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1 Introduction

In the plane of independent variables x and t consider nonlinear wave equation of
the following form [see, e.g., Lions, 1969, p.57]

Lu := utt − uxx + µ|u|ρut + λ|u|αu = f(x, t), (1.1)

where µ, λ and ρ, α > 0 are given constants; f is given and u is unknown real
functions.

Denote by DT := {(x, t) : 0 < x < t, 0 < t < T} triangular domain, bounded
by characteristic segment γ1,T : x = t, 0 ≤ t ≤ T and by segments γ2,T : x = 0,
0 ≤ t ≤ T , γ3,T : t = T, 0 ≤ x ≤ T .

For equation (1.1) in angular domain DT consider the boundary value problem
on determination of solution u(x, t) by conditions [see e.g., Bitsadze, 1981, p.228]

u
∣∣
γi,T

= 0, i = 1, 2. (1.2)

Note that on questions of existence, uniqueness and blow-up of solutions of
initial, mixed, nonlocal and other problems posed for nonlinear hyperbolic type
equations there are devoted a number of papers (see, e.g., Lions, 1969; Bitsadze,
1981; John and Klainerman, 1984; Kato, 1980; Georgiev et al., 1977; Sideris,
1984; Hormander, 1997; Veron and Pohozaev, 2001; Mitidieri and Pohozaev, 2001;
Todorova and Vitillaro, 2005; Jokhadze, 2008; Berikelashvili et al., 2008). In linear
case, i.e., when µ = λ = 0, problem (1.1), (1.2), as it is known, is well-posed and a
global solvability takes place in corresponding function spaces (see, e.g., Bitsadze,
1981; Goursat, 1933; Kharibegashvili, 1995).

Definition 1.1: Let f ∈ C(DT ). Function u is called a strong generalised solution
of problem (1.1), (1.2) of class C1 in domain DT , if u ∈ C1(DT ) and there exists
such the sequence of functions un ∈ C◦2(DT , ΓT ), that un → u and Lun → f for
n → ∞ in spaces C1(DT ) and C(DT ), respectively, where C◦2(DT , ΓT ) :=

{
v ∈

C2(DT ) : v
∣∣
ΓT

= 0
}
, ΓT := γ1,T ∪ γ2,T .
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Remark 1.1: It is clear that if u ∈ C◦2(DT , ΓT ) is a classical solution of problem
(1.1), (1.2), then it is a strong generalised solution of this problem of class C1 in
domain DT . In turn, if a strong generalised solution of problem (1.1), (1.2) of class
C1 in domain DT belongs to space C2(DT ), then it also is a classical solution of
the problem.

Definition 1.2: Let f ∈ C(D∞). We say that problem (1.1), (1.2) is globally
solvable in the class C1, if for any finite T > 0 it has a strong generalised solution
of the class C1 in domain DT .

The paper is organised as follows. In Section 2 it is obtained a priori estimates of
the solution of problem (1.1), (1.2) in the spaces C(DT ) and C1(DT ). In Section 3
problem (1.1), (1.2) is equivalently reduced to the system of nonlinear Volterra type
integral equations and the local solvability of this problem is proved. In Section 4
it is shown the global solvability of the considered problem, and in Section 5 the
uniqueness of the solution of the problem is proved. Finally, in Section 6 the
nonexistence of global solvability of this problem is shown.

2 A priori estimates of the solution of problem (1.1), (1.2)
in the spaces C(DT ) and C1(DT )

Lemma 2.1: Let f ∈ C(DT ) and

µ > 0, λ > 0. (2.1)

Then for a strong generalised solution of problem (1.1), (1.2) of class C1 in
domain DT it is valid the following a priori estimate

‖u‖C(DT ) ≤ c0‖f‖C(DT ) (2.2)

with positive constant c0 = c0(T ), not dependent on u and f .

Proof: Let u be a strong generalised solution of problem (1.1), (1.2) of class C1

in domain DT . Then due to Definition 1.1 there exists the sequence of functions
un ∈ C◦2(DT , ΓT ), such that

lim
n→∞

‖un − u‖C1(DT ) = 0, lim
n→∞

‖Lun − f‖C(DT ) = 0, (2.3)

and therefore

lim
n→∞

‖|un|ρunt − |u|ρut‖C(DT ) = 0, lim
n→∞

‖|un|αun − |u|αu‖C(DT ) = 0. (2.4)

Consider function un ∈ C◦2(DT , ΓT ), as a solution of the following problem

Lun = fn, (2.5)

un

∣∣
ΓT

= 0. (2.6)
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Here

fn := Lun. (2.7)

Multiplying the both sides of equality (2.5) by ∂un

∂t and integrating the received in
domain Dτ :=

{
(x, t) ∈ DT : 0 < t < τ

}
, 0 < τ ≤ T we have

1
2

∫
Dτ

∂

∂t

(
∂un

∂t

)2

dxdt −
∫

Dτ

∂2un

∂x2

∂un

∂t
dxdt + µ

∫
Dτ

|un|ρ
(

∂un

∂t

)2

dxdt

+
λ

α + 2

∫
Dτ

∂

∂t
|un|α+2dxdt =

∫
Dτ

fn
∂un

∂t
dxdt.

Assume that Ωτ := D∞ ∩ {t = τ}, 0 < τ ≤ T. Then by virtue of (2.6), integrating
by parts the left side of the last equality, we obtain

∫
Dτ

fn
∂un

∂t
dxdt =

∫
γ1,τ

1
2νt

[(
∂un

∂x
νt − ∂un

∂t
νx

)2

+
(

∂un

∂t

)2(
ν2

t − ν2
x

)]
ds

+
1
2

∫
Ωτ

[(
∂un

∂x

)2

+
(

∂un

∂t

)2]
dx

+ µ

∫
Dτ

|un|ρ
(

∂un

∂t

)2

dxdt +
λ

α + 2

∫
Ωτ

|un|α+2dx, (2.8)

where ν := (νx, νt) is unit vector of outer normal to ∂Dτ and γ1,τ := γ1,T ∩ {t ≤ τ}.
Taking into account the fact that operator νt

