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1. STATEMENT OF THE PROBLEM

In the plane of independent variables = and ¢, let us consider the following wave equation with
nonlinear dissipative term [1, p. 57 (Russian transl.)], [2]

Lu := ug — ugy + g(x, t,u)ur = f(x,t), (1.1)

where f and g are given functions, and w is an unknown real function.
Let Dy :={(z,t) : 0 < x <t, 0 <t < T} denote the triangular domain bounded by the character-
istic closed interval v; r: & =¢,0 < ¢t < T, as well as by the closed intervals yo r: = 0,0 <t < T and

v t=T,0 <2 <T. For Eq. (1.1), consider the Cauchy—Goursat problem of finding the solution
u(zx,t) in the domain D, subject to the conditions [3, p. 284]

Ug|ny 7 = 0, Uy, , = 0. (1.2)

Note that, for hyperbolic-type nonlinear equations, the questions of the existence, uniqueness, and
blow-up of global solutions of initial, mixed, nonlocal, and other problems were studied in numerous
papers (see, for example, [4]—[18]). It is well known that, in the linear case, i.e., for g(z, t,u) = g(x, t),
problem (1.1),(1.2), is well posed and its global solvability was established in the corresponding function
spaces (see, for example, [1], [19]-[23]).

In what follows, it will be shown that, under certain conditions on the nonlinear function g(x, ¢, u),
problem (1.1), (1.2) is locally solvable; we shall also obtain conditions for the global solvability whose
violation, in general, may lead to the blow-up of the solution in finite time.

Definition 1.1. Let f € C(Dr), and letg € C(Dr x R), where R := (—o00, +00). A function u is called
a strong generalized solution of Problem (1.1),(1.2) of class C' in the domain Dy ifu € C*(D) and
there exists a sequence of functions u,, € CO’Q(ﬁT, I'p) such that u,, — wand Lu,, — f asn — oo in the
spaces C''(D7) and C(Dr), respectively, where

éz(ET,FT) = {2) € C2(ET) : ’UI‘W’T =0, 7)|,yl’T = 0}, I'r = Y1,7 U2, T-
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914 KHARIBEGASHVILI, JOKHADZE

Remark 1.1. Obviously, the classical solution of problem (1.1), (1.2) from the space u € Co’z(ﬁT, I'r)
is a strong generalized solution of this problem of class C! in the domain Dr. In turn, if the strong
generalized solution of problem (1.1), (1.2) of class C'! in the domain Dr belongs to the space C?(Dr),
then it will also be the classical solution of this problem.

Definition 1.2. Let f € C(Dy), and let g € (Do x R). We say that problem (1.1), (1.2) is globally
solvable for the class C* if, for any finite T' > 0, this problem has a strong generalized solution of
class C' in the domain Dr.

2. A PRIORI ESTIMATES OF THE SOLUTION OF PROBLEM (1.1), (1.2)
FOR THE CLASSES C(Dr), C1(Dr)

Lemma2.1. Let f € C(Dr), let g € C(D7 x R), and let
g(z,t,s) > —Mrp, (z,t,s) € Dy x R, My := const > 0. (2.1)

Then, in the domain Dr, the strong generalized solution of problem (1.1), (1.2) of class C*!
satisfies the a priori estimate

HUHC(ET) < COHch(ET), (2.2)

where ¢y = co(T, Mr) is a positive constant independent of v and f.

Proof. Let u be a strong generalized solution of problem (1.1), (1.2) of class C* in the domain Dr.
Then, in view of Definition 1.1, there exists a sequence of functions u,, € C?(Dr,'r) such that

nh—>Holo [un — UHcl(ET) =0, nh_{go | Ly — f||o(ET) =0, (2.3)
and, therefore, also
Jim llg(@, t, un)une — gz, t, w)urll o5,y = 0. (2.4)

Consider the function u,, € CO’Q(ET, I'7) as the solution of the following problem:

Lty = fo, (2.5)
Ou,,
W = O, un"YI,T = O (26)
Y2, T
Here
fo := Luy,. (2.7)

Multiplying both sides of relation (2.5) by du,, /0t and integrating the resulting equality over the
domain D, := {(z,t) € Dp: 0 <t <7},0<7 <T, we obtain

L[ (0u)? P, O B
i/Dﬁ< at> R dwdt*/,“‘””’“““(ﬁ) o di
Oouy,
- DTand(L’dt.

