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1. STATEMENT OF THE PROBLEM

In the strip
Q:={(z,t) eR*: 0<z<I, teR},

in the domain of the independent variables x and ¢, consider the problem of finding a solution
U(z,t) of the telegraph equation with a power-law nonlinearity of the form

L\U :=Uy — U, +2aU; + cU + NU|*U = F(x,t), (x,t) € Q, (1.1)
with the homogeneous Poincaré boundary condition
71U (0,t) + U (0,t) + U (0,t) = 0, teR, (1.2)
for x = 0, the homogeneous Dirichlet boundary condition
U(l,t) =0, teR, (1.3)
for x = [, and the periodicity condition with respect to the variable ¢,
U(x,t+T) =U(x,t), x € [0,1], t € R, (1.4)
with constant real coefficients a, ¢, and ~;, ¢ = 1,2, 3, and a parameter A # 0; moreover, v,y # 0.

Here T := const > 0, a := const > 0, and F' and U are the given and unknown real functions
T-periodic in time.

Remark 1.1. Since, by assumption, 7,7, # 0, it follows that the boundary condition (1.2) can
be represented in the form

~U,.(0,t) + U (0,t) + kU(0,t) = 0, teR,
where v := 17, ' # 0 and k := v5; *.
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1370 KHARIBEGASHVILI, DZHOKHADZE

Remark 1.2. Set Q7 := QN{0 <t < T} and f := F|g,. One can readily see that if U € C?(Q)
is a classical solution of problem (1.1)-(1.4), then, by virtue of Remark 1.1, the function u := Ulg,.
is a classical solution of the nonlocal problem

Lyu = f(z,t), (z,t) € Qr, (1.5)

yu (0,t) + u(0,t) + ku(0,t) = 0, 0<t<T (v #0), (1.6)
ul,t) =0, 0<t<T, (1.7)

(Bou)(x) =0, (Bouy)(z) =0, x € [0,1], (1.8)

where (Byw)(z) := w(x,0) — w(z,T) and x € [0,]], and conversely, if f € C(Qr) and v € C*(Qr)
is a classical solution of problem (1.5)—(1.8), then the function U € C?(2) that is the extension of
the function u T-periodic with respect to time from the domain €7 into the strip €2 is a classical
solution of problem (1.1)—(1.4) provided that f(z,0) = f(z,T), = € [0,]. Thus, instead of problem

(1.1)—(1.4), we study problem (1.5)—(1.8).
Definition 1.1. Let f € C(Q7) be a given function. Set
y:2=0  0<t<T, Ty:az=1 0<t<T.

A function w is called a strong generalized solution of problem (1.5)—(1.8) of the class C if it belongs
to C(Q7) and there exists a sequence of functions

U, € 62(§T,P1,F2;k) = {w S 02(5'1“) : (’}/ww + wy + kw)|p1 = 0, 'U)|p2 = 0},

such that w, — v and Lyu, — f in the space C(ﬁT) and Bgu, — 0 and Byu,; — 0 in the spaces
C'([0,1]) and C(]0,1]), respectively, as n — oo.

Remark 1.3. Obviously, a classical solution of problem (1.5)—(1.8) in the class C?(Qr) is
a strong generalized solution of this problem in the class C.

Note that a wide set of publications (e.g., see [1-16] and the bibliography therein) deal with
a periodic problem for nonlinear hyperbolic equations with boundary conditions of the Dirichlet
or Robin type. In the present paper, we study the time-periodic problem (1.5)—(1.8) in which
the direction of the derivative in the boundary condition does not coincide with the direction
of the normal. Here the periodic problem is reduced to one time-nonlocal problem, and an a priori
estimate (see Section 2) is proved for its solution. In the proof of the existence theorem, we use
representations of solutions of the Cauchy, Goursat, and Darboux problems in various parts of
the considered domain (see Section 3). In Section 4, we prove the uniqueness of the solution
of problem (1.5)-(1.8), and in Section 5 we study the absence of a solution of that problem in the
class of nonnegative functions.

