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Abstract. One multidimensional version of the Darboux first problem for
one class of semilinear second order hyperbolic systems is investigated.
The questions on local and global solvability and nonexistence of a global
solution of this problem are considered.
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1. Introduction

In the Euclidean space R™*! of independent variables x = (x1,2,...,7,) and
t consider a second order semilinear hyperbolic system of the form
Dui+fi(u17...7uN):Fi 7;:17...,N, (11)

where f = (f1,...,fn), F = (F1,..., Fy) are given, and u = (uq,...,uy) is an
unknown real vector-functions, n > 2, N > 2, [ := g—; —A A= 66—;.

Denote by D : t > |x|,z, > 0 the half of a light cone of the future
bounded by the part S° : 9D N {z,, = 0} of hyperplane x,, = 0 and the
half S : t = |z|,2, > 0 of the characteristic conoid C' : t = |z| of the sys-
tem (1.1). Let Dy := {(z,t) € D : t < T}, S = {(x,t) € S° : t < T},
Sr={(z,t) € S:t<T},T>0.

For the system of equations (1.1) consider a problem on finding a solution
u(x,t) of this system by the following boundary conditions

ou
o,

=0, u
5%

_ 1.2
o =9 (1.2)
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where g = (¢1,...,9n) is a given vector-function on Sp. In the case when
T = co we have Do, = D, S% = S% and S, = S.

The problem (1.1), (1.2) represents a multidimensional version of the
Darboux first problem for the system (1.1), when one part of the problem
data support represents a characteristic manifold, while another part is of
time type manifold [1, p. 228, 233].

Questions on the existence and nonexistence of global solution of the
Cauchy problem for semilinear scalar equations of the form (1.1) with initial
conditions uli—g = wuy, %!t:o = u; have been considered by many authors
(see, e.g. [2-11]). As it is known for second order scalar linear hyperbolic equa-
tions multidimensional versions of the Darboux first problem are well-posed
and they are globally solvable in suitable function spaces [12-17]. In regard
to the multidimensional problem (1.1), (1.2) for scalar case, i.e. when N = 1,
in the case of nonlinearity of the form f(u) = A|u|Pu, as it is shown in the
paper [18], depending on the sign of the parameter A and the values of power
exponent p, in some cases the problem (1.1), (1.2) is globally solvable, while in
other cases it is not globally solvable. Another multidimensional version of the
Darboux first problem for scalar semilinear equation of the form (1.1), where
instead of the boundary condition % o = 0 in (1.2) is taken u o = 0, is
considered in the work [19]. Worthy to gote also that the multidin?ensional

version for the Darboux second problem for scalar semilinear equation of the
form (1.1) is studied in the work [20].

In the present work we give certain conditions for the nonlinear vector-
function f = f(u) from (1.1), which fulfilment ensures local or global solv-
ability of the problem (1.1), (1.2), while in some cases it will not have global
solution, though it will be locally solvable.

The paper is organized in the following way. In the Sect. 2 we define
a strong generalized solution of the problem (1.1), (1.2) of the class Wi in
the domain D7 and a global solution of this problem of the same class in the
domain D,. In the Sect. 3, with some restrictions on the power of nonlinearity
of the vector function f, we consider the cases of local and global solvability of
the problem (1.1), (1.2) of the class Wi. In Sect. 4 we give conditions for the
vector-function f, which provide the existence and uniqueness of a global solu-
tion of the class W3 to this problem. Finally, in the Sect. 5, at some additional
conditions on the vector-functions f, F' and g, we prove the nonexistence of a
global solution of the problem (1.1), (1.2) of the class W3 in the domain D.

2. Definition of a generalized solution of the problem
(1.1), (1.2) in Dy and D,
_ 0}.
St

0
Let also W 3(Dr, St) = {u € Wi(Dr) : u|s, = 0}, where WF(Q) is
the Sobolev space consisting of the elements of Ly (2) having up to k-th order

=0,u

0 I —
Let C2(Dr,S%, Sr) == {u € C%(Dr) : aawi w
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generalized derivatives from Lo((2), inclusively. Here the equality u|s, = 0
must be understood in the sense of the trace theory [21, p. 71].

Below under belonging of the vector v = (v1,...,vN) to some space X
we mean belonging of each component v;, 1 < ¢ < N, of this vector to the
same space X . In accordance with this, for simplicity of record, where this will

not cause misunderstanding, instead of v = (vy,va,...,vy) € [X]V we use the

record v € X.
Rewrite the system of equations (1.1) in the form of one vector equation
Lu:=0u+ f(u) = F. (2.1)

Together with the boundary conditions (1.2) we consider corresponding
homogeneous boundary conditions

R ) (2.2)
0Ty 159, St
Below, on the nonlinear vector-function f = (f1,...,fn) in (1.1) we

impose the following requirement
feC®RY), |f(u)| < M+ Msyu|®, «a=const>0, uecRY, (2.3)
where | - | is a norm in the space RY, M; = const > 0, =1,2.

Remark 2.1. The embedding operator I : [W3 (D7)]Y — [L,(Dr)]" represents

a linear continuous compact operator for 1 < g < 2(::1) ,when n>1[21, p. 86].

At the same time the Nemitski operator K : [L,(Dr)]Y — [L2(Dr)]V, acting
by the formula Ku = f(u), where u = (u1,...,un) € [Ly(Dr)]", and the
vector-function f = (f1,..., fn) satisfies the condition (2.3).0 is continuous
and bounded for ¢ > 2a [22, p. 349], [23, pp. 66, 67]. Thus, if a < 241, ie.
2a0 < 2(:7:1)7 then there exists number ¢ such that 1 < ¢ < % and ¢ > 2a.
Therefore, in this case the operator

Ko = KI: [WH(Dr)]" = [Lo(Dr)]Y (2.4)

will be continuous and compact. It is clear that from v = (uy,...,un) €
W (Dr) it follows that f(u) € La(D7) and, if u™ — u in the space W (Dr),
then f(u™) — f(u) in the space La(Dr).