Set Q, := Do N{t =7}, 0 <7 <T. Then, in view of (2.6), applying Green’s formula to the left-
hand side of the last equality, we can write

ou,, 1 Ouy, Ouy, 2 Aun \ 2 2
= | s (e ) + () vt - e

1 un \ oy, 2 ou \ 2
+§/ﬂf[<%> + <W> }dm—l—/Tg(x,t’Un)(W) dedt, (2.8)
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THE CAUCHY—GOURSAT PROBLEM FOR WAVE EQUATIONS 915

where v := (v, 14) is the unit vector of the outer/exterior normal to D, and v, :==y1. 7 N {t < 7}.
Since the operator v, (0/0x) — v, (0/0t) is the inner differential operator on ~; 7, in view of the second

condition from (2.6), it follows that
Oup - Hn,
ox ' ot ”

¥ = vy, = 0. (2.10)

= 0. (2.9)

",T

Further, it is easy to see that

Therefore, from (2.8)—(2.10) we obtain

. dun\* (0w 4 [ 52 ooy | %\ gt (211)
= ) [\ o ot = " v T p o)

Taking into account the inequality

2 un 2+f2
" at =\ ot n

and using (2.11), we obtain

2
wn(T)g(1+2MT)/ (%) da:dt+/ F2da dt.
T D'r

Hence, using the expression for the function w, (7), we can write

wn(7) < mr /0 wn(@)do + [ full2

where my := max(1 + 2M7,1). Hence, since anH%Q(DT) is a nondecreasing function of 7, by Gron-
wall’s lemma [24, p. 13 (Russian transl.)], we have

wn(7) < exp(met)|| fall, 0, (2.12)

If (x,t) € Dr, then, in view of the second condition from (2.6), the following equality holds:

B [T Oup(o,t)
Un (2, t) = up(x,t) — un(t, t) —/t o do;

hence, in view of (2.12) we have

iy (2, 1) 2 / /[ il } dag(t—x)/gt[%;””rda

t - x)wn( ) < twn( ) < TeXp(mTT)an mes D

”C(ET)

=173 exp(mTT)||fn||2c(ﬁT)'

T mTT
”Un”c(DT)§T\/;GXP<?>”anC(DT)-

Passing to the limit as n — oo in this inequality and taking into account (2.3), (2.7), we can write

T mrT
||U||C(ET) < T\/;GXP<%> ||f||c(§T)- (2.14)

Estimate (2.2) is proved. O

(2.13)
Using (2.13), we obtain

MATHEMATICALNOTES Vol.94 No.6 2013



916 KHARIBEGASHVILI, JOKHADZE
Remark 2.1. It follows from (2.14) that the constant ¢ in estimate (2.2) can be taken to be

co = T@exp(mgT) (2.15)

Below, using the classical method of characteristics and taking into account estimate (2.2), we obtain
an a priori estimate in the space C*(D7) for the strong generalized solution of problem (1.1), (1.2) of
class C! in the domain Dr.

The following statement is valid.

Lemma 2.2. Under the assumptions of Lemma 2.1, the strong generalized solution of prob-
lem (1.1),(1.2) of class C! satisfies the following a priori estimate in the domain Dr:

lullorpyy < @ (2.16)

with positive constant ¢; = ¢1(T), co, ||f||C(§T)), where

lullgn = masctllul o,y ltelloyys el -

Proof. Letu be a strong generalized solution of problem (1.1), (1.2) of class C' in the domain Dr. Then
we have the limit equalities (2.3), (2.4), where u,, can be regarded as the solution of problem (2.5), (2.6)
with the right-hand side of f,, from (2.7). For a fixed natural number n, we introduce the following
functions:

Unl ‘= Unt — Ung, Up2 = Unt + Ung, Un3 = Un, (217)
which, in view of (2.2), for 0 < ¢ < T, satisfy the boundary conditions
unl(O, t) = ung(O, t), ung(t, t) = 0, ung(t, t) =0. (218)

Inviewof (1.1)and (2.17), the unknown functions w1, u,2, u,3 satisfy the following system of first-order
partial differential equations:

p
8;;1 5;;1 = fo(z,t) — %g(l‘,t,un?;)(unl + Up2),
O OUpa 1
T or ) 2.19
ot o fn(x,t) 29(a:,t,un3)(un1 —|—un2)7 ( )
aung _ aung _
ot or = Unpl-

Integrating the equations of system (2.19) along the corresponding characteristic curves and taking into
account the boundary conditions (2.18), we obtain

t

Un1(x,t) —un1(0,t) = /

t—x

£u(P2) = 3PP (s (P ()]

mate) = [ 110(@) = §0(@r (@) 0 (@) + (@) .

x+t)/2

t
walet) = [ un(@0)dr
(z+t)/2
where P, := (x —t+ 7,7) and Q, := (z + t — 7, 7). Using the second equation of this system and the
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THE CAUCHY—GOURSAT PROBLEM FOR WAVE EQUATIONS 917

first equality from (2.18), as well as the notation P,, := (t — 7, 7), we can rewrite this system as