2. A PRIORI ESTIMATE FOR A SOLUTION OF PROBLEM (1.5)—(1.8)

For the new unknown function
v = g(e, t)u, o(e, t) := exp(et), (z,t) € Qr, (2.1)
we rewrite problem (1.5)—(1.8) in the form

Py (e)v 1= vy — Vg + 2(a — €)vy + (¢ + €% — 22a)v + Ao(—ae, t)|v|*v

= Q(E’t)f($>t)’ (:L‘vt) € Qr, (2'2)
y0,(0,) +0,(0,8) + (k — e)v(0,8) =0, 0<t<T  (y#£0), (2.3)
v(l,t) =0, 0<t<T, (2.4)
(B.v)(z) =0, (B.vg)(z) =0, x € 10,1], (2.5)
(B.w)(z) := w(x,0) — o(—e, T)w(zx,T), x € 10,1], (2.6)

where € = €(a, ¢, k) is a sufficiently small positive number, which will be specified below.
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TIME-PERIODIC PROBLEM FOR A WEAKLY NONLINEAR TELEGRAPH EQUATION 1371

Note that the function w is a strong generalized solution of problem (1.5)—(1.8) in the class
C in the sense of Definition 1.1 if and only if the function v is a strong generalized solution of
problem (2.2)—(2.5) in the class C; i.e., the function v belongs to C'(€27), and there exists a sequence

of functions v,, € Co’2(§T, I'y,Ty; k — ) such that

lim flo, —vllc,y =0, T [|@x()vn = ole; ) fllo@ny =0, (2.7)
Jim {|Bovg o1 0.y = 0, nhm | Bevntll oo,y = 0- (2.8)

We introduce the condition

a >0, c>0; v <0, k> 0. (2.9)

Lemma 2.1. Let A > 0, and let conditions (2.9) be satisfied. Then a strong generalized solution
u of problem (1.5)—(1.8) in the class C' satisfies the a priori estimate

”UHC(QT) < Cl”f”c*(m) (2.10)

with a positive constant ¢, = ¢i(a,c, k,1,T) independent of the functions u and f.

Proof. Let v be a strong generalized solution of problem (2.2)—(2.5) in the class C; i.e., v belongs
to C(Qr), and there exists a sequence of functions

Up S éQ(QT,Pl,FQ; k — E)

such that the limit relations (2.7) and (2.8) hold.
Let us treat the function v,, as a solution of the problem

( )vn = Q(E7t)fn(m7t)7 (a:,t) € Qr, ( )
’vac( vt) (0 t) (k - E)Un(o’t) =0, 0<t<T (7 7& 0)7 ( )
v (l,t) = 0<t<T, (2.13)

(2.14)

(Bevn) (2 ) en(),  (Bevm)(z) = ¢ulz), 2 €[0,],

where
fn = Q(_E7t)q))\(5)vna Pn = Bavn7 wn = Bavnt’ (215)

By multiplying both sides of relation (2.11) by 2v,; and by integrating the resulting relation
over the domain Q, := {(x,t) € Qr: 0 <t <7}, 0<7 <T, we obtain

/(vit)t dx dt — 2 / UnaaUnt dz dt + 4(a — €) / v2, drdt + (c + &° — 2ea) /(vi)t dx dt

2
A / o(—az, 8)([vn|™+?), dz dt = 2 / olest) fovny daz L. (2.16)

a+ 2
Q- Q.

_|_

Setw,: 0<oe<lt=mT1,:2=00<t<7,andly,: 2 =00<t<7;0<7<T. Let
v := (v, 1) be the unit outward normal to 0€2,. Since

Vz|ngwT - 07 Uz|F1 — _17 VI|F2 — 17 Vt|F1UF2 = 07 Vt|wo - _17 Ut|w7. - 17

) a
t

(2.13), by taking into account the relations v,,(0,t) =

it follows that, by using relations (2 and
< T, and v,(l,t) = 0, 0 < t < T, and by performing