∂
∂x − νx

∂
∂t is an interior differential

operator on γ1,T , due to (2.6) we receive

(
∂un

∂x
νt − ∂un

∂t
νx

)∣∣∣∣
γ1,τ

= 0. (2.9)

Further, it is clear that

(ν2
t − ν2

x)
∣∣
γ1,τ

= 0. (2.10)

Therefore, by virtue of (2.1) and (2.8)–(2.10) we get

wn(τ) :=
∫

Ωτ

[(
∂un

∂x

)2

+
(

∂un

∂t

)2]
dx ≤ 2

∫
Dτ

fn
∂un

∂t
dxdt. (2.11)

Taking into account inequality

2fn
∂un

∂t
≤

(
∂un

∂t

)2

+ f2
n,

due to (2.11) we have

wn(τ) ≤
∫

Dτ

(
∂un

∂t

)2

dxdt +
∫

Dτ

f2
ndxdt.
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According to the form of function wn(τ) it follows that

wn(τ) ≤
∫ τ

0
wn(σ)dσ + ‖fn‖2

L2(Dτ ).

Whence, having the fact that the value ‖fn‖2
L2(Dτ ), as a function of τ is

non-decreasing, by the Gronwall’s lemma [see e.g., Henry, 1985, p.13] we receive

wn(τ) ≤ exp(τ)||fn||2L2(Dτ ). (2.12)

If (x, t) ∈ DT , then by virtue of the condition (2.6) the following equality is valid

un(x, t) = un(x, t) − un(0, t) =
∫ x

0

∂un(σ, t)
∂x

dσ.

Thus, taking into account obvious inequality

‖fn‖2
L2(DT ) ≤ ‖fn‖2

C(DT )mes DT ,

due to (2.12) we have

|un(x, t)|2 ≤
∫ x

0
dσ

∫ x

0

[
∂un(σ, t)

∂x

]2

dσ

≤ x

∫
Ωt

[
∂un(σ, t)

∂x

]2

dσ ≤ xwn(t) ≤ twn(t)

≤ T exp(T )‖fn‖2
C(DT )mes DT = 2−1T 3 exp(T )‖fn‖2

C(DT ). (2.13)

From this it follows that

‖un‖C(DT ) ≤ T
√

2−1T exp(2−1T )‖fn‖C(DT ).

Passing in this inequality to limit for n → ∞, and due to (2.3), (2.7), we have

‖u‖C(DT ) ≤ T
√

2−1T exp(2−1T )‖f‖C(DT ). (2.14)

This proves estimate (2.2).

Remark 2.1: From (2.14) it follows that constant c0 in estimate (2.2) can be taken

c0 := T
√

2−1T exp
(
2−1T

)
. (2.15)

Below, taking into account estimate (2.2) and using the classical method of
characteristics, we receive a priori estimate in the space C1(DT ) for a strong
generalised solution u of problem (1.1), (1.2) of class C1 in domain DT .
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Lemma 2.2: Under the conditions of Lemma 2.1 for a strong generalised solution
u of problem (1.1), (1.2) of class C1 in domain DT it is valid the following a
priori estimate

‖u‖C1(DT ) ≤ c1, (2.16)

with a positive constant c1 = c1
(
T, c0, µ, ρ, λ, α, ‖f‖C(DT )

)
, not dependent on u,

where ‖u‖C1(DT ) := max
{
‖u‖C(DT ), ‖ux‖C(DT ), ‖ut‖C(DT )

}
.

Proof: Let u be a strong generalised solution of problem (1.1), (1.2) of class C1

in domain DT . Then the limit equalities (2.3), (2.4) are valid, where un can be
considered as a solution of problem (2.5), (2.6) with fn given by (2.7). For fixed
natural n let us introduce the following functions

un1 := unt − unx, un2 := unt + unx, un3 := un, (2.17)

which by taking into account (2.2) satisfy the following boundary conditions

un1(0, t) = −un2(0, t), un2(t, t) = 0, un3(t, t) = 0, 0 ≤ t ≤ T. (2.18)

With respect to unknown functions un1, un2, un3 by virtue of (1.1) and (2.17) we
have the following system of first order partial differential equations



∂un1

∂t
+

∂un1

∂x
= fn(x, t) − 2−1µ|un3|ρ(un1 + un2) − λ|un3|αun3,

∂un2

∂t
− ∂un2

∂x
= fn(x, t) − 2−1µ|un3|ρ(un1 + un2) − λ|un3|αun3,

∂un3

∂t
− ∂un3

∂x
= un1.

(2.19)

Integrating the received system along the corresponding characteristic curves, due
to boundary conditions (2.18), we have



un1(x, t) − un1(0, t)
=

∫ t

t−x

(
fn − 2−1µ|un3|ρ(un1 + un2) − λ|un3|αun3

)(
Pτ

)
dτ,

un2(x, t) =
∫ t

2−1(x+t)

(
fn − 2−1µ|un3|ρ(un1 + un2) − λ|un3|αun3

)(
Qτ

)
dτ,

un3(x, t) =
∫ t

2−1(x+t) un1(Qτ )dτ,

where Pτ := (x − t + τ, τ), Qτ := (x + t − τ, τ).
From the second equation of the received system and the first equality (2.18),

taking into account notation Pτ0 := (−t + τ, τ) this system can be rewritten as
follows



un1(x, t) = −
∫ t

t−x

(
2−1µ|un3|ρ(un1 + un2) + λ|un3|αun3

)(
Pτ

)
dτ

+
∫ t

2−1t

(
2−1µ|un3|ρ(un1 + un2) + λ|un3|αun3

)(
Pτ0

)
dτ

+Fn1(x, t),
un2(x, t) = −

∫ t

2−1(x+t)

(
2−1µ|un3|ρ(un1 + un2)

+λ|un3|αun3
)(

Qτ

)
dτ + Fn2(x, t),

un3(x, t) =
∫ t

2−1(x+t) un1(Qτ )dτ.

