Z(@xi "O_aty”') ds < |l uk |s: [y (sr) = ll9rlliwg (s (212)

i=1

P

From (2.11), (2.12) it follows that

1 - 8uk 8u;€ 2 1
— 2y ) | ds < =M, 2 e 2.13
/s, 2vo| [2 <8mi 0T ot V) ] °=3 ollgkllw; (s (2.13)

In view of (1.4) and (2.7) we have

|_‘/ (s ds(<M1\u|+ o ful (2.14)
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By virtue of the Cauchy inequality 2F} % 8“’“ < F?+ ((%’“)2 and due to (2.13),
(2.14) from (2.10) we have

our \ Ouy,
/QT (m) +;(axz o < Mollgpl g s+ 2000 [ ol

.

2AM>

+a—|—1

/ lge|* T ds + 2XM3mesQ, + 2)\M4/ uidx
S, Q,

2
+/ (3“’6> dde/ Fldedt,0 <1 <T. (2.15)
Dy \ Ot Dr

Further, according to the Schwartz inequality we have

5 3
/ lgr|ds < (/ 12d8> (/ |gk|2d‘9)
s s, s,

-

1 1
< (mesS7)? gk llwy(s,) < (mesSt)? gk llwg(sp)-  (2.16)

Considerations from Remark 1.2 regarding to the space W, (St), taking
into account that dimSp = dimDr — 1 = n, show that embedding opera-
tor I : Wa(St) — Ly(St) is a linear continuous compact operator for 1 <

g < 2%.n > 2 [25, p. 86]. At the same time the Nemitsky operator K; :

L,(St) — Lao(Sr), acting according to the formula Kyu = \u|aT+1 is continu-
ous and bounded for ¢ > 2””r1 = a+ 1 [26, p. 349], [27, pp. 66, 67]. Thus, if

atl< A ie a< ”+2 then there exists number ¢, such that 1 < ¢ < 2f‘2
and q > a + 1. T herefore in this case the operator
Ko = K11 : W3 (St) — La(St)
will be continuous and compact. Hence, according to the inequality ”H < Z—fg
and (2.3), (2.5), it follows that
lim / lgp|*Tds = / lg|*“Ttds (2.17)
k—oo S S
and
/S g1 1ds < C4 g 1Bra s, (2.18)
T

with a positive constant Oy = C;(T'), not depending on g € W} (St).
If t = y(z) represents an equation of the conic surface S, then due to (2.5)
we have

T

ug(z,7) = up(z,v(z)) + . %uk(x s)ds = gg(x)

—|—/ guk(x s)ds, (z,7) € Q.
2(@) OF
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Squaring the both parts of the obtained equality, integrating it in the domain
Q. and using the Schwartz inequality, we receive

2
/ uide < 2/ g2 (z,y(x))dz + 2/ (/ Quk(x s)ds) dx
Q- Q Q. (z) ot

-

32/5 gﬁd5+2/ﬂ(777(x)) MI)@EZ") ds

+2T/ /T (aw)st dx—Q/ g2ds+2T/ (6“’“>2dxdt
o |Jy@ \ Ot STk p, \ Ot '

In view of (2.16), (2.19) from (2.15) it follows that
n

Ouy, Aug \ > 2
i ( at> +Z(axi> o < Mo g iz sy

=1

dm§2/ gids
S

T

-

/Q,

2\ Mo
+2)\M1(mesST)2 |9k ||W2(ST)+ +1/ |gk|a+1ds

2
2/ g,ids+2T/ (a“’“) dzdt]
S p. \ Ot
8uk 2 2
+ — | dxdt+ Fidxdt
p, \ Ot D,

8uk - 8uk 2
uk+(6‘t> +Z(6:ci> ]dm

i=1

+ 22X M3mesQ, + (2AMy + 1)

< (AAMLT + 2T + 1) /
DT

2AM,
[MO (g \|W1(ST)+2)\M1(mesST)2 || g HWQ(ST)-I- / lg|*Tds

+22AMzmesQr + (AAMa + 2) |lgx 13 g,y + |1 Fx |12(DT)] : (2.20)

w(r) = /Q

then from (2.20) we have

Let

2, (Ouk :i 0w\, (2.21)
AT Ve ) T & o ’ '

w(T) < (AANMLT + 2T + 1)/ w(s)ds + [(M() +4XMs+2) || gk ||%,V21(ST)
0
+2/\M1(mesST)% gk |lwp(sz) + 2AMzmesQr

