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1. Introduction

In the Euclidean space R"*! of the independent variables xq, X, ..., xn, t consider a nonlinear hyperbolic system of
the form
0 .
Dui+ka—G(u1,...,uN):Fi(x,t), i=1,...,N, (1.1)
uj
where X is a given real constant, G is a given real scalar function, F = (Fq,..., Fy) is a given, and u = (uq,...,uy) is
. 2 2 . P
an unknown real vector-functions, n >2, N > 2, 0 := 5’? — A, A= ZL] 837 We assume that function G together with its
i
first order partial derivatives gTG i=1,...,N, is continuous in the space RN,
1

Consider the Cauchy characteristic problem on finding in the frustrum of the light cone of the future Dr: |x| <t < T,
T = const > 0, a solution u(x,t) of the system (1.1) by the boundary condition

uls; =0, (1.2)

where S7: t = |x|, t < T, is the conic surface, characteristic for the system (1.1). For the case when T = co we assume that
Doo: t>|x] and Soo = 0D oo: t = |X|.

A question on the existence and uniqueness of global solution of the Cauchy problem for semi-linear scalar equations of
the form (1.1) with initial conditions u|;—¢ = uo, %—Lt'ltzo =u1 has been considered by many authors (see, e.g. [1-11]), while
the Cauchy characteristic problem (1.1), (1.2) in the cone of the future for scalar semi-linear hyperbolic equations has been
considered in papers [12-18]. In the linear case, as it is known, this problem is well-posed in the corresponding function
spaces [18-24].
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Below we give certain conditions for function G providing global solvability of the problem (1.1), (1.2) and a uniqueness
of its solution. The uniqueness of this problem for the scalar case has not been considered in papers [12-18].

The paper is organized in the following way. In Section 2 we define a strong generalized solution of the problem (1.1),
(1.2) of the class W; in the domain Dt and give its a priori estimate. In Section 3 we prove the existence of the strong
generalized solution for the problem (1.1), (1.2) of the class W; in D7, and in Section 4 we prove the uniqueness of this

solution. In Section 4 we give also a proof for the existence of unique global solution of the problem of the class W; in the
cone of the future Deo: t > |X|.

2. A priori estimate of the solution of the problem (1.1), (1.2) of the class W% in the domain Dt

Let W%(DT, St)y:={ue W; (Dt): uls; =0}, where Wé‘(.Q) is the Sobolev space consisting of the elements of L;(£2)
having up to k-th order generalized derivatives from L;($2), inclusively. The equality u|s; = 0 must be understood in the
sense of the trace theory [25, p. 71]. Note, that the system (1.1) can be rewritten in the form of one vector equation

Lyu:=0u+AVyGu) = F(x, b). 2.1)

Definition 2.1. Let F = (Fq,..., Fy) € Lo(Dt). We call the vector-function u = u(uq,...,uy) € W;(DT, St) a strong gener-
alized solution of the problem (1.1), (1.2) of the class W21 in the domain D7 if there exists a sequence of vector-functions

u™ e C2(Dr, St) := {u € C2(D7): u|s, =0} such that u™ — u in the space W%(Dr, St) and L,u™ — F in the space Ly(Dr),
where operator L, is defined by (2.1).

It is obvious, that the classical solution u € € 2(Dr, St) of the problem (1.1), (1.2) is a strong generalized solution of the
class W} in the domain Dr.

Under belonging of the vector v = (vq,..., vy) to some space X we mean belonging of each component v;, 1 <i <N,
of this vector to the same space X.

Definition 2.2. Let F € L joc(Ds) and F|p, € Lp(D7) for any T > 0. Vector-function u = (u1,...,uy) € VC\’/; 1oc(Doos Soo) 1S
called a global strong generalized solution of the problem (1.1), (1.2) of the class Wz1 in the cone of the future Do, if ulp,

belongs to the space VOV%(DT, St) and represents a strong generalized solution of the problem (1.1), (1.2) of the class W% in
the domain D7 in the sense of Definition 2.1 for any T > 0.