12
7 Hune(0,8) + (kK — €)v,(0,8)], 0 <
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1372 KHARIBEGASHVILI, DZHOKHADZE

integration by parts on the left-hand side in relation (2.16), we obtain

/(vit)tdmdt = /vityt ds = /vit dx — /vit dzx,

Q. o0Q, wr wo

-2 / VUpwxUnt AT dt = /[(vfm)t — 2(VnaVnt) o) dx dt

Q, O,
= /vfm dr — /vfm dr — 2 / VUnaUnt Vg At
wWr wo Iy, -Ul2 -
= /viw dx — /vim dx — 2'771 / [vnt + (k - E)vn]vnt dt
wr wo F1,-:—
= /vfm dw—/vfm dr — 21 /vit dt —y ' (k —¢) /(vi)t dt
wr wo ry- ry-
= [wrdo— [2ide—2t [t - 0. - 20,0,
wr wo Fl,T
/(vi)tdx dt = [ vy ds= /vi dx — /vi dz,
Q- Q- wr wo
/g(—as,t)(|vn|a+2)tdmdt: /g(—as,t)|vn|a+21/t ds+a€/g(—as,t)|vn|a+2 dx dt
Q- o0, Qr
= Q(—ae,T)/|vn|a+2 al:z:—/|vn|"“r2 d:p+a5/g(—as,t)|vn|a+2 dzx dt.
wr wo Q-

Next, by virtue of these relations, from (2.16), we have

2\
/ [(c + &2 — 2ea)v + 02, + v, + a——|—2@(_a€’ T)\vn\“”} dr — v ' (k —&)v2(0,7)

wr

2\

+4(a —¢) /vit dx dt + - f; /g(—as, t)|v,|“T? dw dt — 2y~ / V2, dt

Q. Q. L1,r

2 2 .2 2 2A at2 -1 2

= (C +e = 25&)’[)n + V0o + Uy + —|Un| dr — Y (k - g)vn(()? 0)
o+ 2
+ Q/Q(E,t)fn’um dzx dt. (2.17)
Q,

By virtue of conditions (2.9), we choose a number € = ¢(a, ¢, k) > 0 small enough to ensure that
c+¢e*—2a >0, k—e>0, a—e >0, (2.18)
for example, ¢ = min(c/(2a),a/2,k/2).
By setting

2\
WA (T) == / [(c +&? —2ea)v + 02, + v, + a—_i_2@(—046,7‘)|vn|a+2 dx

wr

—y ' (k—e)vi(0,7), 0<7T<T, (2.19)
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TIME-PERIODIC PROBLEM FOR A WEAKLY NONLINEAR TELEGRAPH EQUATION 1373
and by using inequalities (2.18) and A > 0, from relation (2.17), we obtain

Wy A (T) < w, 2 (0) + Q/Q(E,t)fnvnt dx dt. (2.20)

Q.

Since the inequality
0(2e,T)

1

20(e,t) fovne < f,f + Elvit (2.21)

holds for any €; = const > 0, it follows from (2.20) that

0(2e,T)
Wy A (T) < w, 1 (0) + 850 /f2 dx dt + e, /vm dx dt. (2.22)

-

By virtue of condition (2.18), notation (2.19), and the inequalities v < 0 and A > 0, we obtain
the relation

T T

/vit dmdt:/[/vitdm] dt < /wn,,\(t) dt,
0

Qr 0 we
which, together with inequality (2.22), implies that

T

wp A (7) <& /wm(t) dt + w, A (0) + 79(2§’T) /fj da dt, 0<7<T.
1

The last inequality, together with the Gronwall lemma and the relation €2, C 27, implies that
WaA(T) < [wn 2 (0) +1Ter " 0(26, T)| fulle g, (1, )5 (2.23)

here we have used the obvious inequality

||fn||2L2(QT) S ZTanHQc(ﬁ )

Below we use the well-known inequalities (e.g., see [17, p. 67])

lay + as|* = a} + a3 + 2a1a, < a2 + a3 + 205 + 5" a5 = (1 +&3)al + (1 +,1)a3,

" X " (2.24)
a1 + a2 < (1+&3)|ar]|*"? + C(a, e2)]as|**?,

which hold for any e, > 0 and for arbitrary a; and as, where C(a,&;) is a positive constant.
By using notation (2.1), (2.6), and (2.19), condition (2.14), and inequalities (2.24), we obtain

[0a]*?| dz — 7 (k — £)v7(0,0)

2\
w2 (0) = / [(c +¢&% — 2ea)v +v2, + v, + P

wo

= /|:(C + 52 - 25@)[@(_57 T)vn + 9071}2 + [Q(—E, T)vnw + Qonw]z + [Q(—E, T)vnt + %]2

2\
* a—+2|9(—57 T)v, + n|*™? | dz — 471 (k = €)[o(—&, T)va (0, T) + ¢ (0)]?
< (1+4e9)0* (=&, T)wu A (T) + Bur = (1 +e3)0(—28, T)wp x(T) + B, (2.25)
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1374 KHARIBEGASHVILI, DZHOKHADZE

where

2\
B = Cy(a, 52){ / [(C + & — 2ea)p) + o, + 2+ O[—Jr2|s0n|“+2 de —~7'(k — 6)@%(0)},

Ci(a,ey) = const > 0.