2A\M-
2 /S lgr|® T ds + || Fy, |2LQ(DT)} , 0<7<T.
T

a+1
Hence, due to the Gronwall’s lemma [28, p. 13], it follows that
w(r) < Agexp(ANMLT + 2T+ 1)1, 0<7<T. (2.22)
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Here
A = (Mo + 4AMy +2) [|g| By sy + 2AMa (mesSr)? gk |lwy (s
2\ M N
+ 2AMsmesQr + ar1 /ST |gk| +1ds + ||Fk ||%2(DT)' (223)

In view of (2.21) and (2.22) we have
T
B gy = / w(r)dr < AgTeap(AAMIT + 2T + )T, (2.24)
0

Further, by virtue of (2.2)—(2.5), (2.17), (2.18) and (2.23), passing to
limit for £ — oo in (2.24), we obtain

1l Bz (pgy < AT exp(AAMT + 2T + 1)T. (2.25)
Here
A= (Mo + IAMy +2) 1918y 0y + 2AMr(mesSz)Hllgllw sy
2\M,
a+1
Taking square root from the both sides of the inequality (2.25) and using the
obvious inequality (327, a2)2 < 2™, |as], in view of (2.26) we finally obtain

=1 """

+ 2\M3mesQr + Cillgl3vs sy + 1PN oDy (2.26)

1
llullwi(pry < e1llFllLoory + c2llgllwics,) + C3H9||§V21(3T) + 4.

Here
c1 = VTexp(2AMJT + T + 3)T;
ca = VT (Mo +4AMy + 2220y + 2)Zeap(2AMT + T + §)T;

o+l 2.27
cs = VT2XM; (mesSr)Texp(2AMT + T + 1)T; (227)
¢y = VT (2AMsmesQr) 2 exp(2AMLT + T + T
This completely proves Lemma 2.1. O

3. Global solvability of the problem (1.1), (1.2) of the class W}

First consider a solvability of a linear problem corresponding to the prob-
lem (1.1), (1.2) when A = 0 in the equation (1.1), i.e. for the problem

LOU(‘T7t) :F($7t),($,t) € DTa (31)

u(z,t) = g(z,t), (z,t) € St. (3.2)

In this case for F' € La(Dr),g € Wa(St) we introduce analogously a notion

of strong generalized solution u € Wy (D7) of the problem (3.1), (3.2) of the

class W21 El the domain D7, for which there exists a sequence of functions

ur, € C?(Dr), such that u;, — u in the space W4 (D7), Louy — F in the

space La(Dr) and wy |s, — ¢ in the space W3 (St). Note that, as it follows

from Lemma 2.1, due to (2.27) when A = 0 for the strong generalized solution
u € W3 (Dr) of the problem (3.1), (3.2) the following estimate

ullwg oy < cUlF[lLo(pr) + lgllwi sr) (3:3)
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is valid, where
1
¢ =VT(My+2)? ex <T + 2) T. (3.4)

Let us introduce into consideration the weighted Sobolev space Wzlfa (D),
0 < a<ook=1,2,..., consisting of the functions from the class WQZOC(D)
for which the norm [29]

o'
2 —2a—2(k—1)| Y % d dt
s =3 [, Sutar | 4ot
is finite, where
n 2 , ,
2, g2 ou J'u o ) )
LA = G aweape =ittt

Analogously is introduced the space W5, (S), S = 9D [29].
Together with the problem (3.1), (3.2) consider an analogous problem in
the infinite cone D with the following statement

Lou(z,t) = F(z,t), (z,t) € D, (3.5)
u(xvt) - g(x,t), (xat) €S (36)

According to (1.3) and the result of work [30, p. 114] there exists constant
ag = ap(k) > 1, such that for @ > «q the problem (3.5), (3.6) has the unique
solution u € W¥ (D) for every F € Wh_1 (D) and g € Wy . (8),k>2.