Definition 2.1. Let f = (f1,..., fn) satisfy the condition (2.3), where 0 < a <
il F = (Fy,...,Fy) € Lo(Dr) and g = (g1,...,9n5) € W3(S7). We call

n—17

the vector-function u = (uy,...,uy) € W3 (Dr) a strong generalized solution
of the problem (1.1), (1.2) of the class W3 in the domain Dy if there exists
o)

a sequence of vector-functions u™ € C?(Dr) such that =0,u" —u

Oxy S0
in the space W3 (Dr), Lu™ — F in the space Ly(Dr) and um‘s — ¢ in

T
the space W3 (S7). Convergence of the sequence {f(u™)} to f(u) in the space
Ly(D7) when u™ — u in the space W3 (D) follows from the Remark 2.1
When g = 0, i.e. in the case of homogeneous boundary conditions (2.2), we

0., — 0
assume that u™ € C'2(Dz, S%, St). Then, it is clear that u € W 3(Dr, St).
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It is obvious, that the classical solution u € C?(Dr) of the problem (1.1),
(1.2) is a strong generalized solution of the class W in the domain D7 in the
sense of the Definition 2.1.

Remark 2.2. It is easy to verify that if u € C?(Dr) is a classical solution of
the problem (1.1), (1.2), then scalarly multiplying the both parts of the sys-
tem (2.1) by any test vector-function ¢ = (¢1,...,pn) € C1(Dr), satisfying

the condition ¢ = 0, after integration by parts, we receive the following
t=T

equality
/ [—urpr + VuV] dedt = — fw)pdxdt
DT DT
ou
+ Fodzdt — ——ds, (2.5)
Dr S%UST 6N
where a%: = Z/n_H% — Z?:l Vi% is the derivative with respect to the conor-
mal, v = (v1,...,Vp,Vpy1) 18 the unit vector of the outer normal to dDr,
and V = (0/0x1,...,0/0x,). Taking into account that a—f’; s = % and St
represents a characteristic manifold, on which the operator 8% is a inner dif-
ferential operator, from (1.2) we have g—g o =0 g—g o = g—g o Therefore,
T
the equality (2.5) takes the form
/ [—urpr + VuVepldedt = — f(u)pdadt
DT DT

+ F@dxdt—/ @gods. (2.6)
Dy 5y OV

It is easy to see that the equality (2.6) is valid also for any vector-func-
tion ¢ = (¢1,...,0n) € WH(Dr) such that <p‘ - 0 in the sense of the

trace theory. Note that the equality (2.6) is Validtalso for a strong generalized
solution u € W} (Dr) of the problem (1.1), (1.2) of the class W3 in the domain
Dy in the sense of the Definition 2.1. Indeed, if u™ € C?(Dr) is a sequence
of vector-functions from the Definition 2.1, then writing equality (2.6) for
u = ¢ and passing to the limit for m — oo, we receive (2.6). Note also that
the equality (2.6), valid for any test vector-function ¢ € W3 (Dr), satisfying

the condition ¢ = 0, can be put in the basis of the definition of a weak
=T

t=
generalized solution u € W (Dr) of the problem (1.1), (1.2) of the class W3
in the domain D.

Definition 2.2. Let f satisfy the condition (2.3), where 0 < o < 2t F €
Ls1oc(Doo), g € W21,loc(SOO) and F}DT € Ly(Dr), g|ST € W}H(St) for any
T > 0. We say that the problem (1.1), (1.2) is locally solvable in the class
W if there exists a number Ty = Ty(F, g) > 0 such that for any T' < T this
problem has a strong generalized solution of the class W in the domain Dr

in the sense of the Definition 2.1.
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Definition 2.3. Let f satisfy the condition (2.3), where 0 < o < 2t F €
Ls10c(Doo), g € Wzl,loc(soo) and F}DT € Ly(Dr), g|ST e Wi (ST) for any
T > 0. We say that the problem (1.1), (1.2) is globally solvable in the class
Wy if for any T' > 0 this problem has a strong generalized solution of the class
W3 in the domain Dy in the sense of the Definition 2.1.

Definition 2.4. Let f satisfy the condition (2.3), where 0 < o < 2t F ¢

n—1"
Ls.1oc(Doo), g € Wiloc(Soo) and F‘DT € Ls(Dr), g|ST € W3 (Sr) for any
T > 0. Vector-function v = (uy,...,uy) € Wy, (Do) is called a global
strong generalized solution of the problem (1.1), (1.2) of the class Wy in the
domain Dy if for any T > 0 the vector-function u|p, belongs to the space
W4(Dr) and represents a strong generalized solution of the problem (1.1),
(1.2) of the class W4 in the domain Dy in the sense of the Definition 2.1.

Remark 2.3. Reasoning used in the proof of the equality (2.6) makes it pos-
sible to conclude that the global strong generalized solution v = (uq,...,uyN)
of the problem (1.1), (1.2) of the class W3 in the domain D, in the sense of
the Definition 2.4 satisfies the following integral equality

/ [—urpr + VuVldadt = / f(u)pdadt
Do

F
/ pdxdt — / 7 gpds

for any test vector-function ¢ = (¢1,...,¢n) € C*(Dy), which is finite with
respect to the variable r = (t2 + |2|2)'/2, i.e. ¢ = 0 for 7 > rg = const > 0.

3. Some cases of local and global solvability of the problem
(1.1), (1.2) in the class W,

For simplicity we consider the case when the boundary conditions (1.2) are
homogeneous. In this case the problem (1.1), (1.2) can be written in the form
(2.1), (2.2).

Remark 3.1. Before we consider the solvability of the problem (2.1), (2.2) let
us consider the same question for a linear case, when vector-function f = 0 in
(2.1), i.e. for the problem

Lou :=0u = F(x,t), (x,t) € Dp, (3.1)
ou
@ 50 = 0, U’ST =0. (32)

For the problem (3.1), (3.2), by analogy to that in the Definition 2.1 for the
problem (1.1), (1.2), we introduce a notion of the strong generalized solution
u = (u1,...,uy) of the class W3 in the domain D for F = (Fy,...,Fy) €

0
Lo(Dr), i.e. for vector-function u = (uy,...,uy) € W i(Dr, St), for which
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0. —
there exists a sequence of vector-functions u™ = (ul,...,u%) € C*(Dr, S,
St), such that

Jdim " <l =00 lim [ou” = Pl = 0. (33)

0, —
For the solution u € C?%(Dr,S%,Sr) of the problem (3.1), (3.2) the
following estimate

ull o D) Fllaory, oT) =VTexpy (T+1°),  (3.4)

W 3(Dr S)_

is valid. Indeed, after scalar multiplication of the both parts of the vector equa-
tion (3.1) by 2% and integration in the domain D,, 0 < 7 < T, and simple
transformations by help of the equalities (3.2) and integration by parts we
receive the equality [18], [24, p. 116]

/QT [(?f)@(a )] —2/ Pt dua, (3.5)

where . := DpN{t =7}. Since S; : t = |z|, z, > 0, t < T, then due to (3.2)
we have

T

N g u(z, s)ds, (x,7) € Q.

u(z,7) =

Squaring scalarly the both parts of the received equality, integrating it in the
domain 2, and using the Schwartz inequality, we obtain

/QTUQd.Z‘:/ <:|§ u(z, S)>2de/QT(T_|x|) l/|:| (?;Z)stl da
<o [ |f (f;;)zs] wet [ (2w 6o

Let

w(r) :=/Q u? + (%)2 +§ (38;'2)2] dz.