One can readily see that
lim 5, =0 (2.26)

n—oo

by virtue of relations (2.8) and (2.15). Then it follows from inequalities (2.23) and (2.25) that

w2 (0) < (1 + 2)0(—2¢, T)[w,,A(0) + lT5;19(257 T)||fn||2c(§T)]Q(517T) + Bn.a- (2.27)

By virtue of the equation ¢ = £(a,c,k) > 0 and notation (2.1), the positive numbers &; =
ei(e,a,¢,k,T), i = 1,2, can be chosen small enough to ensure that

= (1+e2)o(—2¢,T)o(er, T) = (1 +e3)0(—2e +,,T) < 1. (2.28)

For example, since e > 1 4+ x for x > 0, one can take ¢, = ¢ and &5 = €T, where ¢ =
min(c/(2a),a/2,k/2). Then, by using the estimate (2.28), from relation (2.27), we obtain the

inequality
[Tpo(2e,T) 1o B
n 0 g - /4 N n re) —)'
Relation (2.23), together with the last inequality, implies that

[To(2e,T)
&1

Q(EhT)'

wn A (T) < [ -

1l + ﬁ} (2.20)

By taking into account conditions (2.13) and (2.18), notation (2.19), and the relations v < 0
and A > 0 and by using the Schwarz inequality, for any (x,7) € Qr, we obtain

l

/ Ona€,7) €

x

2 l

l l
< /12 d&/vfm(&T) dc < zo/vim@m) dé = Z/vfm 0 < lw, 5(7),

|Un(33¢7—)|2 =

x

and hence
|, (2, 7)| < [lwn,,\(T)]l/Q, (z,7) € Qr. (2.30)

Next, by virtue of the obvious inequality \/af + a3 < \/|ai| + /|az|, it follows from rela-
tions (2.29) and (2.30) that

|U71($77)| S Clen”C(ﬁT) + Co V ﬁn,)y (:L‘vT) € QT' (231)
Here ¢y := cy(a, ¢, k,[,T) = const > 0 and ¢; := lo(e + 27 ey, T)\/T/(1(1 — ), where g, = ¢;
ie.,
3¢ T \'
=lo| =T || —— ; 2.32
5 a)”

moreover, if a > 0, ¢ > a? and k > a, then one can take the number a for . It follows from
)

inequality (2.31) that
lvnllc@m < allfallc@r + c2v/Ban

Since the limit relation
Tim | £ = fllo@yy =0
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TIME-PERIODIC PROBLEM FOR A WEAKLY NONLINEAR TELEGRAPH EQUATION 1375

holds by virtue of relations (2.7) and (2.15), it follows that, by passing in the last inequality to the
limit as n — oo and by using (2.26), we obtain

[vlle@ry < allflle@n- (2.33)

This, together with notation (2.1) and the inequality € > 0, implies the estimates

”UHc(ﬁT) < H’UHc(ﬁT) < Cl”f”c(m)

with constant ¢; := ¢;(a, ¢, k,1,T) > 0 defined in (2.32). The proof of Lemma 2.1 is complete.

Remark 2.1. In the linear case, i.e., in the case where the parameter A in Eq. (1.1) is zero, in
a similar way, we introduce the notion of a strong generalized solution of problem (1.5)-(1/8) in
the class C, which satisfies the same a priori estimate (2.10) under conditions (2.9) as shown by the
argument presented in the proof of Lemma 2.1. Since problem (1.5)—(1.8) is linear, it follows that
the strong generalized solution of this problem is unique in the class C.