(2.20)
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Here

Fn1(x, t) :=
∫ t

t−x

fn(Pτ )dτ −
∫ t

2−1t

fn(t − τ, τ)dτ,

Fn2(x, t) :=
∫ t

2−1(x+t)
fn(Qτ )dτ. (2.21)

By passing in the equalities (2.20), (2.21) to limit as n → ∞ in the space C(DT )
and taking into account (2.3), (2.4), (2.7) and (2.17) we have




u1(x, t) = −
∫ t

t−x

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Pτ

)
dτ

+
∫ t

2−1t

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Pτ0

)
dτ

+F1(x, t),
u2(x, t) = −

∫ t

2−1(x+t)

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Qτ

)
dτ

+F2(x, t),
u3(x, t) =

∫ t

2−1(x+t) u1(Qτ )dτ,

(2.22)

where ui := limn→∞ uni (by the norm of space C(DT )
)
, i = 1, 2, 3, and

F1(x, t) :=
∫ t

t−x

f(Pτ )dτ −
∫ t

2−1t

f(t − τ, τ)dτ,

F2(x, t) :=
∫ t

2−1(x+t)
f(Qτ )dτ. (2.23)

It is clear that u3 = u, which is a strong generalised solution of problem (1.1), (1.2)
of class C1 in domain DT , besides

u1 = ut − ux, u2 = ut + ux. (2.24)

Let

K := c0‖f‖C(DT ), (2.25)

where c0 is defined by (2.15) and

vi(t) := sup
(ξ,τ)∈Dt

|ui(ξ, τ)|, i = 1, 2, 3, F (t) := sup
(ξ,τ)∈Dt

|f(ξ, τ)|. (2.26)

From (2.22), due (2.23) and (2.26) it follows that

|u1(x, t)| ≤ µKρ

∫ t

0

(
v1(τ) + v2(τ)

)
dτ + 2λTKα+1 + 2TF (T ),

|u2(x, t)| ≤ 2−1µKρ

∫ t

0

(
v1(τ) + v2(τ)

)
dτ + λTKα+1 + TF (T ),

|u3(x, t)| ≤
∫ t

0
v1(τ)dτ.
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Whence for (ξ, τ) ∈ Dt we receive

|u1(ξ, τ)| ≤ µKρ

∫ τ

0

(
v1(τ1) + v2(τ1)

)
dτ1 + 2λTKα+1 + 2TF (T ),

|u2(ξ, τ)| ≤ 2−1µKρ

∫ τ

0

(
v1(τ1) + v2(τ1)

)
dτ1 + λTKα+1 + TF (T ),

|u3(ξ, τ)| ≤
∫ τ

0
v1(τ1)dτ1.

Thus due to (2.26) it follows that

v1(t) ≤ µKρ

∫ t

0

(
v1(τ) + v2(τ)

)
dτ + 2λTKα+1 + 2TF (T ),

v2(t) ≤ 2−1µKρ

∫ t

0

(
v1(τ) + v2(τ)

)
dτ + λTKα+1 + TF (T ),

v3(t) ≤
∫ t

0
v1(τ)dτ.

Setting that v(t) := max1≤i≤3 vi(t), 0 ≤ t ≤ T , from the inequalities given above
we have

v(t) ≤
(
2µKρ + 1

) ∫ t

0
v(τ)dτ + 2λTKα+1 + 2TF (T ), 0 ≤ t ≤ T,

whence by virtue of Gronwall’s lemma we get

v(t) ≤ 2T
(
λKα+1 + F (T )

)
exp

(
(2µKρ + 1)t

)
≤ 2T

(
λc0K

α + 1
)
exp

(
(2µKρ + 1)T

)
‖f‖C(DT ), 0 ≤ t ≤ T.

Now from (2.24) it is easy to receive

‖u‖C1(DT ) ≤ ‖v‖C[0,T ] ≤ 2T
(
λc0K

α + 1
)
exp

(
(2µKρ + 1)T

)
‖f‖C(DT ).

Lemma 2.2 is proved, besides

c1 := 2T
(
λc0K

α + 1
)
exp

(
(2µKρ + 1)T

)
‖f‖C(DT ),

where K is defined by (2.25).

3 The equivalency of problem (1.1), (1.2) and the system
of nonlinear volterra type integral equations (2.22)
and the local solvability of problem (1.1), (1.2)

First of all let us show that problem (2.5), (2.6) is equivalent to problem (2.19),
(2.18) in the classical sense. Indeed, if un ∈ C2 is a solution of problem (2.5),
(2.6), then the system of functions un1, un2 and un3 will, obviously, give the
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solution of problem (2.19), (2.18). Conversely, let un1, un2, un3 ∈ C1 be a solution
of problem (2.19), (2.18). Let us show that un := un3 ∈ C2, is a solution of problem
(2.5), (2.6) and satisfying the equalities (2.17). If we show that un2 = unt + unx,
then, obviously, the following equalities unt = un2+un1

2 and unx = un2−un1
2 hold,

whence it follows that un ∈ C2 represents a solution of problem (2.5), (2.6) in the
classical sense.

Indeed, it follows from the first two equations of system (2.19) that

∂un1

∂t
+

∂un1

∂x
=

∂un2

∂t
− ∂un2

∂x
. (3.1)

Further, since un1 ∈ C1 then from the third equation of (2.19) it follows that
∂
∂t

(
∂
∂t − ∂

∂x

)
un3 ∈ C and ∂

∂x

(
∂
∂t − ∂

∂x

)
un3 ∈ C. Whence due to the commutative

property of the first order differential operators with constant coefficients,
we receive

∂

∂t

(
∂

∂t
− ∂

∂x

)
un3 =

(
∂

∂t
− ∂

∂x

)
∂

∂t
un3 ∈ C,

∂

∂x

(
∂

∂t
− ∂

∂x

)
un3 =

(
∂

∂t
− ∂

∂x

)
∂

∂x
un3 ∈ C.

From these equalities, (3.1) and the third equation of system (2.19) we have

(
∂

∂t
− ∂

∂x

)
(un2 − unt − unx) =

(
∂

∂t
− ∂

∂x

)
un2 − ∂

∂t

(
∂

∂t
− ∂

∂x

)
un

− ∂

∂x

(
∂

∂t
− ∂

∂x

)
un =

∂un2

∂t
− ∂un2

∂x
− ∂un1

∂t
− ∂un1

∂x
= 0.

Whence according to the second and third equalities from (2.18) we conclude that
un2 = unt + unx. This proves the equivalency of problems (2.5), (2.6) and (2.19),
(2.18) in the classical sense.