, > AT
Since the space of finite and infinitely differentiable functions C§°(Dr)

is dense in Ly(Dr), then for a given F' € Lo(Dr) there exists a sequence of
functions F; € C§°(Dr), such that

llifgo [|Fy — Fl|p,(pg) = 0.

For fixed [, extending the function F; with zero beyond domain D7 and
using the same notation for it, we will have F; € C§°(D). It is obvious that
F e W;;il(D) for every k > 2 and « > 1, and, therefore, for o > o = ag(k)
too. If g € W3 (Sr), then there exists a function § € W3 (S) such that
g = §lsy and diamsuppg < oo [25, p. 56]. At the same time the space
C(8) := {g € C=(S) : diam suppg < +00, 0 # suppg} is dense in W3 (9)
[31]. Therefore there exists a sequence of functions g; € C2°(S) such that
im0 |91 = G llwzcsy = 0. It is easy to see that g; € W;a_%(S) for every
k > 2 and « > 1, and therefore for @ > ap = ag(k) too. In view of the aforesaid
there exists the solution @ € W5 (D) of the problem (3.5), (3.6) for F = F
and g = g;. Let w; = @ |p,. Since u; € WEF(Dr), then choosing number k
sufficiently large, namely k > ”'2"1 + 2, according to the theorem of embedding
[25, p. 84] we have u; € C%(Dr). According to the estimate (3.3) we have

lur = wllwy(pry < c(1Fy = Fullpaor + o= gvllwisy)- (3.7)



126 S. Kharibegashvili and B. Midodashvili NoDEA

Since the sequences {F}} and {g;} are fundamental in the spaces Ly(Dr) and
W3 (St), respectively, then due to (3.7) the sequence {;} is fundamental in
the space W, (D). Therefore, because of completeness of the space Wy (D7)
there exists the function u € Wy (Dr) such that lim; o |Ju; — ullw1(p,) =0,
and since Lou; = F; — F in the space W4 (D7) and g; = w|s, — g in the
space W4 (S7), then the function u will be a strong generalized solution of the
problem (3.1), (3.2) of the class W3 in the domain Dz. The uniqueness of this
solution of the problem (3.1), (3.2) of the class W in the domain D7 follows
from a priori estimate (3.3). Therefore, for the solution u of the problem (3.1),
(3.2) we have u = Ly ' (F,g), where Ly"' : Lo(Dr) x Wi (St) — Wa(Dr) is a
linear continuous operator, whose norm, in view of (3.3), admits the following
estimate

Lo M Lo (Dryx Wi (87)— Wi (D) < € (3.8)
where constant ¢ is determined from (3.4).

Because of linearity of the operator Ly ' : Ly(Dr) x W3 (S7) — Wa(Dr)
we have the following representation

Ly H(F,g) = Lot (F) + Loy (9), (3.9)

where Ly;' : Lo(Dr) — Wa(Dy) and Ly : Wi (St) — W3 (Dr) are the linear
continuous operators, which satisfy conditions

Lot Lo (Dry—wi D) < ¢ Lo lw (sm)—wi(pry < € (3.10)
on the basis of (3.8).

Remark 3.1. Note that for F € Ly(Dyr), g € W3 (St), 0 < v < “EL | by virtue
of (3.8), (3.9), (3.10) and Remark 1.2, the function u € W (Dr) is a strong
generalized solution of the problem (1.1), (1.2) of the class W3 in the domain
D if and only if u satisfies the following functional equation

w= Lol (~Af(w) + L (F) + L2 (9) (3.11)
in the space W3 (Dr).
Rewrite (3.11) in the form
w= Agu = — Ly (Kou) + L (F) + L2 (9), (3.12)

where the operator Ky : Wi(Dr) — La(D7) from (1.6), according to
Remark 1.2, is a continuous and compact operator. Therefore, in view of (3.10)
the operator Ay : W) (Dr) — W3(Dr) is also continuous and compact. At
the same time, because of Lemma 2.1 and (2.11), (2.27), for every parameter
7 € [0,1] and every solution u of the equation u = TAgu with parameter 7
it is valid the same a priori estimate (2.1) with nonnegative constants ¢;, not
depending on u, F,g and 7. Thus, according to the Leray—Schauder theorem
[32, p. 375], the equation (3.12), and therefore, according to Remark 3.1 the
problem (1.1), (1.2) has at least one solution u € W3 (Dr). We proved the
following theorem.
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Theorem 3.2. Let A > 0 and the conditions (1.3), (1.4), (1.5) with0 < a < 21
be fulfilled. Then for every F € La(Dr) and g € W3 (St) the problem (1.1),
(1.2) has at least one strong generalized solution u of the class W4 in the
domain D .