Remark 2.2. It follows from the proof of Lemma 2.1 that if condition (2.9) is satisfied, then,
for diminishing coefficients of Eq. (1.5), the constant ¢; occurring in the a priori estimates (2.10)
and (2.33) can infinitely grow; for example, if a — 0+, then ¢ — 04 because 0 < ¢ < a, and,
by virtue of (2.32), we have lim. .o, ¢; = +00. At the same time, the problem on the solvability
of problem (1.5)—(1.8) in Section 3 is reduced to the problem of the derivation of a uniform, with
respect to the parameter 7 € [0, 1], a priori estimate for a strong generalized solution of the equation

Vgt — Vg + T(c — a®)v + TA0(—a, t)|v|*v = To(a, t) f(z, 1), (z,t) € Qp, (2.34)
satisfying the boundary and nonlocal conditions (2.3)-(2.5) for ¢ = a. To obtain a uniform, with
respect to 7, a priori estimate for the solution of problem (2.34), (2.3)—(2.5) for € = a, it suffices to
replace conditions (2.9) by the following more restrictive conditions:

a >0, c>a’, v <0, k>a. (2.35)
Indeed, by considering the case of conditions (2.35) and by reproducing the argument used in

the solution of problem (2.2)-(2.5) in Lemma 2.1 with ¢ = a for the solution of problem (2.34),
(2.3)-(2.5) with € = a, we obtain the a priori estimate (2.33) with the constant

omto(27) (o) 239

independent of 7 € [0,1], where u = (1 +aT)o(—a,T) < 1, because go(a,T) = e*" > 1+ aT.

3. REDUCTION OF PROBLEM (1.5)-(1.8) TO A NONLINEAR INTEGRAL EQUATION.
SOLVABILITY OF PROBLEM (1.5)—(1.8)

In notation (2.1) with € = q, i.e.,
v = g(a, t)u, (x,t) € Qr, (3.1)

we rewrite problem (1.5)—(1.8) in the form

D, (a)v = vy — Vg + (¢ — a®)v + No(—aa, t)|v|*v = o(a,t) f(z,1), (x,t) € Qr, (3.2)
Y, (0,t) + v,(0,%) + (k — a)v(0,t) = 0, 0<t<T (v #0), (3.3)

v(l,t) =0, 0<t<T, (3.4)

(B,v)(x) =0, (Bavy)(x) =0, x €1[0,1]. (3.5)
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Note that a function w is a strong generalized solution of problem (1.5)—(1.8) in the class C
in the sense of Definition 1.1 if and only if the function v is a strong generalized solution of
problem (3.2)—(3.5) in the class C; i.e., v belongs to C'(Q2r), and there exists a function sequence

v, € C*(Qp,T1,Ty;k — a) such that

T o, — vy =0, lim [@x(@vn — 0@,y = O
nhjgo HBaUnHCl([OJ]) =0, nhjgo HBavntHC([OJ]) = 0.

In what follows, we study the solvability of problem (3.2)—(3.5) for the case in which T' = [.
To this end, we consider several auxiliary linear problems retaining the same notation v and f for
the unknown function and the right-hand side of the equation.

Problem I. Find a function v € C?(;) satisfying the equation

Ov = vy — vz = f(2,1), (x,t) € Q, (3.6)

the boundary conditions
v(0,t) = v(t), v(l,t) =0, 0<t<l, (3.7)

and the initial conditions
v(x,0) = p(z), vy (x,0) = P(z), x1nl0,1], (3.8)

where f € CY(Q), v € C2([0,1]), ¢ € C?([0,1]), and + € C*(]0,1]) are given functions satisfying the
matching conditions

v(0) = ¢(0),  v'(0) =¢(0), »"(0) —¢"(0) = f(0,0), () =) =0, &"(I)=-f(0),

It is known that problem (3.8)—(3.10) is well posed; below we represent its solution v € C?(£2;) in
a convenient form. To this end, we split the domain 2;, that is, the square with the vertices O(0,0),
A1(0,1), As(l,1), and As(l,0), into four right triangles Dy := AOO A3, Dy := AOO;A;, D3 :=
AA301A,, and Dy := AO; A1 Ay, where the point O;(1/2,1/2) is the center of the square ;. It is well
known that the solution of Problem I in the triangle D, is defined by the formula [18, pp. 158, 162]

x+t

v(x,t) = z[p(x —t) + p(z+ )] + % / Y(T)dr + % / flg,r)dédr, (x,t) € Dy, (3.9)

N —

where Q] , is the triangle with vertices (z,t), (x —¢,0), and (z 4 ¢,0).