Above we have reduced problem (1.1), (1.2) to the system of Volterra type
nonlinear integral equations (2.22). Before considering the question of local
solvability of problem (1.1), (1.2), let us make a remark which follows from
considerations given section 2.

Remark 3.1: Let u be a strong generalised solution of problem (1.1), (1.2) of
class C1 in domain DT , then u1 := ut − ux, u2 := ut + ux, u3 := u is a continuous
solution of the system of nonlinear Volterra type integral equations (2.22) and vice
versa, if u1, u2, u3 is a continuous solution of system (2.22), then u := u3 is a strong
generalised solution of problem (1.1), (1.2) of the class C1 in domain DT , besides
the equalities u1 = ut − ux, u2 = ut + ux are valid.

Now let us prove the local solvability of the system of Volterra type nonlinear
integral equations (2.22).

Let

f ∈ C(D∞), f∞ := sup
(x,t)∈D∞

|f(x, t)| < +∞ (3.2)
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and

ρ ≥ 1. (3.3)

Theorem 3.1: Let the function f and the number ρ satisfy conditions (3.2), (3.3),
respectively. Then there exists positive number T∗ := T∗(µ, ρ, λ, α, f), such that for
T ≤ T∗ the problem (1.1), (1.2) will have at least one strong generalised solution
u of the class C1 in domain DT

Proof: According to Remark 3.1 problem (1.1), (1.2) in the space C1(DT ) is
equivalent to the system of Volterra type nonlinear integral equations (2.22) in the
space C(DT ). Below we will prove a unique solvability of system (2.22) by the
principle of contraction mappings.

Let U := (u1, u2, u3). Consider vectorial operator Φ := (Φ1, Φ2, Φ3), acting by
the formula



(Φ1U)(x, t) = −
∫ t

t−x

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Pτ

)
dτ

+
∫ t

2−1t

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Pτ0

)
dτ

+F1(x, t),
(Φ2U)(x, t) = −

∫ t

2−1(x+t)

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Qτ

)
dτ

+F2(x, t),
(Φ3U)(x, t) =

∫ t

2−1(x+t) u1(Qτ )dτ.

(3.4)

Then the system (2.22) can be rewritten as follows

U = ΦU. (3.5)

Let ‖U‖XT
:= max1≤i≤3

{
‖ui‖C(DT )

}
, U ∈ XT := C(DT ; R3), where C(DT ; R3) is

the set of all continuous vector-functions U : DT → R
3. Let us denote by BR :=

{U ∈ XT : ‖U‖XT
≤ R} closed ball of radius R > 0 in Banach space XT with a

centre in the null element.
Below we prove that: (i) Φ maps a ball BR into itself; (ii) Φ is a contractive

mapping on BR.
Indeed, from (3.4) for U : ‖U‖XT

≤ R we have

|(Φ1U)(x, t)| ≤ 2T
(
|µ|Rρ+1 + |λ|Rα+1 + ‖f‖C(DT )

)
,

|(Φ2U)(x, t)| ≤ T
(
|µ|Rρ+1 + |λ|Rα+1 + ‖f‖C(DT )

)
, |(Φ3U)(x, t)| ≤ TR.

From these estimates it follows that

‖ΦU‖XT
≤ 2T

(
|µ|Rρ+1 + |λ|Rα+1 + R + ‖f‖C(DT )

)
≤ 2T

(
|µ|Rρ+1 + |λ|Rα+1 + R + f∞

)
,

where f∞ is defined in (3.2).
Assume that the value of T with fixed R > 0 is too small that

2T
(
|µ|Rρ+1 + |λ|Rα+1 + R + f∞

)
≤ R, (3.6)
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so ΦU ∈ BR and therefore condition (i) is fulfilled.
Further, due to (3.3) and the first equality of (3.4) for U i : ‖U i‖XT

≤ R, i = 1, 2,
we have∣∣(Φ1U

2 − Φ1U
1)(x, t)

∣∣
≤

∫ t

t−x

(
2−1|µ|

∣∣|u2
3|ρ − |u1

3|ρ
∣∣|u2

1 + u2
2| + 2−1|µ||u1

3|ρ|u2
1 − u1

1 + u2
2 − u1

2|

+ |λ|
∣∣|u2

3|αu2
3 − |u1

3|αu1
3

∣∣)(Pτ

)
dτ +

∫ t

2−1t

(
2−1|µ|

∣∣|u2
3|ρ − |u1

3|ρ
∣∣|u2

1 + u2
2|

+ 2−1|µ||u1
3|ρ|u2

1 − u1
1 + u2

2 − u1
2| + |λ|

∣∣|u2
3|αu2

3 − |u1
3|αu1

3

∣∣)(Pτ0

)
dτ

≤ 2T
(
|µ|(ρ + 1)Rρ + |λ|(α + 1)Rα

)
‖U2 − U1‖XT

.

Analogously

|(Φ2U
2 − Φ2U

1)(x, t)| ≤ T
(
|µ|(ρ + 1)Rρ + |λ|(α + 1)Rα

)
‖U2 − U1‖XT

and

|(Φ3U
2 − Φ3U

1)(x, t)| ≤ T‖U2 − U1‖XT
.

Assume that for fixed R > 0 number T is too small that

max
(
T, 2T

(
|µ|(ρ + 1)Rρ + |λ|(α + 1)Rα

))
≤ 2−1 < 1, (3.7)

and therefore ‖ΦU2 − ΦU1‖XT
≤ 1

2‖U2 − U1‖XT
. Thus operator Φ is a contractive

mapping on set BR, i.e., condition (ii) is fulfilled.
From (3.6) and (3.7), in turn, follows that, if T ≤ T∗, where

T∗ := min
{

R

2
(
|µ|Rρ+1 + |λ|Rα+1 + R + f∞)

,
1
2
,

1
4
(
|µ|(ρ + 1)Rρ + |λ|(α + 1)Rα

)}
, (3.8)

then ‖ΦU‖XT
≤ R and ‖ΦU2 − ΦU1‖XT

≤ 1
2‖U2 − U1‖XT

for U, U1, U2 ∈ BR.
The application of the contraction mapping principle shows that there exists a

unique solution U of (3.5) in C(DT ; R3) for 0 < T ≤ T∗. Theorem 3.1 is proved
completely.