From Theorem 3.2 it follows the global solvability of the problem (1.1),
(1.2) of the class W3 in the sense of Definition 1.4.

4. Uniqueness of the solution of the problem (1.1),
(1.2) of the class W,

Let us impose on the function f in the equation (1.1) additional requirement
feC'R), |f(w)|<a+blul”; a,b,y=-const>0. (4.1)

It is obvious that the condition (1.4) with a =~ + 1 follows from (4.1),

2 n+1
andwhen’y<mwehavea:'y+1<%.

n

Theorem 4.1. Let 0 < v < —2; and the conditions (1.3), (4.1) be fulfilled.
Then the problem (1.1), (1.2) cannot have more than one strong generalized

solution of the class W4 in the domain Dt in the sense of Definition 1.3.

Proof. Suppose that F' € Ly(Dr), g € W3(St) and the problem (1.1), (1.2)
has two strong generalized solutions ui,uz € Wi (Dr) in the sense of Defi-
nition 1.3, i.e. there exist two sequences of the functions u;, € C%(Dr), i =
1,2; k=1,2,... such that

i ffuie —willwypgy =0, lim [[Lywik = Fllr,pg) = 0,0 = 1,2, (4.2)

m |[gir — gllwi(sr) =0, gik = Uiklsy, i =1,2. (4.3)
k—oo

Let

W=y —uy, W =ugy — Utk Fy = Lyugg — Lauig  gp = wk|sy- (4.4)

Then in view of (4.2), (4.3) and (4.4) we have

Jim fwy, — wllwy g =0, i [|Fil|zyp =0, (4.5)
klinéo H92||W21(ST) =0. (4.6)

In accordance with (4.4) we consider the function wy, € C%(Dr) as a solu-
tion of the following problem

2
% = Lwg = —A[f (uak) = fuwk)] + Fi, (4.7)

wi|sr = gg. (4.8)

Dwk =
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Multiplying the both sides of the equation (4.7) by the function 65?7
after integration in the domain D., in the same way as in derivation of the
equality (2.9) we have

8wk

[P = M) — Fune))y
D,
_ 1 — [ Oy, owr \” owy \ 2 5 = o
- /S.r TVO ; (aziVO - atVz) + ((%) vy — ;Vj ds
+1/ %Q—S—Xn: Q)" dr,0<7<T (4.9)
2 Q- ot iz 8:@ L T=4 :

1

Due to (1.3) and (2.12), (2.13) from (4.9), taking into account (4.8), we

obtain
8wk 2 5‘wk
(8t> + ; < oz, dx < MO||ngW1 (S7)

/m
Oowy, Owy,
vo | F% g dr 200 \f(ugk)—f(ulk)\‘—)dxdt. (4.10)
DT 8t DT at

Taking into account the inequality |d; + do|” < 2Ymax(|d1]7,|dz2|?) <
27(|d1 |7 + |da|?) for v > 0, due to (4.1) we have

1
) = Flane)| = [ = ) [ e+t = )i

1
< sk — ulk\/ (a4 b|(1 — t)usk + tuon|)dt < alusk — ]
0

+27blugy — uik|(|uik|” + |uzk|”) = alwg| + 27bJwg |(Juik]” + |uzk]”)-
(4.11)

Applying the obvious inequality 2d;ds < d? +d3 and the inequality (4.11)
to the right-side of (4.10) we obtain

awk 2 awk )
/QT (at) +Z(8x7> ]dw<M0||gk|W (ST)+/ de.’tdt

i=1
8wk 2 2 8wk
+/DT <8t> d:z:dt+a|)\| o wi, + W

2v+1b\A|/ (il + e ) o | “”“‘d dt. (4.12)

dx dt

The last integral in the right-side of (4.12) can be estimated by the Holder
inequality

[ G+ fuse ]| % < (sl L 01
Dt

‘ owy,

+ {2k | |2y ()| Wk 2, (D) (4.13)

Lo(Dp)
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1,1 ;
where nT—l +5,+3= =1, i.e. for

p= % (4.14)

Since dimDr = n + 1, then according to the embedding theorem of
Sobolev [27, p. 111] for 1 < ¢ < 2(7?7:1) we have

V]|, (D) < Collvllwg(pgy Yo € W3 (Dr) (4.15)

with positive constant C,, not depending on v € W3 (D).