2
Taking into account the inequality 2 %% < (%‘;) +F?, due to (3.5) and (3.6)

we have

-
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2
w(r) < (1+T)/ (%) dxdt—i—/D F2dxdt

Dr
ou\ > "L ou
2 2
§(1+T)/DT U —l—(&) —&-Z_Zl((,m) ‘|dxdt+|F|L2(DT)
— (4 T)/O w(s)ds +||FI2,pyy, 0<7<T. (3.7)

According to the Gronwall’s Lemma [25, p.13] from (3.7) it follows that
w(t) <|F[7,ppexp(1+T)T, 0<7<T. (3.8)

By help of (3.8) we have
N> s ou\’
2 _ 2 ou
HUHVOV;(DT,ST) B /D v (815) +; (8xi>

T
- / w(r)dr < T||F|[3,pyy exp(l+T)T,
0

dxdt

whence it follows the estimate (3.4).

Remark 3.2. Due to (3.3) a priori estimate (3.4) is also valid for a strong
generalized solution of the problem (3.1), (3.2) of the class W3 in the domain
Dr.

Since the space C§°(Dr) of finite infinitely differentiable in the Dz func-
tions is dense in the Lo(Dr), then for given F' = (F},..., Fy) € La(Dr) there
exists the sequence of vector-functions F™ = (Fi", ..., F3') € C§°(Dr) such
that lim,, oo [[F"" — F||1,(py) = 0. For fixed m, extending F with even
manner with respect to the variable x,, in the domain D7 := {(z,t) € R**!:
zn <0, |z| <t < T} and then with zero beyond the domain Dy U D7, and
leaving the same notation for it, we shall have F™ € C°°(R"*!), for which the
support supp F™ C Do, U D2, where R’f‘l :=R"*1 N {t > 0}. Denote by u™
the solution of the Cauchy problem:

ou™
=0 Sy
which, as it is well-known [26, p. 192], exists, is unique and belongs to the space
C*(R). Since supp F™ C DooUDL, C {(z,t) € R it > [z}, u™ =g = 0
and % +—o = 0, then taking into account geometry of the domain of depen-
dence of the solution of linear wave equation Lou™ = F™, we shall have
suppu™ C {(x,t) € R**1 ¢ > |z|} [26, p. 191] and, in particular, um|ST =0.
On the other hand the vector-function 4™ (x1, ..., @y, t) = u™(x1,...,—Tp,t)
is also a solution of the same Cauchy problem (3.9), because the vector-function
F"™ is even with respect to the variable x,,. Therefore, due to the uniqueness of
the solution of the Cauchy problem we have @™ = «™, i.e. u"(z1,...,—Zp,t) =
u™(x1,...,2Tn,t), and thereby the vector-function v is also an even function

Lou™ :=0u™ =F™, u™

=0, (3.9)
t=0

with respect the variable x,. Whence, in turn, it follows that ‘2;; =0,

x,=0

which with the condition um‘ Sp = 0 means that if we leave the same notation
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for the restriction of vector-function u™ in the domain Dy, then it is obvi-
0.
ous that u™ € C'2(Dr, S%, St). Further, due to (3.4) and (3.9) the following

inequality

< e(DIE™ = F|Ly(pa) (3.10)

lim [Ju™ —u"|| o
; w

m— 00 3(Dr,ST)

is valid.
Since the sequence {F™} is fundamental in Ly(Dy), then due to (3.10)

0
the sequence {u™} is also fundamental in the complete space W i(Dr, St).

0
Therefore, there exists a vector-function v € W %(DT, St) such that lim,,
[lu™—ul| o = 0, and since Lou™ = F™ — F in the space L2 (D7), then
W 3(Dr,ST)

this vector-function according to the Remark 3.1 will be a strong generalized
solution of the problem (3.1), (3.2) of the class W3 in the domain Dz. The

0
uniqueness of this solution from the space W 1(Dr, S7) follows, due to the
Remark 3.2, from the a priori estimate (3.4). Therefore, for the solution u of
the problem (3.1), (3.2) we can write u = Ly ' F, where L' : [Lo(D)]Y —
N

0
W 3(Dr,Sr)| is a linear continuous operator with a norm admitting in

view of (3.4) the following estimate

1
[Pl < VTexp (17 + 1), (3.11)

[La(D)]N —[W §(Dr,ST)]N ~

Remark 3.3. Taking into account (3.11), when the condition (2.3) is fulfilled,
where 0 < a < 2t and F € Ly(Dr), due to the Remark 2.1, it is easy to see

0
that the vector-function u = (u1,...,uy) € W i(Dr, St) represents a strong
generalized solution of the problem (2.1), (2.2) of the class W in the domain
D if and only if u is a solution of the following functional equation

u=Ly'(—f(u) + F) (3.12)

0
in the space W (D, St).

Remark 3.4. Let the condition (2.3) be fulfilled and 0 < o < 2E1. Rewrite the
equation (3.12) in the form

u = Au := Lal(—KOu + F), (3.13)

0
where the operator Ko : [W (D, Sp)]N — [Lao(Dr)]Y from (2.4) due to
the Remark 2.1 is a continuous and compact operator. Therefore, according

0 0
to (3.11) and (3.13) the operator A : [W (Dr,S7)]Y — [Wi(Dr,S7)]Y is

also continuous and compact. Denote by B(0,rq) := {u = (u1,...,uy) €

0

W 5(Dr, St) : ||ul] o < rg} a closed (convex) ball with radius ro > 0
W 3(Dr,ST)

0
and center in null element in the Hilbert space W (D, St). Since the opera-

0
tor A from (3.13), acting in the space W 3(Dr, St), is a compact continuous
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operator, then, according to the Schauder principle, for solvability of the equa-

0
tion (3.13) in the space W (Dr, St) it suffices to prove that the operator A
maps the ball B(0,r) into itself for some ro > 0 [27, p. 370].