For the function G from Eq. (1.1) consider the following conditions

N
G(@,...,0)=0, G(ul,...,uN)>—M12ui2—Mz, Mij=const >0, i=1,2. (2.2)
i=1

Lemma 2.1. Let condition (2.2) be fulfilled, . > 0 and F € Ly(Dt). Then for any strong generalized solution u € W;(DT, St) of the
problem (1.1), (1.2) of the class W; in the domain Dt the following estimate

llull

<cq||F c 2.3
Wiors) 1IIFllLypp) + €2 (2.3)

is valid with constants c; =c1(A, T, M1) > 0and c; =c2(A, T, M1, M) > 0, not depending on u and F.

Proof. Let u € VOV%(DT, St) be a strong generalized solution of the problem (1.1), (1.2) of the class W; in the domain Dr.
Then, in view of Definition 2.1, there exists a sequence of functions u™ € COZ(ET, St) such that

lim [u™—u 0. (2.4)

m—oo

0, | Lu™

Wiomrsy pim ~Fll0n =

The function u™ € C 2(Dr, S7) can be considered as a solution of the following problem
Lyu™=Fm, (2.5)
m|  _
Ut = 0. (2.6)

Here

F™ = L™, 2.7)
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Multiplying both parts of the vector equality (2.5) scalarly by the vector 35‘—:1 in the space RN and integrating in the

domain Dy, 0 <t < T, due to (2.1) we have

1 [ 9 [oum\? Jum 3 dum
—/— - dxdt—/Audedex/—c(um)dxdt=mededt. (2.8)
2] o\ ar ot ot ot

T T T T

um N oul qum N oul!
Here (%)% =30, ()%, Au™ S =370, Auf" 5. _ _
Set 2;: DrN{t =1} and denote by v = (v1, ..., Yy, Vo) a unit vector of the outer normal to S\{(O0, ..., 0, 0)}. Integrating
by parts and taking into account the equalities (2.6) with v|p, = (0, ..., 0, 1), we obtain

/i 8L dxdt:/ BL vods=/ 8L dx—i—/ aL vods,
at \ adt at ot ot
D D Q S

92um gum Ju™ gum 18 [oum)? du™ gum 1 dum\?
/—uzidxdtzf - Lvids——/—( - ) dxdt:/ - Lvids——/( - ) vods
axi at dx; Ot 2 ot \ 9x; 0x; Ot 2 0X;
Df T D‘L’ BD‘[ ¢ T
Ju™ Jum 1 [ um\? 1 [ [ou™\?
=/ 4 vids———/ 4 vods——/ - dx,
dx; ot 2 0X; 2 0X;
oD¢ St T
d
/Ec(um)dxdtz / G(um)vods:/G(um)dx.
D¢ D, 2

Whence in view of (2.8) we have

Jum 1 [ &/ oum aum \?  [aum\? n
F"—dxdt= | — Vo — —V R V2 — v2 ) |ds
5/ ot 5/21)0 [;( 0x; 07 o t) +< ot ) 0 Z j

T T ]=1

1 um\? O aum\? .
+5/[(?> +2]:< 8x,~> }dx—H»fG(u ) dx. (2.9)
2 = Q

T T

Since S; represents a characteristic surface, then

n
2 2
("O -2 "j)
j=1
Taking into account that (vO% - vi%), i=1,...,n,is an inner differential operator on S, then due to (2.6) we have
1

(aum ou™ )

Vo — —V;

From (2.9), in view of (2.10) and (2.11), we have

aum\?2 ./ oum\? ou™
—_— d 210 | G(u™)dx=2 | F™— dxdt. 212
/[< at>+§<axi> w2 foman=2 f o (212

$2¢ $2¢ D¢

—o. (2.10)
Se

=0, i=1,...,n (2.11)

Since A > 0 and 2Fm% < (%’—;")2 + (F™)2, then in view of (2.12) we have

aum 2 n/oum 2 . qum 2 .
Y Yo fors w5 e s

2¢ - D+ D+ D+
Since u™|s, =0, then

T

ou™(x, s
u™(x, T)=/%d$, X, 7)€, TLT,

[X]

whence, using the Schwartz inequality, we obtain
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/(um)zdxg/(/Twydxg/(r—|x|)[/r(w>zds}b<

27 27 x| 27 x|

R m 2 m 2
o7 /[ /(M) ds} T /(aL) dxdt. 214
ot ot

27 x| D

From (2.13) and (2.14) it follows

my 2 n my 2 mh 2 n m~ 2
i (B Jrcm v flo () 55 o
i=1 ! D, i=1 '

T

+/(Fm)2dxdt+2uv12 mesD;, T<T. (215)

D¢

m\2 n m 2
w(T) :=/{(um)2+ (%) +Z<83L;.> }dx_ (2.16)
o i=1 !