4 The case of global solvability of problem (1.1), (1.2)

Theorem 4.1: Let the conditions (2.1), (3.2) and (3.3) are valid. Then for any
T > 0 the problem (1.1), (1.2) has a strong generalised solution of the class C1 in
domain DT .

Proof: As it was noted in Remark 3.1 the problem (1.1), (1.2) in space C1(DT )
is equivalent to the system of nonlinear integral equations (2.22) in space C(DT ).
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In view of (3.2), (3.3) the truth of the Theorem 4.1 for sufficiently small T , namely
for T ≤ T∗, where T∗ is given by equality (3.8) follows from the Theorem 3.1. Let
now T > T∗, and UT∗ := (uT∗

1 , uT∗
2 , uT∗

3 ) is a solution of the system of nonlinear
integral equations (2.22), or, the same, of vector equation (3.5) in domain DT∗ of
space C(DT∗) according to Theorem 3.1. For t > ∆t1 := T∗ rewrite system (2.22)
as follows



u1(x, t) = −
∫ t

α1(x,t;∆t1)

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Pτ )dτ

+
∫ t

α2(x,t;∆t1)

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Pτ0)dτ

+F1,∆t1(x, t),
u2(x, t) = −

∫ t

α3(x,t;∆t1)

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Qτ )dτ

+F2,∆t1(x, t),
u3(x, t) =

∫ t

α3(x,t;∆t1)
u1(Qτ )dτ + F3,∆t1(x, t),

(4.1)

where

α1(x, t; ∆t1) := max(∆t1, t − x), α2(x, t; ∆t1) := max(∆t1, 2−1t),
α3(x, t; ∆t1) := max(∆t1, 2−1(x + t));




F1,∆t1(x, t) := −
∫ α1(x,t;∆t1)

t−x

(
2−1µ|uT∗

3 |ρ(uT∗
1 + uT∗

2 )
+λ|uT∗

3 |αuT∗
3

)(
Pτ )dτ

+
∫ α2(x,t;∆t1)
2−1t

(
2−1µ|uT∗

3 |ρ(uT∗
1 + uT∗

2 )
+λ|uT∗

3 |αuT∗
3

)(
Pτ0)dτ + F1(x, t),

F2,∆t1(x, t) := −
∫ α3(x,t;∆t1)
2−1(x+t)

(
2−1µ|uT∗

3 |ρ(uT∗
1 + uT∗

2 )

+λ|uT∗
3 |αuT∗

3

)(
Qτ )dτ + F2(x, t),

F3,∆t1(x, t) :=
∫ α3(x,t;∆t1)
2−1(x+t) uT∗

1 (Qτ )dτ.

(4.2)

Since the conditions of Lemma 2.2 are fulfilled, then for any positive τ ≤ T for a
solution of vector equation (3.5) in domain Dτ of space Xτ due to the (2.16) it is
valid a priori estimate

‖U‖Xτ
≤ RT

(
‖f‖C(Dτ )

)
, (4.3)

where RT = RT (s) is a non-decreasing continuous function of its argument s ≥ 0.
Let R∗ := RT

(
‖f‖C(DT )

)
. As the second step ∆t2 with respect to t we take

∆t2 :=
1

4R1
(
µρRρ

1 + λ(α + 1)Rα
1

) , (4.4)

where

R1 := 1 + 2T
(
µRρ+1

∗ + λRα+1
∗

)
+ ‖F‖XT

, F := (F1, F2, 0). (4.5)

Rewrite the system of equations (4.1) for t ∈ [T∗, T∗ + ∆t2] in the form of one
vector equation

U = ΨU, (4.6)
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where the vectorial operator Ψ := (Ψ1, Ψ2, Ψ3) acts by the formula


(Ψ1U)(x, t) = −
∫ t

α1(x,t;∆t1)

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Pτ )dτ

+
∫ t

α2(x,t;∆t1)

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Pτ0)dτ

+F1,∆t1(x, t),
(Ψ2U)(x, t) = −

∫ t

α3(x,t;∆t1)

(
2−1µ|u3|ρ(u1 + u2) + λ|u3|αu3

)(
Qτ )dτ

+F2,∆t1(x, t),
(Ψ3U)(x, t) =

∫ t

α3(x,t;∆t1)
u1(Qτ )dτ + F3,∆t1(x, t).

(4.7)

Let, analogously as in Section 3, ‖U‖X[T1,T2] := max1≤i≤3
{
‖ui‖C(D[T1,T2])

}
, where

X[T1,T2] is the set of all continuous vector-functions U : D[T1,T2] → R
3, D[T1,T2] :=

D ∩ {T1 ≤ t ≤ T2}.
First we show that the operator Ψ maps the ball B([T1, T2];R1) := {U ∈

X[T1,T2] : ‖U‖X[T1,T2] ≤ R1} into itself, where T1 = T∗ and T2 = T∗ + ∆t2.
Indeed, due to (4.2)–(4.5) and (4.7) we have

‖Ψ1U‖C(D[T1,T2])
≤ 2

(
µRρ+1

1 + λRα+1
1

)
∆t2 + 2

(
µRρ+1

∗ + λRα+1
∗

)
∆t1

+‖F1‖C(D[T1,T2])

≤ 2−1 + 2T
(
µRρ+1

∗ + λRα+1
∗

)
+ ‖F‖XT

≤ R1.

Analogously: ‖ΨiU‖C(D[T1,T2])
≤ R1, i = 2, 3.