Theorem 3.1. Let f satisfy the condition (2.3), where 1 < a < 2l g =0, F €

n—1’
L2 10c(Doo) and F|DT € Lo(Dr) for any T > 0. Then the problem (1.1), (1.2)
is locally solvable in the class W3, i.e. there exists a number Ty = To(F) > 0
such that for any T < Ty this problem has a strong generalized solution of the
class W3 in the domain Dy in the sense of the Definition 2.1.

Proof. Due to Remark 3.4 it suffices to prove the existence of positive num-
bers Ty = To(F) and rog = ro(T, F) such that for T < Ty the operator A
from (3.13) maps the ball B(0,ry) into itself. For this purpose let us evaluate

0 0
HAUHV?/l(DT ) for u € W%(DT,ST). If u = (ul,...,uN) € W%(DT,ST),
2 5

then let us denote by @ the vector-function which represents an even extension

0
of u through planes x,, = 0 and t = T'. It is obvious that @ € W 3(D%) := {v €
W3 (D3) : vlapz. = 0}, where Dj. : |z <t < 2T — |z|.
Using inequality [28, p. 258]

/ [0]dQ < (mesQ) = VPjvl|,0, p> 1,
Q

and taking into account equalities

2
0

- B » 2 _
Nall7, psy = 4ully ppy Nl = 4||UHW§(DT,ST)’

W 3(Dy

from known multiplicative inequality [21, p. 78]

& 1-& 04 n+1

[v]lp,e < Bl Vervllmollvlll " Vv e W, (R), @ CR™,
) & 8y _ (1 1y/1 1\-' _  (a+lm
Vw’t_(aT;l"“’aTn’E)’ a_(i_ﬁ)(i_%) o ™

for Q = Dx Cc R"™ v =d,r =1,m=2and 1 < p < 2ntl) - here

n+l—m?’
B = const > 0 does not depend on v and T', we obtain the following inequality:

1 11 0
lull (D7) < colmes Dp)r o172 [ul| Vu € W 3(Dr, St), (3.14)

W A(Dr,St)

where ¢y = const > 0 does not depend on u and 7.
Since mes Dy = n“’—flT"H, where w,, is the volume of a unit ball in R,
then for p = 2« from (3.14) we have
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0
lallzza(ry < Crllull o, Vu € W5(Dr, St), (3.15)

Q(DTvST)

where CT = Co(nw_i’_’/l) 1T(""'l)a‘l o] = i + %4-1 — %
Note that a7 = i + %ﬂ - = > 0 for v < "H , and therefore
li =0. 1
Jim, Cr=0 (3.16)

0
For ||Koul|1,(p,), where u € W 3(Dr, St) and operator K acts accord-
ing to the formula (2.4), due to (2.3) and (3.15) we have the following estimate

|\K0u||%2(DT) < / (My + Ms|u|*)?dzdt < 2MEmes Dy
Dr

+2M§/ |u[**dwdt = 2MPmes Dy + 2M3|[ul[7% (b,
Dt

< 2M?mes Dy + 2M3C% ||u\|2a )
W 3(Dr,ST)

whence we have
1
K < M;(2 Dr)2 2M,CS < . 3.17
EoulLaog) < Mi(2mes Dp)? + VIMCE [y, (317
From (3.11), (3.13) and (3.17) it follows that

Ay, oo =1L (~Kou+ Bl oo
< ||Lgt —Kou+ F
15 i om0+ Do
< [Vexo 5@+ 7] (1oullaion + 1Flzscon)
[ﬁexp (T + Tg)] (M1(2mes Dr)?
HVIMLCR|ullfy
W 3(Dr,ST)
— @
HIFlawn ) = alDlllly,, U, (318)
Here
a(T) = V2MyCHV/T exp = (T+T2) (3.19)

2

For fixed T' > 0 consider equation

WT) = \/Texpl(T—l-TQ)] (M1(2mesDT)1/2_|_||F||L2(DT)>. (3.20)

az®+b==z (3.21)
with respect to unknown z € R, where a = a(T) and b = b(T') are defined by
(3.19) and (3.20).

First consider the case when o > 1. Simple analysis, analogous to that
for o = 3 performed in the work [27, pp. 373, 374], shows that:
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1. for b = 0, together with trivial root z1—¢, equation (3.21) has a unique
positive root zo = a1/ (@=1).
2. if b> 0, then for 0 < b < by, where

bo = bo(T) = [a—l/m—l) _ a—a/(a—l)} Al (3.22)

equation (3.21) has two positive roots z; and z3, 0 < 21 < 22, and for

b = by these roots merge and we have one positive root z; = 20 = zg =

(aa) =t/ (o=
3. for b > by equation (3.21) does not have nonnegative roots. Note that for

0 < b < by the inequality z1 < zg = (oza)_l/(a_l) < 79 is valid.

In view of absolute continuity of the Lebesgue integral we have limp_,
|F||Lo(pr) = 0. Therefore, taking into account that mes Dy = ;25 T™+!, then
from (3.20) it follows that limy_ b(T') = 0. At the same time, since ——1+ < 0
for o > 1, due to (3.16) from (3.19) and (3.22) we get limp_,¢ bo(T") = oo.
Therefore, there exists a number Ty = To(F') > 0 such that for 0 < T' < Tp in
view of (3.19)—(3.22) it will hold condition 0 < b < by, and thereby equation
(3.21) will have at least one positive root, we denote it by rg = ro(T, F).

In the case when o = 1 equation (3.21) represents a linear equation,
where limp_,ga(T) = 0. Therefore, for 0 < T < Ty, where Ty = To(F) is a
sufficiently small positive number, this equation will have a unique positive
root 2(T, F) = b(1 — a)~!, which we also denote by rq = ro(T, F).

Now we will show that the operator A from (3.13) maps the ball B(0, ()

0
C W 3(Dr, St) into itself. Indeed, due to (3.18) and equality ar§ + b = rq for
any u € B(0,rg) we have
A < b b<ar§+b=rg. 3.23
lull gy gy Salllly, o HbSafrbom (329
In view of the Remark 3.4 this proves the Theorem 3.1.

Theorem 3.2. Let [ satisfy the condition (2.3), where 0 < a < 1;g=0, F €
Ls.1oc(Doo) and F|DT € Lo(Dr) for any T > 0. Then the problem (1.1), (1.2)
is globally solvable in the class W, i.e. for any T > 0 this problem has a

strong generalized solution of the class W in the domain Dt in the sense of
the Definition 2.1.