According to the conditions of the theorem ~ < % and, therefore,

y(n+1) < % Thus, in view of (4.14) and inequality (4.15) we have

|| |uik|v HL,L+1(DT) = ||uik||Lw(n+1)(DT)
< il fspyy 1= 12k =1, (4.16)
2(n+1)

llwillr, sy < Cpllwkllwi(pry, = k> 1 (4.17)

n—1

According to the first equality of (4.2) there exists the natural number
ko such that for & > kg we will have

Whence, taking into account (4.13), (4.16) and (4.17), it follows that
Wlbw/ (Jure]” + |qu|7)|wk|‘a—?’dxdt

< 27+1b|)\‘07(n+1 (HulHWl (Dr)

‘ 6wk

+||“2||‘V/V21(DT) +2)Cpllwillwi (o) La(Dz)

8wk

< Mi (Hwk”Wl pr) H L2(DT)> 2M [kl livy (o,

= oM} /DT wl + (%}f‘“) +Z (%’“) ]dwdt, (4.18)

where 2M7 = 27+1b|)\|03(n+1)(||u1||W21(DT) + |\uz\|W21(DT) +2)C,,.
In view of (4.18) from (4.12) we have

LG 5 G
X/DT w§+(awk) +Z<awk> ]dmdt

+M0|\g,2||§V21(ST)+/ Fldvdt, 0<7<T, (4.19)
Dr

dz < M3

where M3 =1+ a|A| + 2M7.
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Note that the inequality (2.19) is still valid if we replace uy and gi with
wy and g,g, ie.

2
/ wﬁdzg2/ (g2)2ds+2T/ <36“;’“> de dt
Q- St Dr

ow 2 n Ow 2
§2||92||%V5(ST)+2T/D wi + (8:) +Z<ax’f> ]dm. (4.20)

Putting

B NP
AANY — \ Ou; ’ '
and summing up the inequalities (4.19) and (4.20), we receive

alr) < (85 +21) [ o()ds + o+ 2116 Brgisp) + 1P oo
Using the Gronwall’s lemma [28, p. 13] we conclude that
(1) < (Mo + 2NlgRIys sy + [1Fkl[L0(pp)] exp(M3 +2T)7. (4.22)

From (4.21) and (4.22) it follows that

T
el By gy = / ve(r)dr < T[(Mo +2)[|g21 s s

+Fl7,(ppy) exp(M3 + 2T)T. (4.23)
Due to (4.5) and (4.6) from (4.23) we have
khj;o lwillwi (pry = 0.
Hence, in view of the first equality of (4.5), it follows that

Hw||W21(DT) = khf;o |Jw —wy + wk”Wzl(DT)

IN

Jim (| = wyllwy(py) + Jim |[wrllw o) = 0.

Therefore w = us — u; = 0, i.e. us = uy, which proves Theorem 4.1. O

The theorem below immediately follows from Theorems 3.2 and 4.1.

Theorem 4.2. Let A > 0 and the conditions (1.3), (4.1), (1.5) with 0 < v < 25
be fulfilled. Then for every F € La(Dr) and g € W3 (St) the problem (1.1),
(1.2) has the unique strong generalized solution u of the class W4 in the

domain Dr.



Vol. 18 (2011) On the solvability of one BVP for some semilinear wave 131

5. Absence of the global solvability of the problem (1.1), (1.2)

Below we show that violation of the condition (1.5) may cause an absence of
the global solvability of the problem (1.1), (1.2).