Now let us show that the operator Ψ is a contractive mapping in this ball.
Indeed, for (x, t) ∈ D[T1,T2] due to (4.4) and (4.7) we have

|(Ψ1U
2 − Ψ1U

1)(x, t)|

≤
∫ t

α1(x,t;∆t1)

(
2−1µ

∣∣|u2
3|ρ − |u1

3|ρ
∣∣|u2

1 + u2
2|

+ 2−1µ|u1
3|ρ|u2

1 − u1
1 + u2

2 − u1
2| + λ

∣∣|u2
3|αu2

3 − |u1
3|αu1

3

∣∣)(Pτ

)
dτ

+
∫ t

α2(x,t;∆t1)

(
2−1µ

∣∣|u2
3|ρ − |u1

3|ρ
∣∣|u2

1

+ u2
2| + 2−1µ|u1

3|ρ|u2
1 − u1

1 + u2
2 − u1

2| + λ
∣∣|u2

3|αu2
3 − |u1

3|αu1
3

∣∣)(Pτ0

)
dτ

≤ 2
(
µρRρ

1 + λ(α + 1)Rα
1
)
∆t2‖u2

3 − u1
3‖C(D[T1,T2])

+ 2µRρ
1∆t2‖U2 − U1‖X[T1,T2]

≤
(
2−1 + (2R1)−1)‖U2 − U1‖X[T1,T2] = q1‖U2 − U1‖X[T1,T2] ,

where q1 := 2−1
(
1 + R−1

1

)
< 1, since R1 > 1 in view of (4.5).

Analogously we receive, that

|(ΨiU
2 − ΨiU

1)(x, t)| ≤ qi‖U2 − U1‖X[T1,T2] , 0 < qi := const < 1, i = 2, 3.

Thus, ‖ΨU‖X[T1,T2] ≤ R1, ‖ΦU2 − ΦU1‖X[T1,T2] ≤ qi‖U2 − U1‖X[T1,T2] , where 0 <
qi < 1, i = 1, 2, 3 and due to the theorem about contraction mapping it follows the
unique solvability of vector equation (4.6) in the space X[T1,T2].
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Continuing this process step by step, and taking into account the fact that in
view of global a priori estimate (4.3) the length of each step ∆ti does not depend on
i we receive the global solvability of the system of equations (2.22), and therefore
of problem (1.1), (1.2) in domain DT for any T > 0.

5 Uniqueness of the solution of problem (1.1), (1.2)

Lemma 5.1: Let the condition (3.3) is fulfilled. Then for any T > 0 problem (1.1),
(1.2) can not have more than one strong generalised solution of the class C1 in
domain DT .

Proof: Indeed, suppose that problem (1.1), (1.2) has two different possible strong
generalised solutions u1 and u2 of the class C1 in domain DT . According to
Definition 1.1 there exists the sequence of functions ui

n ∈ C◦2(DT , ΓT ), such that

lim
n→∞

‖ui
n − ui‖C1(DT ) = 0, lim

n→∞
‖Lui

n − f‖C(DT ) = 0,

lim
n→∞

‖|ui
n|ρui

nt − |ui|ρui
t‖C(DT ) = 0, lim

n→∞
‖|ui

n|αui
n − |ui|αui‖C(DT ) = 0,

i = 1, 2. (5.1)

Let us use known notation � := ∂2/∂t2 − ∂2/∂x2 and assume that ωn := u2
n − u1

n.
It is easy to see that function ωn ∈ C◦2(DT , ΓT ) and satisfies the following
identities

�ωn + gn = fn, (5.2)

ωn

∣∣
ΓT

= 0, (5.3)

where

gn := µ
(
|u2

n|ρu2
nt − |u1

n|ρu1
nt

)
+ λ

(
|u2

n|αu2
n − |u1

n|αu1
n

)
, fn := Lu2

n − Lu1
n.

(5.4)

Due to the first equality from (5.1) there exists the number A := const > 0, not
dependent on indices i and n, such that

‖ui
n‖C1(DT ) ≤ A. (5.5)

According to the second equalities from (5.1) and (5.4) it follows that

lim
n→∞

‖fn‖C(DT ) = 0. (5.6)

From (3.3), (5.5) and the first equality of (5.4) it is clear that

g2
n ≤ 2µ2(|u2

n|ρu2
nt − |u1

n|ρu1
nt

)2 + 2λ2(|u2
n|αu2

n − |u1
n|αu1

n

)2

= 2µ2(|u2
n|ρωnt +

(
|u2

n|ρ − |u1
n|ρ

)
u1

nt

)2 + 2λ2(|u2
n|αu2

n − |u1
n|αu1

n

)2

≤ 4µ2A2ρω2
nt +

(
4µ2ρ2A2ρ + 2λ2(α + 1)2A2α

)
ω2

n. (5.7)
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Multiplying the both sides of (5.2) by ωnt and integrating the received equality in
domain Dτ , due to boundary conditions (5.3), as it was in receiving of (2.11) from
(2.5), (2.6) we shall have

wn(τ) :=
∫

Ωτ

(
ω2

nx + ω2
nt

)
dx = 2

∫
Dτ

(
fn − gn

)
ωntdxdt. (5.8)

Due to estimate (5.7) and the inequality of Cauchy we shall have

2
∫

Dτ

(
fn − gn

)
ωntdxdt ≤

∫
Dτ

(
fn − gn

)2
dxdt +

∫
Dτ

ω2
ntdxdt

≤ 2
∫

Dτ

f2
ndxdt + 2

∫
Dτ

g2
ndxdt +

∫
Dτ

ω2
ntdxdt

≤ 2
∫

Dτ

f2
ndxdt +

(
1 + 8µ2A2ρ

) ∫
Dτ

ω2
ntdxdt

+4
(
2µ2ρ2A2ρ + λ2(α + 1)2A2α

) ∫
Dτ

ω2
ndxdt. (5.9)

Further, from equality ωn(x, t) =
∫ t

x
ωnt(x, τ)dτ, (x, t) ∈ DT , which follows from

(5.3), by use of standard considerations we receive inequality [see e.g.
Ladyzhenskaya, 1973, p. 63]∫

Dτ

ω2
ndxdt ≤ τ2

∫
Dτ

ω2
ntdxdt. (5.10)

From (5.8)–(5.10) it follows that

wn(τ) ≤
(
1 + 8µ2A2ρ + 8µ2τ2ρ2A2ρ + 4λ2τ2(α + 1)2A2α

) ∫
Dτ

ω2
ntdxdt

+2‖fn‖2
L2(Dτ )

≤
(
1 + 8µ2A2ρ + 8µ2τ2ρ2A2ρ + 4λ2τ2(α + 1)2A2α

) ∫ τ

0
wn(σ)dσ

+2‖fn‖2
L2(DT ).