T

Let

Since mes D; = n“’T”lT””, where wj is the volume of the unit ball in the R", then in view of (2.15) and (2.16) we have
; 2
AMow
m||2 2%n n+1
w(T) < (2AMq +T + 1)/w(s)ds+ IF™ 00 + a7 e tsT
0
whence from the Gronwall’s Lemma [26, p. 13] it follows that
m |2 2AMawn g
w(T) < (”F ||L2(DT)+ﬁT exp2AM1 + T+ D1, T<T. (217)
By help of (2.16) and (2.17) we find that
T
m|2, . mi2 2AMawn  nyq
| Wiorsn = / w(t)dt < T(”F ||L2(DT) + ﬁT exp(2AM; +T + 1)T. (2.18)
0
From (2.18) we receive
m m

u Wior.sn <alF™ o, + e (2.19)

Here
1 2 Mrw 2
¢ =T2 exp S@MI+THDT, o= [%T"“ exp(2AMq + T + 1)T:| . (2.20)
n

Due to (2.4) and (2.5), from (2.19) by passing to the limit for m — oo we receive (2.3). The lemma is proved. O

3. Solvability of the problem (1.1), (1.2) in the domain Dt
Together with (2.2) consider the following condition for the function G

|VuG(u)| < M3 + Mglu|®, o« =const>0, Mj=const >0, i=3,4; u e RN, (3.1)

Remark 3.1. The embedding operator I : W}(DT,ST) — Lq(DT) represents a linear continuous compact operator for

1<qg< % when n > 1 [25, p. 86]. At the same time the Nemitski operator K : [Lq(DT)]N — [La(D)]N, acting by
the formula (Ku); = aaT,»G(”)' i=1,...,N,ujelq(Dr), j=1,...,N, where function G satisfies the condition (3.1) is con-

tinuous and bounded for q > 2« [27, p. 349], [28, p. 67]. Thus, if o < Z%} ie 2a < % then there exists number q such
that 1 < g < % and g > 2«. Therefore, in this case the operator
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Ko=KI:[Wi(Dr,sp]" - [Ladn)]" (32)

will be continuous and compact. It is clear that from u = (uq,...,un) € V(V;(DT, St) it follows that Kou € Ly(D7) and, if
u™ — u in the space W}(DT, St), then Kou™ — Kou in the space Ly(Drt).

Remark 3.2. Before passing to a question of the solvability of the problem (1.1), (1.2) let us consider the same question for
the linear case of the required form, when in (1.1) (or in (2.1)) the parameter A =0, i.e. for the problem

Lou:=0Ou=F(x,t), (x,t)eDr,
ux,t)=0, (x,t)eSr. (3.3)

In this case for F € Ly(Dt) we introduce a notion of a strong generalized solution u € V(V}(DT, St) of the problem (3.3) of
the class W% in the domain Dt for which there exists a sequence of the functions u™ € ¢ 2(Dry, St) such that

0.

i m_ o = i m_ =
mlgnoo”u u W1(Dr,s1) 0, m11—>moo“ Lou FHLZ(DT)
Note that, as it is clear from the proof of Lemma 2.1, for the strong generalized solution u € W%(Dr, St) of the problem (3.3)

of the class Wz1 in the domain Dt a priori estimate (2.3) takes the following form

1 1
flull <ClFllLypy)s C=T7EXP§(T+1)T- (3.4)

Wlmr.st)