Lemma 5.1. Let u be a strong generalized solution of the problem (1.1), (1.2)
of the class W3 in the domain Dt in the sense of Definition 1.3. Then the
following integral equality

/ uodr dt = —\ f(u)pdx dt + / Fodx dt (5.1)
Dr Dr Dr

1s valid for every function ¢ satisfying conditions

_ %

e C*(Dyp), ‘ =
¢ (Dr) SOE)DT Ov oDy

=0, (5.2)

62

where [ := 55 — A, v is the unit vector of the outer normal to dDr.

Proof. According to the definition of a strong generalized solution w of the
problem (1.1), (1.2) of the class W3} in the domain D7 there exists the sequence
ug, € C?(Dr) such that the equalities (2.2)—(2.6) are valid. Let us multiply the
both part of the equality (2.4) by the function ¢ and integrate the received
equality in the domain D7. Due to (5.2) integration by parts of the left-side
of this equality yields

/ updpdz dt + A f(uk)gpdxdt:/ Fodz dt. (5.3)
Dr

DT DT
Passing in the equality (5.3) to limit for k& — oo and taking into account
(2.2) and Definition 1.3 we obtain the equality (5.1).

Let the nonlinear function f together with (1.4) satisfy the condition
f(u) > molu|®,  mo = const >0, > 1. (5.4)

Tt is obvious that in this case the condition (1.5) will be violated since fou f(s)ds
<y |u|**Lsignu for u < 0, and because o > 1, then for sufficiently large neg-
ative u the inequality (1.5) is not valid.

Let us use the method of test functions [14, pp. 10-12].

Let us introduce into consideration the function ¢° = ©°(z,t) such that

_ 8@0
0 2 0 0 0
Doo ’ = ’ =Y -1 = .
ZRS C ( ) 2 ‘DT71 >0,¢ |t21 0, |6DT71 v 1oDr_, 0 (5 5)
and
00| 11
Dr_y |9°] o o«

It is easy to verify that for sufficiently large positive m and k for the
function ¢V, satisfying conditions (5.5) and (5.6), may be chosen the function

0 _ wm(%)(l - t)mtk7 (xvt) S DT:17
90(1.7t)_{0’ tZl,

where the function w € C°°(R"™) defines an equation of the conic section 9, =
SNn{t=1}:w(z) =0,Vw|sa, # 0, besides w|q, > 0,1 : DN {t =1}.
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Setting that ¢r(z,t) = ¢°(%, %), T > 0, due to (5.5) it is easy to see
that

_ 0
pr € C*(Dr), ¢rlpy >0, erlons = % Flops =0. (5.7)

Putting that the function F' is fixed, let us introduce into consideration
the function of one variable T

¢(T) == —/D Fordxdt, T >0. (5.8)
0

Theorem 5.2. Let A > 0,1 < a < Z—ﬂ, the conditions (1.4), (5.4) be fulfilled,
F € Ly (D), F <0 and F|p, € Lo(Dr) for every T > 0, and g = 0. Then
if

TI—II"I}OO inf {(T) > 0, (5.9)

then there exists the positive number Ty = To(F) such that for T > Ty the
problem (1.1), (1.2) cannot have a strong generalized solution of the class W
i the domain Dr.

Proof. In view of (5.7), assuming in the equality (5.1) ¢ = ¢ and taking into
account A > 0, (5.4) and (5.8), we receive

)\1/ lu|“prde dt < —/ udeprdx dt — ((T)
D Dy
< / |u||Opr|dedt — (T), A = Amg > 0. (5.10)
Dt

If in Young’s inequality with the parameter ¢ > 0

/ 1 1
abgiaa_i_ 7 ba? a’7b20a7+7:1)
«@ ale’—1 a o
we take a = |u|pp,b = ID—ﬂT‘, then taking into account equality & = o — 1,
o2
we have ’
L|0er| _ € 1 |Oer|
ulBerl = fulof 22T < Epupogr 4 L 020l 5
907(,1 « e P
In view of (5.10) and (5.11) we have
1 Or|®
(Al _ 5) / lul*prda dt < —— / | f,TJl dz dt — C(T),
o/ Jp, a’e” Dr ©T
whence for € < |A1|ar we obtain
Oer|®
/ |u|® ppda dt < ° 1/ | ‘p,TJl dedt — —2¢(T).
Dy (Ma—e)a/e® =t [ 0% Ao —¢