( 1 t
wna(e.8) = =5 [ [0(Pr (P s (Pr) + (P dr
t
=5 ] 9P 0na(P)) s (Pry) + tna(Pr)] dr + .1,
X e (2.20)
un2(m7t) = __/ g(QT7un3(Q7))(unl(QT) + unQ(QT))dT + Fn2(x7t)7
2 J(ert)/2
t
n 5 = n T dr.
Uns(x,t) /(w+t)/2u 1(Qr) dr
Here
t t t
Fu(a,t)i= [ fu(Pdr+ [ fu(Po)dr,  Fo(et) ::/ Q) dr (221)
t—x t/2 (z+t)/2

Passing in relations (2.20), (2.21) to the limit as n — oo in the space C'(D7) and taking into account
relations (2.3), (2.4), (2.7), and (2.17), we obtain

@ t) = =5 [ loPrua(P) s (Pr) +ua(P)] dr

=5 [ oPaus(Pu) s (Pr) + ua(Pr)] dr + Fia.)
/2 (2.22)

ws(a,t) = — /( 9(Qry u3(Q)) (w1 (Qy) + us(Q)) dr + Fy(a, ),

x+t)/2

us(x,t) = /( u1(Qr) dr,

z+t)/2

where u; := lim,, oo tn; (in the norm of the space C(Dr))i = 1,2, 3, and
t

t t
Fi(z,t) = f(Pp)dr +/ f(Pr)dr, Fy(x,t) ::/ f(Qr)dr. (2.23)
t/2 (

t—x x+t)/2

Obviously, uz = u is a strong generalized solution of problem (1.1), (1.2) of class C! in the domain Dr.
Further,

Ul = Up — Uy, U9 1= Ut + Ug- (2.24)
Let Gr := {(z,t,5) € R’ : (2,t) € Dr, |s| < col| fll o,y ) and let

K:= sup |g(z,t,9)| < +oo, (2.25)
(z,t,8)€GT

where K = K(T, ¢y, ||f||C( )). Then in view of the a priori estimate (2.2), the strong generalized

solution uz = w of problem f)lT.l ), (1.2) of class C'! in the domain Dy satisfies the estimate
lg(z,t,us3(z,t))| < K, (x,t) € Dr. (2.26)
Let
vi(t) == sup |ui(§,7)], i=1,2,3, F(t):= sup [f(& 7). (2.27)
(&,7)ED: (&,7)ED:

In view of (2.23), (2.26), and (2.27), relations (2.22) imply

lun(z, 1) < K/O (01(7) + va(7)) dr + 2LF (1),

MATHEMATICALNOTES Vol.94 No.6 2013



918 KHARIBEGASHVILI, JOKHADZE
K t
lug(z,t)| < 5/ (v1(7) + va(T)) dT + tF (),
0

¢
lug(x,t)] §/ vi(T)dr.
0
Hence, for (¢,7) € Dy, we have

lui (&, 7)] < K/T(vl(ﬁ) + va(71)) dr + 27 F (1),
0
lug (&, 7)| < %/0 (v1(71) + va(m1)) dm + TF(7),

lus(E,7)] < /0 vi(ry) dmy

and, therefore, in view of (2.27) and the fact that ¢F'(¢) is a nondecreasing function, we can write

n(t) < K /0 (01(1) + va(r)) i+ 2HF(2),

vlt) < g /0 (01(7) + va(7)) dr + LF (L),

t
v3(t) < / v1(7) dT.
0
Setting v(t) := maxj<;<3v;(t), from the above inequalities we obtain
t
v(t) < 2K/ v(T)dr + 2tF(t),
0

whence, applying Gronwall’s lemma, we have
v(t) < 2tF(t) exp(2tK) < 2T exp(2TK)| fll o5y 0<t<T.
Now it readily follows from (2.24) that
lullor gy < Ivllepr < 2T expTEK)| fllom,)-
Lemma 2.2 is proved and
e1 == 2T exp2TK)| fl . (2.28)
where K is given by (2.25). O

3. EQUIVALENCE OF PROBLEM (1.1), (1.2) TO A SYSTEM OF VOLTERRA-TYPE
NONLINEAR INTEGRAL EQUATIONS AND ITS LOCAL SOLVABILITY

First, let us show that problem (2.5), (2.6) is equivalent to problem (2.19), (2.18) in the classical
sense. Indeed, if u,, € C? is a solution of problem (2.5), (2.6), then the system of functions 1, una,
and w,,3 will, obviously, be a solution of problem (2.19), (2.18). Conversely, let w1, up2, u,3 € C* be
solutions of problem (2.19), (2.18). Let us show that u,, := u,3 € C?is a solution of problem (2.5), (2.6)
and satisfies relations (2.17). If we show that u,9 = wy,; + up,, then, obviously, we have the equalities