To obtain a solution of Problem I in the triangles D,, D3, and D,, we use the following relation
(e.g., see [18, p. 173; 19; 20]):

v(P) =v(P)) +v(P) —v(Ps) + % / f(&, 7)d¢dr, (3.10)

PP P;P3

which holds for any characteristic rectangle PP, P,P; C §, for Eq. (3.6), where P and P, as well
as P, and P, are opposite vertices of that rectangle; moreover, the ordinate of the point P exceeds
the ordinates of the remaining points.

Indeed, if the point (z,t) belongs to Dy, then, by using relation (3.10) for the characteristic
rectangle with vertices P(x,t), P1(0,t—x), P2(t,x), and Ps(t —z,0) and formula (3.9) for the point
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TIME-PERIODIC PROBLEM FOR A WEAKLY NONLINEAR TELEGRAPH EQUATION 1377

Py(t,x) € Dy, we obtain

vat) =o(P)+o(P) —ulP)+5 [ sendsar
PP, P>Ps
tt+x

:ua—@+;m@—@+¢t+x /¢

+y [ HEendar—pt-a)+ 3 / f(&.m) dgdr
L PP PPs

t+x

:V@—@+%M@+@ o(t — )] /¢

—i—% / flg,r)dédr, (z,t) € Ds. (3.11)

x,t

Here Q2 , is the quadrangle PP,P,P,, and P, = ﬁg(:c +t,0).
In a similar way, we obtain

2l—x—t
v(x,t) = %[gp(m —t)—p2l—z—1t)]+ % P(T)dr + % / f& rydédr, (z,t) € D3, (3.12)
r—t Qi,t
and
ooty = vt —o) ~ glolt— ) +o@—t-o) +3 [ wr)dr
+3 [fendar  @oeD, (3.13)

where Q2 , is the quadrangle with the vertices P*(x,t), P{(l, z4+t—1), PJ(z—t,0), and P§(2l—x—t,0)
and €] , is the pentagon with the vertices P*(z,t), P{'(0,t —z), Py (t — x,0), P4 (2l —x —t,0), and
Pl +t—1).

Problem II. Find a solution v € C?(Q;) of Eq. (3.6) for f € C'(€Y) satisfying the boundary
and nonlocal conditions (3.3)—(3.5).

In what follows, we show that, under the conditions
1- Q(—QCL, l)

a >0, 77&14—9(—2&1)’

(3.14)

Problem II has a unique classical solution v € C?(€2;) for f € C*(£2;) and a unique strong generalized

solution (by analogy with Definition 1.1) v in the class C for f € C(£2;); moreover, in both cases,
the solution can be represented by quadratures via the same formula.

Remark 3.1. One can readily see that condition (2.9) implies condition (3.14).

To construct a solution v of Problem II by quadratures, we treat it as a solution of Problem I
and assume for now that the functions

o(z) :=v(z,0), Y(x) = v(x,0), v(t) :=v(0,t), 0<uzt<lI, (3.15)

on the right-hand sides in conditions (3.7) and (3.8) are unknown.
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Remark 3.2. By taking into account the structure of the domain Q2 ,, for (z,t) € D,, we obtain

3 [ fendsar =3 t/wdf 7 f& ) de+ 3 / dr 7Tf<sm> de.
o2, 0 —att-r tor  a—ttr

Therefore, by virtue of formula (3.11), we have the relations

L+ o)+ @t — 2) 4t + 2) + p(t — 2)]

ve(z,t) = —v'(t —2) + 5

t t—x t
1 1 1
+§/f($+t—T,T)dT+§/f(t-x—7’,7’)d7’—§/f(:L’—t—l-T,T)dT. (3.16)
0 0 t—x

Likewise, we obtain

vl t) = v (=) + 3l (64 2) — (6 — 1) + (e + ) — ft — )]

t t—x
1 1
+§/f($+t—7',’7')d7'—§/f(t—l‘—T,T)dT
0 0

t
1
+§ /f(:L‘—t—I—T,T)dT, (z,t) € D,. (3.17)
t—x

Remark 3.3. Formulas for the derivatives v, and v; similar to (3.16) and (3.17) hold for the
solution of Problem I, that is, problem (3.6)—(3.8) in the remaining domains D;, D3, and D,.