Since the space C§°(Dr) of finite infinitely differentiable in the Dr functions is dense in the Lp(Dr), then for
given F = (Fq,...,Fy) € La(Dr) there exists the sequence of vector-functions F™ = (F{',..., F{}) € C°(Dr) such that
limy— 00 |F™ — Fll1,(py) = 0. For fixed m, extending F™ with zero beyond the domain Dt and leaving the same notation for
it, we shall have F™ € C>°(R"™1), for which the support supp F™ C Do, where R™! := R"™*! 0 {t > 0}. Denote by u™ the so-

lution of the Cauchy problem: Lou™ = F™, u™|;—o =0, du™ lt=0 = 0; as it is well known [29, p. 192] the solution exists, it is

at

unique and belongs to the space C*°. Since supp F™ C Do, u™|;—o =0 and %h:g =0, then taking into account geometry
of the domain of dependence of the solution of linear wave equation Lou™ = F™, we shall have suppu™ C D [29, p. 191].
Leaving the same notation for the restriction of function u™ in the domain D7, it is obvious that u™ € (,22(137, St) and
according to Remark 3.2 and (3.4) we shall have

m_uk

|u <C”Fm_Fk”Lz(DT)' (3.5)

Wlr.s1)

Since the sequence {F™} is fundamental in Ly(D7), then in view of (3.5) the sequence {u™} is fundamental in the
complete space W;(DT, St) too. Therefore, there exists a vector-function u € W;(DT, St) such that

° —

WiDr,sT)

lim [u™—u
m—oo

and since Lou™ = F™ — F in the space L,(Dr), then this vector-function due to Remark 3.2 is a strong generalized solution
of the problem (3.3) of the class W21 in the domain Dy. The uniqueness of this solution of the space W%(DT, St) follows
from a priori estimate (3.4). Therefore, for the solution u of the problem (3.3) we have u = LalF, where Lal LDV >
[VOV%(DT, St)IN is a linear continuous operator with a norm admitting in view of (3.4) the following estimate

1 1
L7t o <T2exp—(T+1T. 3.6
ILo “[LZ(DT)]N*’[W%(DT,ST)]N pz( ) (36)

Remark 3.3. Let the condition (3.1) be fulfilled and F € L,(D7), 0 < & < % In view of (3.6) and Remark 3.1 it is easy to

see that the vector-function u = (uq,...,un) € W%(DT, St) is a strong generalized solution of the problem (1.1), (1.2) of the
class Wg in the domain D7 if and only if u is a solution of the following functional equation
u=Ly"(~AVuG) + F) (3.7)
in the space VC\’/;(DT, ST).
Rewrite Eq. (3.7) in the form

u=Au:=Ly"(=AKou + F), (3.8)
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where the operator Kj : [VC\’/;(DT, STIN — [Ly(D7)IN from (3.2) due to Remark 3.1 is a continuous and compact operator.

Therefore, according to (3.6) and (3.8) the operator A : [Vové(DT, SHIN > [W;(DT, St)IV is also continuous and compact.
At the same time according to Lemma 2.1 for any parameter t € [0, 1] and any solution of the equation u = 7 Au with
parameter T it is valid a priori estimate (2.3) with the same constants ¢y and ¢ from (2.20), not dependmg onu, F and .
Therefore, due to the Leray-Schauder Theorem [30, p. 375] Eq. (3.8) has at least one solution u € w1l »(Dt, S1), and in view

of Remark 3.3 it represents a strong generalized solution of the problem (1.1), (1.2) of the class W in the domain Dr.
Therefore it is valid the following theorem.

Theorem 3.1. Let A > 0,0 < o < 2%1 and the conditions (2.2), (3.1) be fulfilled. Then for any F € L,(Dt) the problem (1.1), (1.2)
has at least one strong generalized solution u € WZ(DT, St) of the class W21 in the domain Dt in the sense of Definition 2.1.

Remark 3.4. As it follows from the results of the works [12-18], concerning the Cauchy characteristic problem in the light
cone of the future for the scalar nonlinear equation Clu + A f (u) = F, violation of the conditions of Theorem 3.1 may cause

an absence of a solution of the problem (1.1), (1.2) of the class W; in the domain D7 in the sense of Definition 2.1.

For N =2 let us consider one class of functions G(u) satisfying the conditions of Theorem 3.1:

m 2 2 2
Gur, up) =Y bilur ¥ ualP + Y " djlulVi + Y ayuiu+ Y ai,

i=1 j=1 i,j=1 i=1
where aj, fi > 1; (@ — Dpi, fidi, oibi, (B = Ddi < 70 5+ g =1 5+ & =1 pi0i, pindi > 15 1< yj < 24 bidj =
const > 0; ajj, a; = const.
4. Uniqueness of the solution and global solvability of the problem (1.1), (1.2)
Let us impose on the function G of Eq. (1.1) additional requirements
G e C3(RN), ‘au,-; ]G(u) <a+blul”, 1<i,j<N;y=const>0, (4.1)

1
where [u] = |ullgy = (ZzN:1 uf)f; a,b = const > 0.