Proof. According to the Remark 3.4 for the proof of the Theorem 3.2 it suf-
fices to show that for any T > 0 there exists a number ry = ro(7, F) > 0 such

that the operator A from (3.13) maps the ball B(0,ry) C V([)/%(DT,ST) into
itself. Let 1/2 < o < 1, then, since 2« > 1 the inequality (3.15) is valid, and
therefore, the estimate (3.18) is also valid. For fixed T > 0, because o < 1
there exists a number ro = 7o(T, F') > 0 such that

a(T)s* +b(T) <1y Vs e [0,rg). (3.24)
A(s)

=22, where A(s) = a(T)s*+b(T), is a continuous decreas-
@ = 400, limg_, 4 @ = 0. Therefore there exists

anumber s = ro(T, F') > 0 such that @ ’S:ro = 1. Whence, since the function

Indeed, the function

ing function and lim,_. ¢
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A(s) for s > 0 is a monotonic increasing function, (3.24) follows immediately.
Now, in view of (3.18) and (3.24), for any u € B(0,10) it is valid the inequality
(3.23), i.e. A(B(0,79)) C B(0,ro).

The case 0 < a < % can be reduced to the previous case % <a<l1
because the vector-function f, satisfying the condition (2.3) for 0 < a < %,
satisfies the same condition (2.3) for a certain fixed & = a; € (3,1) with
other positive constants M; and My (it is easy to see that My + Mslu|® <
(M + M) + MaJu|** Vu € R, @ < «y). This proves the Theorem 3.2 com-
pletely.

Remark 3.5. The global solvability of the problem (1.1), (1.2) in the Theo-
rem 3.2 is proved for the case when the function f satisfies the condition (2.3),
where 0 < a < 1. Inthecase 1 < a < % in the Theorem 3.1 it is proved the
local solvability of this problem, although in this case for additional conditions
posed on f, the problem (1.1), (1.2) will be globally solvable as it is shown in
the following theorem.

Theorem 3.3. Let [ satisfy the condition (2.3), where 1 < a < Z—ﬂ, and f =
VG, ie. fi(u) = a%iG(u), ue€RN i=1,...,N, where G = G(u) € CL(R")
is a scalar function satisfying conditions G(0) = 0 and G(u) > 0 Vu € RYV.
Let g = 0, F € L joc(Doo) and F!DT € Lo(Dr) for any T > 0. Then the
problem (1.1), (1.2) is globally solvable in the class W3 , i.e. for any T > 0 this
problem has a strong generalized solution of the class Wy in the domain Dt
in the sense of the Definition 2.1.

Proof. First let us show that for any fixed 7' > 0, when the conditions of
the Theorem 3.3 are fulfilled, for a strong generalized solution w of the prob-

lem (1.1), (1.2) of the class W3 in the domain D7z the a priori estimate (3.4)
is valid. Indeed, due to the Definition 2.1 there exists a sequence of of the

vector-functions u™ &€ 8’2(ET, S%., St) such that
im0 = g oy =0 lim [|Lu™ = Fllpog = 0. (325)
Let
Fm = Ly™, (3.26)

then due to the equality (3.5) we have

/Q [(%)2—#2":(%1;?)21 dx:g/D (Fm_f(um))ag—tmd:cdt. (3.27)

: du™ d
Since f = VG, then f(u™)%- = 5
um|ST = 07 Vn+1‘S7Q = 07 VTL+1‘Q,— = ]-7
have

(u™) and taking into account that

G(u
G(0) = 0, by integration by parts we
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8 m m
f —dmdt —G(u™)dxdt = G(u™)Vpy1ds
p, Ot oD,
= / Gu™)py1ds = / G(u
SUS, U, Q,
In view of (3.28) and G > 0 from (3.27) we have
U2 U™ m
[ LY 35 (0 Y o

—2/ Gu™)dz < 2/ 0 G,
D,

(3.28)

ot
(3.29)

Using the same reasonings as those used for receiving the estimate (3.4),
from (3.29) we get the following inequality

m
0

[|u A(DINE™|a(rys e(T) = \/Texp2(T+T2)

W 3(Dr,St )_
whence, due to (3.25) and (3.26), it follows (3.4).
According to the Remarks 3.3 and 3.4, at fulfilment of the conditions

0
of the Theorem 3.3, the vector-function u € W (D, St) represents a strong
generalized solution of the problem (1.1), (1.2) of the class W3 then and only
then, when u represents a solution to the functional equation v = Au from

0 0
(3.13) in the space W 3(Dr, St), where the operator A : [W (Dz, St)]N —

0
(W 3(Dr, S7)]Y is continuous and compact. At the same time, as it was shown
above, for any u € [0, 1] and for any solution of the equation u = pAu with the

0
parameter j in the space W 3(Dr, St) it is valid the following a priori estimate
[|u || 1 (Dr5e) < pe(T)|Fllpypgy < (T|F|py(pyy With positive constant

¢(T), not depending on wu, u and F'. Therefore, according to the Leray-Schau-
der theorem [27, p. 375] the equation (3.13), and therefore the problem (1.1),
(1.2) has at least one strong generalized solution of the class W3 in the domain
Dy for any T > 0. The Theorem 3.3 is proved.

4. The uniqueness and existence of a global solution
of the problem (1.1), (1.2) in the class W}

Below we impose on the nonlinear vector-function f = (f1,..., fx) from (1.1)
additional requirements
ofi
feCHRY), ‘ filu ’<M3+M4|u\7Vu€R" 1<4,7<N, (4.1)

where Ms, My, = const 2 0. For simplicity we assume that the vector-func-
tion g = 0 in the boundary condition (1.2).
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Remark 4.1. It is obvious that from (4.1) it follows the condition (2.3) for
y=a—1, andinthecasew<%Wehave1§a=7+l<:i—i.

Theorem 4.1. Let the condition (4.1) be fulfilled, where 0 < v < %; F €
Lo(D7) and g = 0. Then the problem (1.1), (1.2) cannot have more than one
strong generalized solution of the class W4 in the domain Dt in the sense of
the Definition 2.1.