Vol. 18 (2011) On the solvability of one BVP for some semilinear wave 133

’

Since o/ = -%5, @ = -7 and ming<c<x, o (Alafs()la'sa’fl = )\?/ , which is
reached for e = A1, then from (5.12) it follows that
1 O !
/ lu|*prdrdt < —a/ | ‘pT‘ 2T e dt — (1), (5.13)
Dt )‘1 Dt QOT M

Since pr = ¢%(%, %) and due to (5.5), (5.6), after the change of variables
=Tz, t =Tt it is easy to verify that

a’'—1

Pr
Whence due to (5.7) from the inequality

1 , !
0< / [u|*prdr dt < FT”H*QQ ®0 — i‘—g(T). (5.14)
Dr 1 1

/ | ('OT| do dt = Tn+172a'/ ‘ 14 ! dx /dt/ _ Tn+1720/830 < +o0.
DT DT 1 ( )
(5.1

3) we receive

Since 1 < a < 2 and o/ = —%- > 1, then n+1—2a’ < 0 and according
o (5.6) we have

Tn+1 2a

lim 2y = 0.

T—o00 Aa
Therefore, in view of (5.9) there exists the positive number T := To(F') such
that for T > T} the right-side of the inequality (5.14) will be negative, whereas
the left-side of this inequality is nonnegative. Thus, if in conditions of Theo-
rem 5.2 there exists a strong generalized solution of the problem (1.1), (1.2)
of the class W in the domain Dr, then necessarily T < Tp. This proves The-
orem 5.2. 0

The theorem below immediately follows from the proof of Theorem 5.2.

Theorem 5.3. Let A > 0,1 < a < 21 the conditions (1.4), (1.5) be fulfilled
and F° € Ly(Dr), F* < 0,[|F°||,(ps) # 0. Then if F = pF° g = 0, there
exists the number po = po(F°) > 0 such that for p > po the problem (1.1),
(1.2) cannot have a strong generalized solution of the class Wy in the domain

Dy.

6. The local solvability of the problem (1.1), (1.2)

Below we show that despite the absence of the global solvability of the prob-
lem (1.1), (1.2) in certain cases, for example as it was shown in the previous
section with violation of the condition (1.5), the problem is locally solvable in
the sense of Definition 1.5 with whatever sign of the parameter A at the non-
linear term f(u) in the equation (1.1). Below, for simplicity of consideration,
we set g = 0 in the boundary condition (1.2).

Theorem 6.1. Let 0 < a < 2t1, the condition (1.3), (1.4) be fulfilled, g = 0,
F € Lyjoc(D), and F|p, € LQ(DT) for every T > 0. Then the problem (1.1),
(1.2) is locally solvable in the class W3, i.e. there exists the number Ty =
To(F') > 0 such that for T < Ty the problem has a strong generalized solution
of the class W3 in the domain Dr.
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Proof. In the conditions of Theorem 6.1, according to Remark 3.1, the func-

0
tion u € W 3(Dr,St) == {v € WH(Dr) : v|s, = 0} is a strong generalized
solution of the problem (1.1), (1.2) with g = 0 of the class W3 in the domain
Dy if and only if u is a solution of the functional equation (3.12), i.e.

u = Agu := — Ly (Kou) + Lo (F). (6.1)

0 0
in the space W (D). Here Lgll : Lo(Dr) — W A(Dr, St) is the linear con-
tinuous operator with norm satisfying the first inequality (3.10), while the

0
operator Ko : W 3(Dr, St) — L2(D7), acting according to formula
Kou = —\f(u), (6.2)

0
is continuous and compact together with the operator Ay : W (D7, St) —
0
W 3(Dz, St) from (6.1). Therefore, due to the Sobolev theorem [32, p. 270]

0
for the solvability of the equation (6.1) in the space W i(D7, St) it suffices
to show that for any fixed number R > 0 and sufficiently small positive T" the

0
operator Ay transforms the closed convex ball B(0, R) := {u € W (D, St) :

[lul] o < R} with a center in null element and the radius R into itself
W 3(Dr,ST)

0
in the Hilbert space W (D7, S7). With this purpose let us estimate the value
0
1
of ||A0u||v?/%(D for u € W 5(Drp, St).