It is obvious that the condition (3.1) follows from (4.1) for « = ¢ + 1, and in the case y < % we shall havea =y +1 <
n+l

n—1°
Theorem4.1. et 0 < y < % and the condition (4.1) be fulfilled. Then the problem (1.1), (1.2) cannot have more than one strong
generalized solution of the class W21 in the domain D7 in the sense of Definition 2.1.

Proof. Assume that F € Ly(D7) and the problem (1.1), (1.2) has two strong generalized solutions u! and u? of the class W%

in the domain Dr in the sense of Definition 2.1, i.e. there exist two sequences u'™ e 52(57, Sr),i=1,2; m=1,2,..., of
vector-functions such that

. im _ .
mll_)mooHu —u || Wl(DT o =0, mll_)mOOHLAu - F||L2(DT) =0, i=1,2. (4.2)
Let
w=u?—-u', wh = y?m — ylm, F™ =L u®™ — Lu'™. (4.3)
In view of (4.2) and (4.3) we have
_ m _
Jim [w™ Wl sor5 = 0. lim [F"], =0 (4.4)

In accordance with (2.1) and (4.3) consider the function w™ ¢ COZ(DT, St) as a solution of the following problem

Ow™ = —A[VuG(?™) — VG (u'™)] + F™, (4.5)

w™| s, =0

Multiplying both parts of the vector equation (4.5) scalarly by the vector 2 dt in the space RV, integrating it by parts in
the domain D1, 0 < 7 < T, and taking into account (4.6), in the same way as in the case of receiving the equality (2.12), we
shall have
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awm\? I owm)? mow™ m A
/[(T) +;< i ) :|dx=2/F dedt—u/[vuc(u ) = VuG(u'™)] =~ dxdr.

2 - D+ D
0<t<T. (4.7)

Taking into account the equality

N 1
i 2my _ i 1my _ / ]m 2m _ ., 1m 2m _ . 1m
8u,~G(u ) E)UI‘G(u )_;0 o~ 8u] +s(u u'™))ds(ui™ —u;™)

we receive

wh N ;
[VuG(u2 ) — VuG(u Z[/Bu o, ulm—f—s(u2 ulm))dsi| (u%m—u}m) Bti ) (4.8)

From (4.1) and obvious inequality |dj +d2|¥ <2Y max(|d1|”, |d2]7) <2Y(|d1]Y +|d2|¥) for y >0, d; € R, we have

1
82 im 2m m
‘/WG(U +S(u —u ))dS
0

1
< /[a+b|(1 —s)u'™ + su®™|"]ds

0
<a+2"b(Ju™|” + |um]"). (4.9)

From (4.8) and (4.9), taking into account (4.3), it follows

owm

(962" - vuc ™) 5

N m
< D lar2rnum ) ulm )] | S
i,j=1

ow™
< NE e 27b(Ju ™+ ) | 2
1 w2 Jwm
<=Nza| (W) + (=) [+27Nop (") + [u2m|")|w™] | = . (4.10)
2 at ot
Due to (4.10) from (4.7) we have
awm\? & awm)? awm\ 2 2 1 2 Jwm 2
— dx < —_— F™) | dxdt ANfa/ w™ — ) |dxdt
[1C50) 2050 Jowe J[(50) wtemy s [y (757)
. =1 D, D,
+1 1 m|Y 2m|Y "
+ 27 ANz [ (|u'™) + u™|") — [dxdt. (4.11)
Dt
The latter integral in the right side of (4.11) can be estimated by Holder’s inequality
(a7 + ) w227 | e < (] a7 | + e ) [w™] o
= Lay1(D1) Lay1(D1) LD | gr )
Ly(Dr)
Dt
(4.12)
Here m + + 2 =1, ie.
2(n+1
_ot+1) (4.3)
n—1
Since dim Dt =n + 1, then according to the Sobolev embedding theorem [25, p. 111] for 1 < g < % we have
IVliLgor) < CallVllwi o). ¥V € Wa(Dr) (4.14)

with positive constant Cq, not depending on v € W21 (Dr).
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According to the theorem y < n— and, therefore, y(n+1) < 2(”+1) . Thus, from (4.13), (4.14) we receive

™ lson = 10" 1 om < Gasn 18" Ly oy =120 m>1,

“Wm”Lp(Dr) CP”W “W21(DT)’ mz1.