By setting = 0 in formula (3.16) and by taking into account the boundary condition (3.3) for
the unknown functions v, ¢, and 1, from (3.15), we obtain the equation

(Y =Dv'(t) + (a = K)w(t) =7 |¢'(t) +

—|—/f(t—7‘,7’)d7‘], 0<t<I (3.18)
0

In the domain Dy, the representation (3.13) for the function v with ¢t = [ has the form
v(z,l) =v(l—z)—p(l—z)+ fi(z,]), 0<z<l, (3.19)
where
Fuat) = % / F(&,7)de dr. (3.20)

Remark 3.4. By taking into account the structure of the domain Q?
we obtain

for (x,t) € Dy,

x,t)

x+t—1 T+2l—z—t THt—T Tr+t—7
2, (1) = /dT / J(e ) de + / dT/ (r d5+/dr / f(6.7) de,
x+t—I t—x —x T—t+T

whence, by using the differentiation, we obtain

2f1z(z, 1) = /fl—x+7'7' d7'+/fl—:1:—7'7')d7'

+/f(x+l—7‘,7’)d7‘—/f(a:—l+7‘,7’)d7‘ (3.21)
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and
x l—x
2fu(x, ) == | fl—xz+71,7)dr— | fl—2x—7,7)dT
/ /
1 !
+ [ fle+l—7,7)dr+ | fx—1+7,7)dr (3.22)
/ J

By substituting the function (3.19) into the first condition in (3.5), for the unknown functions
¢ and v from (3.15), we obtain the equation

o) + o(=a,Dp(l —z) — o(=a, vl — z) = Yo(z),  0<z <, (3.23)
where
Yo(x) := o(—a,l) fi(x,1), 0<z<lI. (3.24)
By replacing x in Eq. (3.23) by [ — x, we obtain the equation
o(=a,l)p(x) + o(l —z) — o(=a, v(x) = Yol —z), 0<z <L (3.25)

By virtue of the first condition in (3.14) and notation (2.1), we have p(—a,l) < 1, which, after the
elimination of ¢(I — z) from system (3.23), (3.25),

_ Po(@) — o(=a, Do (I — ) + o(—a,hv(l — =) — o(—2a, [)v(z)
1 —0(—2a,l) ’

o(z) 0<z<I. (3.26)

Next, by differentiating relation (3.13) with respect to the variable ¢, we obtain the representation

ol 1) = v/t =) — 3!t — ) — 21—t = 2)] ~ S~ £~ 2) 4 (t ~ )] + fula ),

whence for ¢ = [ we have
v(z, ) =v'(l —x) =Y — )+ fu(z,]), 0<z<l. (3.27)

By substituting the derivative (3.27) into the second condition in (3.5), for the unknown functions
¥ and v in (3.15), we obtain the equation

(@) + o(—a, DYl —x) = o(=a,)v'(l —x) =i (x), O0<z <L (3.28)
Here
() == o(—a,l) fre(x, 1), 0<z<lL (3.29)
By replacing o in Eq. (3.28) by [ — z, we obtain
o(=a,0)Y(x) + Yl —z) — o(—a, v’ (z) =h(l—z), O0<z<l (3.30)

By following the derivation of the representation (3.26) and by eliminating ¢ (I — x) from sys-
tem (3.28), (3.30), we obtain

_ (@) —o(=a, D (I = x) + o(=a, v (L = x) — o(=2a, v '(z)

<z<l 31
o220 ., 0<z<l (331

P(x)

By virtue of relations (3.26) and (3.31), we have

_ YB) + () + o(=a, DYp (I —t) — o(=a, D (I — 1) — 20(—=2a, v (%)
1 — o(—2a,l) ’

¢'(t) + (1) (3.32)
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By using relations (3.21), (3.22), (3.24), and (3.29), one can readily show that

Yo(t) + 11 (t) = o(—a, D[ fr(t,1) + fre(t,1)]

:Q(—a,l)[—/f(l—t+T,T)dT+/f(t+l—T,T)dT]

and

Yol —t) =1 (1 —t) = o(—a, D[ fr(l — £, 1) — fr.(l — £, 1)]

=@(—a,l)[/tf(t—ﬂf)dr—/lf(—t+r,r)dT].