_ Up2 T Un1 d _ Up2 — Unl
Unt = f arn Uny = fv

whence it immediately follows that u,, € C? is a solution of problem (2.5), (2.6) in the classical sense.
Indeed, it follows from the first and second equations of system (2.19) that
Oup1 . Oup Oun2  Oup
Un1 + Un1 Up2  OUp2

ot or ot or (3.1)

MATHEMATICALNOTES Vol.94 No.6 2013



THE CAUCHY—GOURSAT PROBLEM FOR WAVE EQUATIONS 919

Further, because u,,; € C, it follows from the third equation of system (2.19) that

0/(0 0 0 (0 0
Hence, taking into account the fact that the first-order differential operators with constant coefficients
are interchangeable, we obtain

o(0 0 0 0\ 0
a(a‘%>“n3:<a‘a—z>a“n3ea
o (0 0 0 0\ 0
%(a‘%>“n3:<a‘a—z>a—zun3€a

In view of these equalities, (3.1), and the third equality of system (2.19), we can write

& ) e — e — )
ot Oz Un2 Unt Ung

_ (9 _ 9 A A Y A
“\ot "o )" ai\or oz )"  ax\ot oz )"

8un2 aung 8un1 8un1

ot Ox ot Ox

Therefore, in view of the second and the third equality from (2.18), we find that u,2 = wy, + wp,. This
establishes the equivalence of problems (2.5), (2.6) and (2.19), (2.18) in the classical sense.

=0.

Above we have reduced problem (1.1), (1.2) to the system of Volterra-type nonlinear integral
equations (2.22). Before considering the local solvability of problem (1.1), (1.2), let us make the following
remark immediately following from the arguments given in Sec. 2.

Remark 3.1. Let u be a strong generalized solution of problem (1.1), (1.2) of class C in the domain Dr;
then wy := up — ug, uo := ur + uy, usz := u is a continuous solution of the system of Volterra-type
nonlinear integral equations (2.22). Conversely, if w1, ue, us is a continuous solution of system (2.22),
then u := gz is a strong generalized solution of problem (1.1), (1.2) of class C* in the domain Dy, and
the relations uq := w; — ug, w9 1= us + uy hold.

Now let us turn our attention to the proof of the local solvability of the system of Volterra-type
nonlinear integral equations (2.22).

Let

fe O(Eoo)v foo = sup |f($vt)| < 00, g e O(Eoo X R) (32)
(2,t)€ED oo

and, for (x,t) € Dy and s, s1, so such that |s|, |s1], |s2| < R, we have
‘g(x7t78)| SM(R)7 ‘g(xathQ)_g(m?t?Sl)‘ SC(R)‘82_81|7 (33)
where M (R) and ¢(R) are nonnegative continuous functions of the argument R > 0.
Theorem 3.1. Let the functions f and g satisfy conditions (3.2), (3.3). Then there exists a
1.2)

positive number T, := T, (f, g) such that, for T < T, problem (1.1), (1.2) has at least one strong
generalized solution u of class C' in the domain Dr.

Proof. By Remark 3.1, problem (1.1), (1.2) in the space C'(Dr) is equivalent to the system of

Volterra-type nonlinear integral equations (2.22) for the class C'(Dr). To prove the unique solvability of
system (2.22), we use the contraction mapping principle [26, p. 390].
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920 KHARIBEGASHVILI, JOKHADZE

Set U := (uq,u9,us). Let us introduce the vector operator ® := (®1, @, P3), by the formula

( t

@0)at) = =5 [ g(Proua(P))un(P) + ua(Pr)) dr

t—x

45 [ aPrua(Po))ua(Pr) + wa(Py) dr + i)
t/2

@) =5 | 0@ us@)(@r) + (@) dr + P,

(®3U)(z,t) = / ui(Qr)dr.

(z+t)/2
Then system (2.22) can be rewritten in vector form:
U=2aU.

\

Let

1Vllxe = max (luiloy). U € Xr = CDrRY),

where C'(Dr;R?) is the set of continuous vector functions U: Dy — R3. Let
Bpr = {U € Xrp: ”UHXT < R}

denote the closed ball of radius R > 0 in the Banach space X7 centered at the zero element.
Below we shall prove that

(1) ® maps the ball Bg into itself;

(2) @ isa contraction mapping on Bp.

Indeed, in view of the first inequality (3.3) from (3.4), for U such that ||U||x,, < R, we have
(@1U)(a, 8)] < 2T(RM(R) + | Fll o)
|(@20) (2, 1) < T(RMR) + | fllegpyy): (@U@, 1) < TR,
[t follows from these estimates that
|2U||x, <2T(RM(R)+ R+ |fl o) < 2T(RM(R) + R+ fxo),

where fo, is defined in (3.2).

For a fixed R > 0, let the number T be small so that

2I'RM(R)+ R+ fx) < R,

i.e., ®U € Bp, and thus condition (1) holds.