T,5T)

0
First let us put that 1 < a < 2. If w € W1(D7, Sr), then we denote
by @ the function which is the even continuation of the function u through the
plane ¢t = T into the domain D7, symmetrical to Dy with respect to the same
plane t =T, i.e.
. u(z,t), (x,t) € Dr;
= "
u(z,2T —t), (z,t) € D5,

and @(z,t) = u(x,t) for t = T in the sense of the trace theory. Obviously,

0, ~ . .
@ € Wy(Dr) = {v € Wy(Dr) : vlyp, = 0}, where Dr = Dp U Qp U
D3, Qp:=Dn{t=T)

Using the inequality [33, p. 258]

[ 10149 < (mes) 3l > 1
Q
and taking into account the equalities

2
0

allP . =29 P =112 —9
|IUHLP(DT) ||u||LP(DT)’ HUHV([)/%(E)T) ||uHW%(DT75T)7

from the well-known multiplicative inequality [25, p. 78]

- ~ 0
o]l < Bl Vavllnallvllg™ Yo €W ,(Q),Q R,

v (20 0y L (LN (1_1\T o (ntlm
S\ 0wy Oy Ot) \r p/\r m ’ T n4+1-—-m’
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for Q =Dp e R"' v =a@,r =1,m=2and 1 < p < %,Whereﬁ:
const > 0 does not depend on v and T', we obtain the inequality

T

1 1
l[ullz,(Dr) < co(mesDr) ™71~ 2]|ul| o

A% D .
W Y (Dr,S7) UEW( 7, 57), (6.3)

where ¢y = const > 0 is independent of u and T.
Taking into account that messDp = n“’—&T"“, where w,, is the volume
of the unit ball in R”, from (6.3) for p = 2 we obtain

lullzanon < Crllully, ) o Vae WHDr.Sn).  (64)
where
Cr=co (nw:l)al THbea gy :%+%ﬂ—%. (6.5)
Since « < 241 then 5 + n%rl — 2 > 0 and in view of (6.4) and (6.5),
for every u € W 3(Dr, St), we have
lltllz2a(r) < Oy llul] o VI <T, (6.6)

W 3(Dr,Sr)
where T} is a certain fixed positive number.
0
By virtue of (1.4), (6.2) and (6.6) for every u € W 3(Dr, S7) and T < Ty
we have
IKoull7,(pyy < 2|/\|2/ (M3E + MZ|u|**)dz dt < 2|\|* MEmesDr
Dr

2P ullZ, () < 2P MEmesDr + 2ANPMECE Jul[ % Dy
W 3(Dr,ST)

and therefore

IKoullLo(pr) < \/il/\\MlvmesDT+\/§|A|M20%HUII;‘% ( - (6.7)

% DTvsT)
Further, from (3.4), (3.10), (6.1) and (6.7) it follows that

[[Aoul| o ul [[Koul| Ly (D7)

= 0
W (Dr,ST) || Lo(Dr)—W 3(D7,S7)

+11Lor |l Lo (o)

0
Ly (Dr)—W 5(Dr,ST)

<c{\[|)\|M1\/mesDT1+\[)\|MQCT1||U|°‘

W 3(Dr,ST)
n ||F||L2<DT1>}
< VT (Mo + 2)26xp(T1 + ) {\f|)\|M1\/mesDT1
VRO, ull, |F||L2(DT1>],
2( T7S )

0
VT < Ty, Yu€W3(Dr,Sr). (6.8)
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Since the right-side of the inequality (6.8) contains VT as a factor, which
tends to zero for T' — 0, then there exists the positive number Ty < T} such
that for ' < Tj and Hu”v?/é(DT,ST) < R, due to (6.8), we have |[Aoul|y;(p,) <

0 0
R, i.e. the operator Ag : W (Dr,St) — W 4(Dr, St) from (6.1) transforms
the ball B(0, R) into itself.

The case when 0 < a < 1 can be investigated in the same way if we use
beforehand the known inequality [33, p. 258]

al*ot
0]l (@) < (mesG) =1 [|v]|L, (@)

where « is a certain fixed number from (1, 2£1). This proves Theorem 6.1. [
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