Whence by the Gronwall’s lemma we receive that

wn(τ) ≤ c2‖fn‖2
L2(DT ), 0 < τ ≤ T, (5.11)

where c2 := 2 exp(
(
1 + 8µ2A2ρ + 8µ2T 2ρ2A2ρ + 4λ2T 2(α + 1)2A2α

)
T .

Conducting the same considerations, as those used for receiving of (2.13), and
also due to (5.11), for (x, t) ∈ DT we have

|ωn(x, t)|2 ≤ twn(t) ≤ Tc2 mes DT ‖fn‖2
C(DT ) = 2−1c2T

3‖fn‖2
C(DT ).

From this inequality it follows immediately that

‖ωn‖C(DT ) ≤ T
√

2−1c2T‖fn‖C(DT ). (5.12)
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Recalling the definition of function ωn, according to the first equality from (5.1)
we have

lim
n→∞

‖ωn‖C1(DT ) = ‖u2 − u1‖C1(DT )

and all the more

lim
n→∞

‖ωn‖C(DT ) = ‖u2 − u1‖C(DT ).

Due to this equality and (5.6), passing in (5.12) to limit for n → ∞ we receive
‖u2 − u1‖C(DT ) = 0, i.e., u1 = u2, which proves Lemma 5.1.

6 The case of nonexistence of a global solution of problem (1.1), (1.2)

Below we will show that violation of condition (2.1) may cause the absence of
global solvability of problem (1.1), (1.2) in the sense of Definition 1.2. Indeed, in
equation (1.1) we consider the case, when the parameter µ = 0, while the parameter
λ < 0.

Lemma 6.1: Let u be a strong generalised solution of problem (1.1), (1.2) of the
class C1 in domain DT in the sense of Definition 1.1. Then it is valid the following
integral equality∫

DT

u�ϕdxdt = −λ

∫
DT

|u|αuϕdxdt +
∫

DT

fϕdxdt (6.1)

for any function ϕ, such that

ϕ ∈ C2(DT ), ϕ
∣∣
t=T

= 0, ϕt

∣∣
t=T

= 0, ϕ
∣∣
γ2,T

= 0. (6.2)

Proof: According to the definition of strong generalised solution u of problem
(1.1), (1.2) of the class C1 in domain DT , function u ∈ C1(DT ) and there exists
the sequence of functions un ∈ Co2(DT , ΓT ), such that the equalities (2.3), (2.4) are
valid.

Suppose that fn := Lun. Multiplying the both sides of equality Lun = fn by
function ϕ let us integrate the received equality in domain DT . As a result of
integration by parts of the left side of this equality, due to (6.2) and the boundary
conditions (1.2) we receive∫

DT

un�ϕdxdt = −λ

∫
DT

|un|αunϕdxdt +
∫

DT

fnϕdxdt.

By passing to limit in this equality for n → ∞, according to (2.3), (2.4) we receive
equality (6.1). Thus Lemma 6.1 is proved.

Lemma 6.2: Let λ < 0 and the function u ∈ C1(DT ) be a strong generalised
solution of the problem (1.1), (1.2) of the class C1 in domain DT . If f ≥ 0 in
domain DT , then u ≥ 0 in domain DT .
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Proof: Let P := P (x, t) be an arbitrary point in domain DT . Denote by Gx,t a
quadrangle with vertices P and also P1 and P2, P3, which lay on data supports
γ2,T and γ1,T , respectively, i.e., P1 := P1(0, t − x), P2 := P2

(
t−x
2 , t−x

2

)
, P3 :=

P3
(

x+t
2 , x+t

2

)
.

Let u ∈ C2(DT ) be a classical solution of problem (1.1), (1.2). By integration of
equation (1.1) in domain Gx,t, using homogeneous boundary conditions (1.2) it is
easy to see that function u satisfies the following Volterra type integral equation

u(x, t) =
∫

Gx,t

k(ξ, η)u(ξ, η)dξdη + F (x, t), (x, t) ∈ DT , (6.3)

where k(x, t) := −λ
2 |u(x, t)|α ∈ C(DT ) and F (x, t) := 1

2

∫
Gx,t

f(ξ, η)dξdη, (x, t) ∈
DT . By virtue of suppositions made in Lemma 6.2 we have

k(x, t) ≥ 0, F (x, t) ≥ 0, ∀(x, t) ∈ DT . (6.4)

Assuming that function k(x, t) is given, let us consider Volterra type linear integral
equation

v(x, t) =
∫

Gx,t

k(ξ, η)v(ξ, η)dξdη + F (x, t), (x, t) ∈ DT (6.5)

in the class C(DT ) with respect to unknown function v. As it is known
[see e.g., Bitsadze, 1982, p.188], equation (6.5) in the class C(DT ) has unique
continuous solution v, which can be obtained by use of the method of consecutive
approximations:

v0(x, t) = 0, vn+1(x, t) =
∫

Gx,t

k(ξ, η)vn(ξ, η)dξdη + F (x, t),

n = 0, 1, 2, . . . , (x, t) ∈ DT .

From these equalities according to (6.4) we have vn ≥ 0 in DT for all n = 0, 1, ...
On the other hand, vn → v in the class C(DT ) for n → ∞. Therefore, limit function
v ≥ 0 in domain DT . We have just note, that by virtue of equality (6.3) function u
is also a solution of equation (6.5), and therefore due to the uniqueness of solution
of this equation we finally receive u = v ≥ 0 in domain DT . Lemma 6.2 is proved.

For λ < 0, according to the last lemma, equality (6.1) can by rewritten in the
form ∫

DT

|u|�ϕdxdt = |λ|
∫

DT

|u|pϕdxdt +
∫

DT

fϕdxdt, p := α + 1 > 1. (6.6)

Let us introduce into consideration function [see e.g., Mitidieri and Pohozaev, 2001,
pp.10–12] ϕ0 := ϕ0(x, t) such that

ϕ0 ∈ C2(D∞), ϕ0
∣∣
DT=1

> 0, ϕ0
∣∣
γ2,∞

= 0, ϕ0
∣∣
t≥1 = 0 (6.7)
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and

κ0 :=
∫

DT=1

|�ϕ0|p′

|ϕ0|p′−1 dxdt < +∞, p′ = 1 +
1
α

. (6.8)

It is easy to verify that in the role of function ϕ0, satisfying conditions (6.7) and
(6.8), one may use function

ϕ0(x, t) :=

{
xn(1 − t)m, (x, t) ∈ DT=1,

0, t ≥ 1,

for sufficiently large positive numbers n and m.
Suppose that ϕT (x, t) := ϕ0

(
x
T , t

T

)
, T > 0. Due to (6.7) it is easy to see that

ϕT ∈ C2(DT ), ϕT

∣∣
DT

> 0, ϕT

∣∣
γ2,T

= 0, ϕT

∣∣
t=T

= 0,
∂ϕT

∂t

∣∣∣∣
t=T

= 0.