Further, in view of (3.3) from (3.4), for U* such that ||U*||x,, < R, i = 1,2, we have

|(2,U? — &,U Y (z, 1)

<5 [ oPradP) = Pl (BN + ()
+ |g(PT’u£1’»(PT))||u%(PT) - u%(PT) + U%(P-r) _ u%(PT)D dr
#5 ] (9Pt P) = o P D) + 43

+ |9(PT07u£1’>(PT0))||u%(PTo) - u%(PTo) +u%(PT0) - u%(PTo)D dr
< 2T[Re(R) + M(R)|U? = UY||x-
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THE CAUCHY—GOURSAT PROBLEM FOR WAVE EQUATIONS 921

Similarly,
[(®2U2 — DU ) (, 1)

<! /( (19(@r, u2(Q2)) — 9(Qr, b (@) 1W3(Qr) +12(Qs)]

—2 a+t)/2
+ |9(Q77ué(Q7))||u%(QT) - U%(QT) + U%(QT) - u%(QT)D dr
< T[Re(R) + M(R)]||U? — U x,

t

(@302 — @3U")(2, )] < /( o |uf(Qr) — ui (@) dr < TU? = U x7.
T+t

For a fixed R > 0, let the number T be small so that

1
max{7T,2T(Rc(R) + M(R))} < 3 <1, (3.7)
and thus
1
802 — &1 x, < 502~ UV

Thus, the operator ® is a contraction mapping on the set Bp, i.e., condition (2) holds.
In turn, it follows from (3.6) and (3.7) that if 0 < T' < T, where

then
2 1 |- 1 1 772
|1®U||x, < R and |®U* — U || x, §§||U —U'l|x, for U,U",U” € Bg.

Therefore, in view of the contraction mapping principle, there exists a solution U of Eq. (3.5) in the
space C(Dr;R3). Theorem 3.1 is proved. O

4. THE CASE OF THE GLOBAL SOLVABILITY OF PROBLEM (1.1), (1.2)
The following statement is valid.

Theorem 4.1. Let conditions (2.1), (3.2), and (3.3) hold. Then, for any T > 0, problem (1.1), (1.2)
has a strong generalized solution of class Ct in the domain Dr.

Proof. As was noted in Remark 3.1, problem (1.1), (1.2) for the class C*(D7) is equivalent to the

system of nonlinear integral equations (2.22) for the class C(D7). In view of (3.2), (3.3), the validity
of this theorem for sufficiently small T', namely, for T' < T, where T is given by equality (3.8), follows
from Theorem 3.1. Now suppose that T > T, and U™ := (u{*,u3*,us") is a solution of the system of

nonlinear integral equations (2.22) or, equivalently, of the vector equation (3.5) in the domain Dr, of
class C(Dr,) by Theorem 3.1. Fort > Aty := T, system (2.22) can be rewritten as

1 t
uy(x,t) = —5/ 9(Pr,us(Pr))(uy (Pr) +u2(Pr))dr
oq(:c,t,Atl)
1 t
b5 [ alPaun(P)) 1 (Pa) + ua(Pr)) dr + Fran (a.0)
ag(w,t,Atl) 4 l
o (4.1)
us(a,t) = 1 / 0@, u3(Q)) (11 (@r) + us(Qr)) dr + Foar, (1, 1),
ag((E,t,Atl)
t
ws(e,t) = / w1 (Qr) dr + Fy an (. 1),
ag(w,t,Atl)
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922 KHARIBEGASHVILI, JOKHADZE

where
aq(x,t, Aty) := max(Aty,t — x), ag(z,t, Aty) := max <At1, %),
ag(x,t, Aty) := max <At1, z —; t>;
1 ai (z,t,Atr) T T
Fran(e.t) =3 [ 9Pl (P (Pr) + - (Pr)) dr
t—x
 eatesan) o (42
5, P PO (o) (Pa)) b 4 Ry,
1 ag((E,t,Atl) T T
Braue) =5 [ 0Qu @)l (@) 4 (@) dr + B,
x+t
as(x,t,Atq) T
Fran(e.t) = [ uT(Qr) dr
(z+t)/2

Since the assumptions of Lemma 2.2 hold, it follows that, for any positive 7 < T', the solution of the
vector equation (3.5) in the domain D of class C(D,) satisfies the a priori estimate

||U||C(ET) < RT(Hch(ET)), (4.3)
where RT = RT(s) is a nondecreasing continuous function of the argument s > 0. Set
Re = B"(Ifllc(py)-

In the second step with respect to ¢, for Aty we take

1 1
Aty = mi 44
2 mln{4M(R1)R1’4c(R1)R1}’ (4.4)

where
Ry =1+ 2TM(R)R. +||Fllep,),  F:=(F.F,Fy). (4.5)