Proof. Let F' € Ly(Dr), g = 0, and assume that the problem (1.1), (1.2) has
two strong generalized solutions u' and u? of the class W3 in the domain Dr
in the sense of Definition 2.1, i.e. there exist two sequences of vector-functions

. 0.
u'™ e C23(Dr,S%,S7),i=1,2;m=1,2,..., such that

i [fu™ = ul”v?/%(DT,ST) =0, lim [[Lu™ ~ Fll,pr) =0, i=1,2.
(4.2)
Let
w=u?—u', w"=u"" '™ F™=Lu*" — Lu'™. (4.3)

In view of (4.2) and (4.3) we have

din [lw™ o, =0, m [[FMlnm =0 (44)

W 3(Dr,S7)
0, —
In accordance with (4.3) consider the vector-function w™ € C?(Dr, S2,
St) as a solution of the following problem
Duw™ = = [f (™) = f(u'™)] + F™, (4.5)
ow™
oxy,
From (4.5), (4.6) and in view of the equality (3.5) it follows

ow™\ 2 " ow™ 2 ow™
— 2 FHL
/QT [(ﬁt ) +i§:1 ( axi> 16[33 /D Tl
2m im 8wm
-2 [f(u™) = f(u™)]——dzdt, 0<7<T. (4.7)
D ot

.

5 =0 lsp = 0. (4.6)

Taking into account the equality
N 1 9
2m 1m 1m 2m 1m 2m 1m
R = £ty = 32 [ s s — i),
j=1

we receive

[f(uzm) - f(ulm)]

aw m

ot

1,j=1
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From (4.1) and obvious inequality |di + do|? < 2Ymaz(|d1]7, |d2|?) <
27(|d1|7 + |d2|7) for v > 0, d; € R, we have
1 1
0
) / o = fi(u!™ + s(u™ - ulm))ds‘ = / [Ms + Ma|(1 = s)u'™ + su™|"]ds
o Ou; 0
< My + 27 My (™" + [®™7). (4.9)

From (4.8) and (4.9), taking into account (4.3), it follows

N
< 3 M+ 20y (™ 2] |

i,7=1

< N2 [My + 27 My ('™ + [u>™])] |wm|] o

e ()]

ow™
HF2TN2My (U™ + Ju2m ) |wm|]W .

awm

‘ [f(u2m) - f(ulm)] ot

m
ow;

ot

1
< §N2M3

(4.10)
Due to (4.7) and (4.10) we have

L) + 2 () Jaes [ (%) + s
+N2M3/D [(wm)2+ (%)Q]dxdt

8 m
+27“N2M4/ (™[ + [u2m]) |wm|’L‘da:dt. (4.11)
o at

The latter integral in the right side of (4.11) can be estimated by Holder’s
inequality

/ (™ + a2 ) |wm|’a%‘da:dt

Dr

< ([Pl o om + 12 oy ) ™

LQ(DT).
(4.12)
Heren—_HJrIl)Jr%fl i.e. for
2(n+1)
= —", 4.1
== (4.13)

In view of (3.14) for ¢ < 2("+11) we have

0
[0llzy(pr) < Co(TH[0]] o Vo e Wy(Dr,8;), 0<7<T, (4.14)

W 3(Dr,St)

0
with positive constant Cy(T'), not depending on v € W i(D,,S,) and 7 €
[0,T7.
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According to the theorem v < —25 and, therefore, y(n + 1) < %
Thus, from (4.13), (4.14) we receive
im |y _ im||Y Y im
H|U | ‘|Ln+1(DT) - ||u |’L—y(n+1)(DT) S C’Y(TL+1) (T)Hu HW (DT ST)
i=1,2m>1, (4.15)
lw™ |, 0,y < Cp(Dlw™lwi(p,),m > 1. (4.16)

In view of the first equality from (4.2) there exists natural number myg
such that for m > mg we shall have

lmH

l|u +1, i=1,2,m>mg. (4.17)

< el
WA(Dr.81) ~ W 3(Dr,ST)
In view of these inequalities from (4.12)—(4.16) it follows that

a m
2'y+1N2M4/ (|u17n|'y + |u27n|'y> |wm|’L‘da@dt
b, ot

< 2VFINZ AL, O b
< iy @ (I

ow™

21 2) Cp(T)|[w™
R, +2) Gy, v

2 T,°2T Wz( T

La(D-)

m||2 awm 2 ml|2
< Ms (Il o) + || 3|1, o) < 26010 By,

e /D (w™)? + (8“’7")2 +Z (aw) ] dzdt, (4.18)

where Ms = 2V N2M,C” ( ul||”, +[ 2], +2)
: (N, R,
Due to (4.17) from (4.11) we have

[ G ) =5 () Jamsan [, fomr ()
Q. e .
*i(aaf)z

where Mg = 1+ M3N? + 2M5.
Note, that the inequality (3.6) is valid for w™ too, and, therefore,

ow™
m\2 <
/Q(w fdr<T | ( at)dxdt

T T

< T/D (w™)? + ( > +Z ( Bo; > ] dedt.  (4.20)
Putting

A () = /Q l(wm)2 < ) +zn: < o ) 1 (4.21)

-

dxdt +/ (F™)?dzdt, 0<7<T, (4.19)
Dr

-

=1
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and adding (4.18) to (4.19), we receive

Am(r) < (Mg +T) / Am(5)ds + IF™]2 -

Whence, by the Gronwall’s lemma [25, p. 13], it follows that
A (7) < |IF™(12, (D) €xp(Ms + T)7. (4.22)
From (4.20) and (4.21) we have

T
0™ s o) :/0 A (P)dr < TIF™ (2, o, exp(Mg + )T, (4.23)
In view of (4.3), (4.4) from (4.22) it follows that

llwllwi (o) = n}gnoo llw —w™ +w™|lwi ()

< lim [Jw—w™ iy + Lm [Jw™llwypr)
"o

= lim Jlw —w™lwi () :n}i_r%o”w_w W(Dr,Sr)

m— oo 2
Therefore w = uy —uy = 0, i.e. ug = u;. The Theorem 4.1 is proved.

From the Theorems 3.2, 3.3, 4.1 and the Remark 4.1 it follows the next
theorem of existence and uniqueness.

Theorem 4.2. Let the vector-function f satisfy the condition (4.1), where 0 <
v < %, and either f satisfy the condition (2.3) for a« <1 or f = VG, where

G € CYRM),G(0) = 0 and G(u) > 0Yu € RN. Then for any F € Lao(Dr)
and g = 0 the problem (1.1), (1.2) has unique strong generalized solution u €
0

W A(Dr, St) of the class Wy in the domain Dt in the sense of the Defini-

tion 2.1. The following theorem on existence of global solution of this problem
follows from the Theorem 4.2.