(6.9)

Supposing that function f is fixed, let us introduce into consideration a function of
one variable T

ζ(T ) :=
∫

DT

fϕT dxdt, T > 0. (6.10)

The following theorem on the nonexistence of a global solution of problem (1.1),
(1.2) is valid.

Theorem 6.1: Let λ < 0, ρ > 0, α > 0, f ∈ C(D∞) and f ≥ 0 in domain D∞. If

lim inf
T→+∞

ζ(T ) > 0, (6.11)

then there exists positive number T ∗ := T ∗(f), such that for T > T ∗ problem (1.1),
(1.2) cannot have strong generalised solution u of the class C1 in domain DT .

Proof: Suppose, that in conditions of this theorem there exists strong generalised
solution u of problem (1.1), (1.2) of the class C1 in domain DT . Then according to
Lemmas 6.1 and 6.2 equality (6.6) holds, where due to (6.9) in the role of function
ϕ can be taken function ϕ = ϕT , i.e.,∫

DT

|u|�ϕT dxdt = |λ|
∫

DT

|u|pϕT dxdt +
∫

DT

fϕT dxdt.

Taking into account (6.10) this equality can be rewritten in the form

|λ|
∫

DT

|u|pϕT dxdt =
∫

DT

|u|�ϕT dxdt − ζ(T ). (6.12)
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If in Young inequality with parameter ε > 0

ab ≤ ε

p
ap +

1
p′εp′−1 bp′

; a, b ≥ 0,
1
p

+
1
p′ = 1

we shall take a = |u|ϕ
1
p

T , b = |�ϕT |

ϕ
1
p
T

, then since p′

p = p′ − 1 we obtain

|u�ϕT | = |u|ϕ
1
p

T

|�ϕT |

ϕ
1
p

T

≤ ε

p
|u|pϕT +

1
p′εp′−1

|�ϕT |p′

ϕp′−1
T

.

According last inequality from (6.12) we have

(
|λ| − ε

p

) ∫
DT

|u|pϕT dxdt ≤ 1
p′εp′−1

∫
DT

|�ϕT |p′

ϕp′−1
T

dxdt − ζ(T ),

whence for ε < |λ|p we receive

∫
DT

|u|pϕT dxdt ≤ p

(|λ|p − ε)p′εp′−1

∫
DT

|�ϕT |p′

ϕp′−1
T

dxdt − p

|λ|p − ε
ζ(T ).

Since p′ = p
p−1 , p = p′

p′−1 and min0<ε<|λ|p
p

(|λ|p−ε)p′εp′−1 = 1
|λ|p′ , which is achieved

for ε = |λ|, it follows, that

∫
DT

|u|pϕT dxdt ≤ 1
|λ|p′

∫
DT

|�ϕT |p′

ϕp′−1
T

dx dt − p′

|λ|ζ(T ). (6.13)

Since ϕT (x, t) := ϕ0
(

x
T , t

T

)
, then due to (6.7), (6.8), after changing variables x =

Tx′, t = Tt′, it is easy to verify, that

∫
DT

|�ϕT |p′

ϕp′−1
T

dxdt = T−2(p′−1)
∫

DT=1

|�ϕ0|p′

|ϕ0|p′−1 dx′dt′ = T−2(p′−1)κ0.

According to (6.9) and the last inequality from (6.13) we receive

0 ≤
∫

DT

|u|pϕT dxdt ≤ 1
|λ|p′ T

−2(p′−1)κ0 − p′

|λ|ζ(T ). (6.14)

Since p′ = p
p−1 > 1, then −2(p′ − 1) < 0 and due to (6.8) we have

lim
T→+∞

1
|λ|p′ T

−2(p′−1)κ0 = 0.

Therefore, by virtue of (6.11) there exists positive number T ∗ := T ∗(f), such that
for T > T ∗ the right hand side of inequality (6.14) will be negative, whereas the left
hand side of this inequality is non-negative. This means that if there exists strong
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generalised solution u of problem (1.1), (1.2) of the class C1 in domain DT , then
necessarily T ≤ T ∗, which proves the Theorem 6.1.

Remark 6.1: It is easy to verify that if f ∈ C(D∞) and f(x, t) ≥ ct−m for t ≥ 1,
where c := const > 0, 0 ≤ m := const ≤ 2, then condition (6.11) will be fulfilled,
and so for λ < 0, ρ > 0, α > 0 problem (1.1), (1.2) for sufficiently large T will not
have strong generalised solution u of the class C1 in domain DT .

Indeed, let us introduce in (6.10) the transformation of independent variables x
and t by formula x = Tx1, t = Tt1, after some estimates we have

ζ(T ) = T 2
∫

DT=1

f(Tx1, T t1)ϕ0(x1, t1)dx1dt1

≥ cT 2−m

∫
DT=1∩{t1≥T −1}

t−m
1 ϕ0(x1, t1)dx1dt1

+T 2
∫

DT=1∩{t1<T −1}
f(Tx1, T t1)ϕ0(x1, t1)dx1dt1

in supposition that T > 1. Further, let T1 > 1 be any fixed number. Then from the
last inequality for function ζ we have

ζ(T ) ≥ cT 2−m

∫
DT=1∩{t1≥T −1}

t−m
1 ϕ0(x1, t1)dx1dt1

≥ c

∫
DT=1∩{t1≥T −1

1 }
t−m
1 ϕ0(x1, t1)dx1dt1,

if T ≥ T1 > 1. From the latter inequality immediately follows the validity of (6.11).
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