Fort € [T, T, + Ats], the system of equations (4.1) can be rewritten as the single vector equation
U=9U, (4.6)
where the operator U := (¥, ¥y, ¥3) acts by the formula

;

OO =5 [ PP + () dr

% / oy PP O EN B Fr )b 4 Frst)
0w =3 [ 9@ U@ (@r) + (@) dr + Fos 5,0, "
(WU (x, 1) /a rany QI P )

First, let us show that the operator W takes the ball
B([Ty, To); Ry) = {U € C(Dry 1) : WUl ey, ) < B}

into itself, where

T =T, Ty =T, + Ats, le,T2 1:EQ{T1 §t§T2}
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Indeed, in view of (3.3), (4.2)—(4.5), and (4.7) we can write
||\111U||C'(ET17T2) < 2M(R1)R1At2 + QM(R*)R*Atl + ||F1 HC’(ET)

<271 4 2TM(R,)R, + 1Flle@, < R
Similarly,
||‘I’iU||C(ET1,T2) < Ry, i=2,3,
and thus, finally, we have

H\IJUHC(ETI,TZ) < Ry.

Let us now show that the operator W is a contraction mapping in this ball. Indeed, for (z,t) € D, 1,
using (3.3), (4.4), and (4.7), we obtain

‘(\I’le—\IllUl)({L‘,t”
<5 (P P0) (P (P (Pr) 4 ()
—I—‘g(PT,ué(PT))Hu%(PT)—u%(PT)—l—u%(PT)—u%(PT)D dr
/( Lan) (19(Pry, u3(Pry)) = g(Prys ug(Pry))|ui (Pry) + u3(Pry )|

+1g(Pry s w3 (Pry)|[ui (Pry) — i (Pry) +u3(Pry) — u3(Pry )[) dr
< 2¢(Ry) Ry Atol|u3 — Ug”c(DT ) +2M (Ry)Ato||U? — Ul”c(DT )

l\DI)—t

—_

2
5”@63 u3||C(5T1,T2) + Q—&HU — U ||C(ﬁT1,T2)

1 1 2 1 2 1
<§ + E) ”U —v ”C(lexTz) - ql”U -v HC(ETlsz)7
where ¢; := (1/2)(1 + 1/R;1) < 1, because R; > 1 in view of (4.5). Similarly, we find that
(0,02 — W,UY) (2, t)] < q]|U* - U1||C(§T17T2), 0 < g; := const < 1, i=2,3.

IN

Hence, in view of the contraction mapping theorem, we establish the solvability of system (4.6) for the

class C(Dyy 1,). Continuing this process step by step and taking into account the fact that, in view of
the global a priori estimate (4.3), the length of each step At; is independent of its number ¢, we establish
the global solvability of system (3.5), and hence also that of problem (1.1), (1.2) itself in the domain D
forany T > 0. O

5. UNIQUENESS OF THE SOLUTION OF PROBLEM (1.1), (1.2)

Lemma 5.1. Let conditions (3.2), (3.3) hold. Then, for any T > 0, problem (1.1), (1.2) cannot have
more than one strong generalized solution of class Ct in the domain Dr.

Proof. Indeed, suppose that problem (1.1), (1.2) has two possible different strong generalized solu-
tions u!' and w2 of class C! in the domain D7. By definition 1.1, there exists a sequence of functions
ut, € C*(Dr,T'7) such that

nh_)m ||ul - UZHCl (D) = 0, nh—{go ||Lu:1 - f”C(ﬁT) =0, 1=1,2, (5.1)
Tim lg(,t,up, )up, — g(@, tu uillog,y =0, i=12, (5.2)
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Let us use the well-known notation O := 9% /0t? — 9 /0z? and set wy,, := u2 — ul,. It is easy to see
that the function wyy, € C?(Dr, ') satisfies the following equalities:

OWnm + Inm = fam, (53)
Ownm
=0, Wamlyr =0, (5.4)
Oz V2, T
where
Inm = g($7 t) u%)uit - g(a:, tv uqln)uqlntv fnm = LUEL - Luin, (55)

By the first equality from (5.1), there exists a number A := const > 0 independent of the indices ¢ and n
such that

il oy < A- (5.6)
By the second equalities from (5.1) and (5.5), we have
pim ooy =0 (5.7)

In view of (3.2), (3.3), (5.6) and the first equality from (5.5), it is easy to see that

ot

Ownm

ot

Multiplying both sides of relation (5.3) by Owy,,/0t, integrating the resulting equality over the
domain D, and using (5.4), just as in the derivation of inequality (2.11), from (2.5), (2.6), we obtain

a nm 2 8 nm 2 8 nm
= (52 () o=, s o

By estimate (5.8) and Cauchy’s inequality, we have
Ownm
2 nm ~— Ynm —d dt
[ = ) S

2
S/ (fnm_gnm)zdl‘dt—l-/ <a"gzm> dx dt

2
§2/ fgmdxdwrz/ ggmdxdwr/ (8“”“”) dz dt
D, D, \ Ot

Ow. 2
g%:@M%)MWWQWﬂﬁwwm%J

2
< 2M2(A)< > + 2A%2 (A)W2,,. (5.8)

2
< 2/ F2 dwdt + 4A2c2(A)/ w2, drdt+ (1 + 4M2(A))/ <8°(‘;;Lm> drdt.  (5.10)

D , :

Further, in view of the equality
t
o (@, 1) = / Qouml®,7) 4 (4 4) € D,
. ot
which follows from the second equality in (5.4), using standard arguments, we obtain the inequality [25,
p. 63]
2 2 Ownm ?