Theorem 4.3. Let the vector-function f satisfy the condition (4.1), where 0 <
v < %, and either f satisfy the condition (2.3) for « <1 or f = VG, where
G € CYRY),G(0) =0 and G(u) > 0Yu € RN, Let g =0, F € L3 pe(Doo)
and F|p, € La(Dr) for any T > 0. Then the problem (1.1), (1.2) has unique

0
global strong generalized solution u € W%,ZOC(D“” Ss) of the class W3 in the
domain Dy, in the sense of the Definition 2.1.

Proof. According to Theorem 4.2 when the conditions of Theorem 4.3 are
fulfilled for T' = k, where k is a natural number, there exists unique strong

0
generalized solution u* € W (D7, St) of the problem (1.1), (1.2) of the class
W4 in the domain D7y in the sense of Definition 2.1. Since e |DT—k~ is also

a strong generalized solution of the problem (1.1), (1.2) of the class W3 in the
domain Dp—p, then in view of Theorem 4.2 we have u¥F = uk*‘l’DFk. Thus

0
one can construct unique global generalized solution u € Wiloc(Doo, Soo) of

the problem (1.1), (1.2) of the class W3 in the domain D, in the sense of the
Definition 2.4 in the following way:
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u(z,t) = u"(z,t), (2,t) € Do, k=[]+]1,

where [t] is an integer part of the number ¢. The Theorem 4.3 is proved.

5. The cases of absence of a global solution of the problem
(1.1), (1.2) of the class W,

Theorem 5.1. Let the vector-function f = (f1,...,fn) satisfy the condition
(2.3), where 1 < a < Z%, and there exist numbers l1,...,InN, vazl |l;] # 0,
such that

N N
le’fi(u) <co— 01‘ Zliui
1=1

i = i=1

B 1
Vu e RY, 1 < 3= const < LJrl, (5.1)
n

where ¢g,c1 = const,c; > 0. Let F € Lg 1p.(Do), g € W;,loc(soo) and F|p, €

La(D7), glsy € Wi (St) for any T > 0. Let at least one of functions Fy =

Zf\il I;F; —cq or % , where g = Zf\il l;gi, is nontrivial (i.e. differs from
Sco

zero on a subset with positive measure in Do or Ss, respectively). Then if

990

ON |5,

there exists finite positive number Ty = To(F, g) such that for T > Tpy the prob-
lem (1.1), (1.2) does not have a strong generalized solution of the class Wg
in the domain Dt in the sense of the Definition 2.1. Here a% s a derivative

go Z Oa S 07 P10|Doc 2 07 (52)

with respect to the conormal to Sy, i.e. 8% = 1/n+1% — Ziil Via%, where
v = (V1y,...,VnyVUnt1) s a unit vector of the outer normal to 0Dy = S,
which is an inner differential operator on the characteristic manifold S .

Proof. Let Gp : |z| <t <T, G = GrN{x, <0}, Sy 1t =|z|,z, <0,t <T.
It is obvious that Dy = GF : Gr N {z, > 0} and Gr = G5 U (S2\05%) U
G+, where S = 0Dr N {z, = 0}. Let u = (uy,...,uy) represents a strong
generalized solution of the problem (1.1), (1.2) of the class W3 in the domain
D~ in the sense of the Definition 2.1. Let us extend the vector-functions u, F'
and g evenly with respect to variable x,, in G and S; ., respectively. For
simplicity we leave the same notations u, F' and g to the extended functions
defined in Gp and S; U Sp. Let us show that the function v = (u1,...,un),
defined in the domain G, satisfies the following integral equality

/ [—uwy + VuVwldzdt = — (u)wdxdt
GT GT
dg
+ Fwdzxdt — —=wds (5.3)
Gr S;UST aN
for any vector-function w = (wy,...,wy) € W3(Gr) such that w|;—r = 0

in the sense of the trace theory. Indeed, if w € W3(Gr) and w|i—r = 0,
then it is obvious that w|p, € W3 (D7) and @ € W} (Dr), where by defini-
tion W(x1, ..., &y, t) = w(x1,...,—Tp,t), (T1,...,2pn,t) € Dr, and W|;—r = 0.



Vol. 20 (2013) The Darboux problem version for hyperbolic systems 613

Therefore, according to the equality (2.6) from the Remark 2.2, for ¢ = w and
(o = w we have

/ [—ugw; + VuVw|dzdt = — f(w)wdxdt
Dr Dr

dg
—|—/ Fwdxdt—/ —wds 5.4
. . N (5.4)

and
/ [—uy + VuVoldedt = — (u)wdzdt
DT DT
. dg .
+ Fodzdt — —=wds, (5.5)
Dr St 6N
respectively. Since u, F' and g are even vector-functions with respect to var-
iable z, and w(xy,...,2,,t) = w(z1,...,—Tpn,t), (1,...,2n,t) € Dr, then
we have
/ [—uyy, + VuVw|dedt = / [—uiw; + VuVw]dzdt, (5.6)
Dr Gt
- - dg .
- f(uw)wdzdt + Fowdzdt — —=wds
Dr Dy sr ON
=— (u)wdxdt +/ Fwdzdt — / @wds. (5.7)
Gr Gr sy OR

From (5.5)—(5.7) it follows that

/ [—uyw, + VuVw|dzdt = — (w)wdzdt
G

T Gr
“J
G

Finally, summing the equalities (5.4) and (5.8) we receive (5.3).

Let us use the method of test functions [9, pp. 10-12].

In the integral equality (5.3) for test vector-function w we choose w =
(113, ..., In), where 1) = 1po[2T~2(t? + |x|?)], while a scalar function g €
C?(R) satisfies the following conditions: ¥y > 0, 1) < 0; ¥(o) = 1 for 0 <
o <1and¢(c)=0for o >2[9, p. 22]. For the chosen test function w, using
notations v = Zf\il liui, go = Zzl\il llgu F* = Zzl\il leu f() = Zf\il l’Lf’La the
integral equality (5.3) takes the following form

dg
F — —= . .
wdxdt /S BN, wds (5.8)

T T

/ [—vhy + VoVpldadt = — fo(u)wdadt
Gr Gr

+/ F*wdxdt—/ 990 s, (5.9)
Gt S;UST 8N
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Due to ¥|;>7 = 0 and the equality v|S;UST = go in the sense of the trace
theory, integrating by parts the left side of the equality (5.9), we get

/G [—ophy + VoVi]dzdt :/G sz/dedt—/ 51#

S; USr aN

:/ sz/dedt—/ goa—zbds. (5.10)
Gr S;UST 8N

From (5.9) and (5.10), in view of (5.1) and ¢ > 0, we have

/ vOdadt Z/ [cl|v|ﬁfco]wda:dt+/ F*wdxdt+/ goa—wds
GT GT GT S;UST aN

—/ agowds_q/ |v|%da:dt+/ (£l — co)pdadt
Sr Gr

USr aN Gr

oy 990
+/ go=—ds — / 20 ds. (5.11
S; USr 8N S USt aN )
In view of the properties of the function ¢ and the inequalities (5.2) we
have
>0, / 8—Ibds >0,
SrUST ST UST aN

/ 99 45 < 0, / Fywbdzdt > 0,
S USr aN Gt

EN
(5.12)

where Fy = F,, — ¢y = Zi:l I;F; — co. In derivation of the inequality (5.12) we
took into account that Vn+1|S; usy < 0.