In view of the first equality from (4.2) there exists natural number mg such that for m > mg we shall have

_ 14 14 : .
“ulm“W 10 = ||u lm“WI(D . <u ”Wl(D B )—i—l, i=1,2,m>1.
From (4.12), (4.15)-(4.17) it follows that
V+1|A|sz/ (Ju™™]” + Ju2m” )|wm| " | dxdt
<IN (' 2wy |
vnth) Wimr,sp) W1mr,sp) RERR) L PR

2 ow
<3 (I seon + |

S )

T

2
2
<2Ms w31
Lz(DT>) 2(Pm)
n 2
ow™m
+ dxdt,
(%)
where 2M3 = 2v+1 |A|N2bCy(n+l)(||u 1% + lu?]”, +2)Cp.
Due to (4.18) from (4.11) we have

Wior,sr) o(Dr1,S71)
ow™m 2 n owm 2 2 owm 2 n ow™ 2 2
— dx< M m — dxdt F™)"dxdt,
JUE) 250 o o+ () + (5 ) Joars [

i T Dr

O<t<T,

where Mg =1+ alA[NZ +2Ms.
Note, that the inequality (2.14) is valid for w™ too, and, therefore,

forancr () awer f[ir ()

2: Dt Dt

n m\ 2
Z(aw > } dxd.
1 0Xi

Putting

e o (5 ) o

T

and adding (4.19) to (4.20), we receive

En(T) < (Mg + T)/ém(s)ds + || F™ ”iz(DT)'

Whence, by the Gronwall Lemma [26, p. 13], it follows that

Em(T) < ||F’”|}iz(DT) exp(M4 + T)T.

From (4.21) and (4.22) we have

W™ lvsom = / Em(T)dT <T|[F™[7 ) exp(Mq+T)T.
0

757

(4.15)

(4.16)

(417)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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In view of (4.3), (4.4) from (4.23) it follows that

IWhwior = Jim w—w"+ w1, < im w=w"y o+ lim w0,
= n}i_)moo\}w —w"| wi(Dr) :mleOOHW —w"| Wiobrsy

Therefore w =u; —uq =0, i.e. up = uq. The theorem is proved. O
The next theorem of existence and uniqueness immediately follows from Theorems 3.1 and 4.1.

Theorem4.2. let . > 0,0< y < % and the conditions (2.2), (4.1) be fulfilled. Then for any F € Lo(D7) the problem (1.1), (1.2)

has unique strong generalized solution u € VCV;(DT, St) of the class W; in the domain D in the sense of Definition 2.1.
The following theorem on existence of global solution of this problem follows from Theorem 4.2.

Theorem 4.3. et A >0, 0 < y < —2_ and the conditions (2.2), (4.1) be fulfilled. Then for any F € Ly 10c(Doo) such that

n—1
Flp; € Lo(Dt) for each T > O, the problem (1.1), (1.2) has unique global strong generalized solution u W; loc(Doos Soo) of the
class W; in the cone of the future D, in the sense of Definition 2.2.

Proof. According to Theorem 4.2 when the conditions of Theorem 4.3 are fulfilled for T =k there exists unique strong
generalized solution uy € W}(DT, St) of the problem (1.1), (1.2) of the class W; in the domain D7—j in the sense of
Definition 2.1. Since uy41lp,_, is also a strong generalized solution of the problem (1.1), (1.2) of the class W21 in the domain
Dr—y, then in view of Theorem 4.2 we have uy = uy11|p,_,. Thus one can construct unique global generalized solution

ue Vi/; loc(Doos Seo) of the problem (1.1), (1.2) of the class W% in the cone of the future D, in the sense of Definition 2.2
in the following way:

ux,t) =upx,t), x,t)e Dy, k=[t]+1,

where [t] is an integer part of the number t. O
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