Whmdrdt < T 5 dz dt. (5.11)

[t follows from (5.9)—(5.11) that

2
Wy (T) < (14 4M2(A) + 472 A%2(A)) / <a°g’;m> dx dt + 2 / f2 dxdt
D; D,

MATHEMATICALNOTES Vol.94 No.6 2013



THE CAUCHY—GOURSAT PROBLEM FOR WAVE EQUATIONS 925

< (14 AM2(A) + 4T22(A)) / wpm(0)do +2 [ 12 du dt.
0 Dr

Therefore, by Gronwall’s lemma [24, p. 13 (Russian transl.)], we can write
Wy (T) < C2||fnm||2L2(DT)a 0<7<T, (5.12)
where

o = 2exp(l 4+ 4M>(A) + 4T? A2 (A)T.

Arguing in the same way as in the derivation of estimate (2.13), taking into account the obvious
inequality

anmH%Q(DT) S anmHé(ET) mes DT,

and using (5.12), for (x,t) € D, we can write

62T3
|Wam (2, 8)|* < twpm (t) < Tez mes DTanmH?;@T) = T”f"mH??(ET)‘
This yields
/CQT
”wnmuc(ﬁT) § T 7”fnmuc(§T) (513)
By the definition of the function wy,, and, in view of the first equality, it is easy to see that
i Jwwnllenpy = v” = ullerpy,

and, particularly,

lim ||an||c(ﬁT) = ||lu® — u1||C(§T)-

7,Mm—00

Therefore, in inequality (5.13), passing to the limit as n, m — oo and using (5.7), we obtain

[u? = ulllopy =0, e, ul=u

Lemma 5.1 is proved. O

6. THE CASE OF THE BLOW-UP OF THE GLOBAL SOLUTION
OF PROBLEM (1.1), (1.2)

In this section, we show that the violation of condition (2.1) can lead to the blow-up of the global
solution of problem (1.1), (1.2) in the sense of Definition 1.2. Indeed, let g(z,t,s) = —|s|*s, s € R, and
let @ > —1 (nonlinearity exponent).

Lemma 6.1. Let u be a strong generalized solution of problem (1.1), (1.2) of class C' in the
domain Dr in the sense of Definition 1.1. Then the following integral equality holds:

/uDgpdwdt:/ |u|“uugp da dt 4+ fodxdt (6.1)
Dr Dr Dr

for any function ¢ such that

0eC*Dr),  @lier =0, @1 =0, |y, =0. (6.2)
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Proof. By the definition of a strong generalized solution u of problem (1.1), (1.2) of class C?! in the do-

main Dy, the function u belongs to C*(Dr) and there exists a sequence of functions u,, € C2(Dp,T'r)
such that relations (2.5) and (2.6) hold for g = —|s|*s. Set f, := Lu,. Let us multiply both sides
of the equality Lu,, = f, by the function ¢, and integrate the resulting equality over the domain Dr.
Integrating by parts the left-hand side of this equality, using (6.2) and conditions (1.2), we see that

/ uanpdwdt:/ [t | U untp dx dt + fnpdx dt.
Dr Dr Dy

In this equality, passing to the limit as n — oo and using (2.5) and (2.6), we obtain (6.1). This lemma 6.1
is proved. O

Consider a function % := " (x, t) such that

¢’ €C*Dx), " +¢?<0, ¢ Ip,_, >0,

(6.3)
Pz =0, ¢li=1 =0
and also the number
OO0 P’ 2
me/ |%¥3Mﬁ<+m, p=2r (6.4)
Drp_q ‘SO |p o+ 1

It is easy to verify that, for sufficiently large positive constants n and m, the function ¢° satisfying
conditions (6.3) and (6.4) can be taken as the function

0 2"(1 =)™, (x,t) € Dp—q,
T, t) =
sl {Q £> 1.