Assuming that the functions F, g and 1 are fixed, introduce into consid-
eration a function of one variable

y(T) :/ Fowdxdt+/ goa—wds—/ 99 y4s, T>0. (5.13)
Gr s-usy  ON s-usy OR

Because of the absolute continuity of integral and the inequalities (5.12),
the function v(T') from (5.13) is nonnegative, continuous and nondecreasing
function and

%11% ~(T) = 0. (5.14)

Besides, since according to supposition at least one from the functions

990

R or Fj is nontrivial, then

SocUSeo

Tlirfm ~(T) > 0. (5.15)

In view of (5.13) the inequality (5.11) can be rewritten as follows

1 / [v|Ppdaxdt < / vOpdxdt — (T). (5.16)
GT GT



Vol. 20 (2013) The Darboux problem version for hyperbolic systems 615

If in Young’s inequality with the parameter € > 0

where 3/ = 8/(8 — 1) we take a = [v|/?, b = |p|/1'/?, then taking into
account equahty =/ —1, we have

0 =
ol = ol < Sppo s = B )
In view of (5.17) from (5.16) we have
£ 1 Oy|?
(c1 — 5) /GT |y|5wd:¢:dt < G /GT |W’|_1 dxdt —~v(T),
whence for € < ¢ 3 we obtain
Oyl 5
B < B | — —~(T). .1
/GT ol pdedt < TG e /G gt dwdt = (@) (518)

Taking into account inequalities 3’ = 3/(8—1), 8 = 5'/(8' —1) and also
equality

I 1

min T N~ a1 — Tars
0<e<eip (c1ff —e)fed =1 F

which is reached for € = ¢y, then from (5.18) it follows that

1 O | !
/G lv|Pepdrdt < 7 /G |w;,b|1d dtf% (7). (5.19)
T 1 T

According to the properties of the function vy, the test function v (z,t) =
Yo[2T2(t? 4 |2[?)] = 0 for r = (t* 4 |2|?)'/? > T. Therefore after substitution
of variables t = %T{O, T = %Tﬁ we have

(=l Ou)” 1 \ni-
/GT Pl P LIV i e (ﬁ 7) 0.

t > |z
(5.20)
Here
2(1 — ¢/+4§2_£2 Vs
®o = /1< [Sol* + 1€ < 2 21 - nldo g'(—(f Sl dfd&o < +oo.
§o > [€]
(5.21)

As it is known the test function 1 (z,t) = ¢ [272(t? + |x|?)] with properties
mentioned above, for which the condition (5.21) is valid, exists [9, p. 22].
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Due to (5.20), from the inequality (5.19) and equality ¢o(o) = 1, for
0 <o <1, we have

n+1-28"
(57) g
/ |v|Pdedt < / [v|Ppdxdt < By a— —y(T). (5.22)
<T/V2 Dr c a1
When < (n+1)/(n—1), i.e. when n+1— 28" <0, the equation
(% )71—&-1—25/ ﬁl
ANT)=—~—"2——.g——(T)=0 (5.23)
cf C1

has a unique positive root T' = Ty(F, g), since the function

M(T) = ((JET) e /c?’> 20

is a positive, continuous, strictly decreasing function on the interval (0, 400),
besides, limr_0 A1 (T) = 400 and limy_, o A1 (T) = 0, and function (T'), as
it is stated above, is a nonnegative, continuous and nondecreasing function,
satisfying the conditions (5.14) and (5.15). Besides, A(T') < 0 for T' > T and
AT) > 0 for 0 < T < Ty. Therefore, for T > T, the right side of the inequal-
ity (5.22) is negative value, which is impossible. This contradiction proves the
Theorem 5.1

Remark 5.1. Let us consider one class of vector-functions f, satisfying the

condition (5.1):

N
fi(ul,...,uN) :Zamuj
j=1
ntl. ;i i=1,...,N.In

where a;; = const > 0, b; = const, 1 < 3;; = const < "=,

this case we can assume that [; =l = ... = Iy = —1. Indeed, let us choose
(8 = const in such a way that 1 < § < ﬂij; i,7 =1,...,N. Then it is easy to
verify that |s|%s > |s|® — 1 Vs € (—o0, +00). Using the inequality [29, p. 302]

N N g
Z|yz|ﬁ > Nliﬁ‘zyi

Bii 4 by, i=1

(2l

N, (5.24)

ey

Yy = (y1,---,YN) ERN, B = const > 1,

i=1 i=1
we have
N N
Zfi(ul,..., >a02\u |B“—|—Zb >aOZ|u]|B Zl
i=1 i,j=1 i,j=1 i=1

N
B
:aoNZ|Uj|ﬁ 7&0N2+Zbi > a0N27ﬁ’ZUj' +sz 7CL0N2,
j=1 i=1 j=1 i=1

ap = min Qij > 0.
]
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Whence it follows the inequality (5.1), where

N
11:l2:...:l1\r:71, co:a0N2—Zbl—, 01:a0N275>0.
i=1

Note that the vector-function f, represented by the equalities (5.24), also sat-
isfies the condition (5.1) for I} = Iy = ... = Iy = —1 for less restrictive
conditions, when a;; = const > 0, but a;;, > 0, where ki,...,ky is any
arbitrary fixed permutation of the numbers 1,2,... , N; 4,5 =1,..., V.

Remark 5.2. From the Theorem 5.1 it follows that when its conditions are
fulfilled, then the problem (1.1), (1.2) can not have a global strong generalized
solution of the class W4 in the domain D in the sense of the Definition 2.4.
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