Set pr(z,t) == @*(x/T,t/T), T > 0. In view of (6.3), it is easy to see that

_ )
or € C2(Dr),  or+TEL <0, rlpy >0,

ot
der der (6.5)
a = 07 SOT|t=T = 07 8t = O
z Y2, t=T
For a given f, consider the function
¢T) = fordxdt, T > 0. (6.6)
Dt
The following theorem on the blow-up of the global solution of problem (1.1), (1.2) is valid.
Theorem 6.1. Let
g(x,t,s) = —|s|%s, seR, a>-1,
let f € C(Dy), and suppose that f > 0in the domain Dy,. Then if
liminf ¢(T) > 0, (6.7)

then there exists a positive number T* := T*(f) such that, for T > T*, problem (1.1), (1.2) cannot
have a strong generalized solution u of class Ct in the domain Dr.

Proof. Suppose that, under the assumptions of this theorem, there exists a strong generalized solu-
tion u of problem (1.1), (1.2) of class C'! in the domain Dr. Then, by Lemma 6.1, equality (6.1) holds; in
view of (6.5), ¢ in this equality can be taken as the function ¢ = ¢ i.e.,

/ chpTda:dt:/ |u|“uupor da dt + fordxdt. (6.8)
Dr Dr Dy
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By (1.2)and (6.5), we have
1
@ drdt = ——
/DT |u| “uuspr dz ot ),
1 ar20¢r 1 / a+2
=— ——drdt > ———— dzx dt.
a+2/DT|“| o ST DT'“' e

Hence, using (6.6), from (6.8) we obtain

d
90T§|u|0‘+2 dx dt

1
— lulPor dxdt < / uOerdzdt — ((T), p=a+2>1. (6.9)
T Jp, Dr
[T, in Young’s inequality with parameter e > 0,
1 / 1 1
abgial’—ki,bp, a,b>0, —+—=1, p>1,
p per1 p 7
we put
1 |Oer|
a:|u|ng/p, b= Up
Yr
then, using the equality p’/p = p’ — 1, we obtain
O 1 T~ Qe |?’
uDer] = fulpy? 228 < Ly T 020l
T ip = pT P P —1
Pr Y7

In view of (6.9) and the last inequality, we can write

1- 1 Opr|?’
“ [ erasars——— [ 00l e at — (),
P Jpy per—" Jpr T
whence we have
P [Dpr|” p
Popdrdt < de dt — ——((T).
, wrerdrar < s [ dear - 2
Taking into account the equalities p’ = p/(p — 1), p =p'/(p — 1), and
p ’
=",

0<e<1 (1—¢)p/er'~1
where the minimum is realized at € = 1/p, from the last inequality we obtain

, O P
/ luPor dz dt < pP |9”,{|1 dz dt — —2—¢(T). (6.10)
Dy Dr 90217“ 1—¢

Since @p(z,t) := ©°(x/T,t/T), using (6.3), (6.4) and making the change of variables x = T'zy, t =
T't1, we can easily verify the relations

Oopp|P’ , OO0 P’ ,
/ Berl” 1o g — 720D / 1Be” day dty = T2V,
D

T 90’;}/_1 Dy 100171
Hence, using (6.5), from (6.10) we obtain
Ko
ng—g(T). (6.11)

Since p’ = p/(p — 1) > 1, it follows that —2(p’ — 1) < 0 and, in view of (6.4), we will have
Ko

lim ——— =0.
T—+o0 p/TP' 1
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Therefore, in view of (6.7), there exists a positive number 7% := T%( f) such that, for " > T, the right-
hand side of inequality (6.11) is negative, while the left-hand side of this inequality is nonnegative. This
implies that if u is a strong generalized solution of problem (1.1), (1.2) of class C* in the domain Dy,
then necessarily T' < T, which proves Theorem 6.1. O

Remark 6.1. It is easy to verify that if
feC(Dy), f>0, flz,t)>ct™ dort>1,

where ¢ = const > 0 and 0 < m = const < 2, then condition (6.7) will hold, and thus, for g = —|s|%s,
s €R, a > —1, problem (1.1), (1.2) does not have a strong generalized solution u of class C* in the
domain Dr for sufficiently large T'. Indeed, in (6.6), introducing the transformation of the independent
variables z and ¢ by the formulas = Tz, t = Tt; and assuming that 7" > 1, after a few manipulations,
we obtain

(T)=T" /D F(Ta1,Tt1)¢° (21, 1) dy dty

> cTQ_m/ 7m0 (1, t1) day dty
DTzlﬂ{tlzT_l}

+T2/ f(TIL’l,Ttl)QOO(IL‘l,tl)d{L’l dtl.
DTzlﬂ{t1<T_1}

Further, let 77 > 1 be an arbitrary fixed number. Then, using the last inequality for the function ¢, we
obtain

(ryz et |

t7" 0 (1, 1) day dty > C/ t7"0 (1, 1) dovy dty,
Dr—in{t1>T~1}

Dy—1N{t:>T7 '}

if T"> Ty > 1. The last inequality immediately yields condition (6.7).
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