By taking into account these relations, by substituting the expression (3.32) into relation (3.18),
and by using (3.14), we obtain

v'(t) +buv(t) = h(t), 0<t<l. (3.33)
Here
_ (a—k)[1 - o(—2a,l)]
b= v =1+ 0(—2a,1) +vo(—2a,l)’ (3:34)
= i —o(—a —t+7,7)dr
ht) = v =14 o(—2a,l) + vo(—2a,l) [ of ’l)O/f(l t+mr)d

+Q(—a,l)/f(t+l—7',7')d7'—Q(—2a,l)/f(—t+7',7')d7'+/f(t—T,T)dT]. (3.35)

By virtue of condition (3.5) and the notation v in (3.15), a solution of Eq. (3.33) should satisfy
the nonlocal conditions

v(0) = of
v'(0) = of

One can readily see that the unique solution of problem (3.33), (3.36) has the form

Dv (1), (3.36)
Dv'(1). (3.37)

_a’
_a’

t l

ola+0b,1) / o(b,s)h(s)ds + /g(b, s)h(s) ds] , 0<t<l, (3.38)

0 t

_ Q(_bﬂt)
v(t) = ola+0b,1)—1

where b and h are determined by relations (3.34) and (3.35).

Remark 3.5. One can readily see that the function h occurring in (3.35) satisfies the nonlocal
condition h(0) = o(—a,l)h(l) similar to (3.36), which, in turn, with regard to relations (3.33) and
(3.36), implies the nonlocal condition (3.37).

Remark 3.6. One can also readily see that if f € C*(£;) [respectively, f € C(€;)], then, by
virtue of relation (3.35), the function v occurring in the representation (3.38) belongs to C?([0,1])
[respectively, v € C'([0,1])]; therefore, by virtue of relations (3.20)-(3.22), (3.24), and (3.29),
the functions ¢ and v defined by relations (3.26) and (3.31) also belong to the classes C?(]0,1])
[respectively, C'(]0,1])] and C'(]0,1]) [respectively, C([0,1])].

Remark 3.7. By virtue of the representations (3.9), (3.11), (3.12), and (3.13) in the domains
Di, Dy, D3, and Dy, respectively, with the functions ¢, ¥, and v replaced by their expressions from
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formulas (3.26), (3.31), and (3.38), the solution v of Problem II, that is, problem (3.6), (3.3)-(3.5),
can be represented in the form
v=07f, (3.39)

where, by virtue of Remarks 3.2-3.6, the linear integral operator
D_l : Cl(ﬁl) — 02(51) (340)

is continuous. The same representations, together with the above remarks, imply that the linear
integral operator

o' o) — C' () (3.41)

occurring in (3.39) is continuous as well. In addition, hence it follows that Problem II has a unique
classical solution v € C%(§;) for f € C'(£;), and this solution admits the representation (3.39).

Remark 3.8. Note that since the space C'*(€;) is compactly embedded in C(€;) [21, p. 135 of

the Russian translation], it follows from (3.41) that the linear operator O~ : C();) — C(Q) is
a compact operator.

Remark 3.9. If condition (3.14) is satisfied and f € C(£;), then the linear problem II has
a unique strong generalized solution v in the class C. Indeed, let us show that the solution is given
by the function (3.39). Since the space C'(€);) is dense in the space C(€;) [22, p. 37 of the Russian

translation], it follows that there exists a function sequence f,, € C*(£2;) such that

Tim £, ~ fllo@, = 0. (3.42)

By virtue of the representations (3.39) and (3.40), the function v, = 07! f, € C?*(€;) is a classical
solution of the linear problem II for f = f,; moreover, v, — v = O°'f and Ov,, = f, — f as
n — oo in the space C'(€2;) by virtue of (3.41) and (3.42). Therefore, the function (3.39) is a strong
generalized solution of problem II in the class C'. Now let us show that this problem has no other
generalized solutions. Indeed, if ¥ is another strong generalized solution of Problem II in the class

C, then, by definition, there exists a function sequence v,, € C? (Qp, T, Ty k — a) such that
nlg]go [[on — 5||C(§l) =0, nhjgo 0o, — f||c<§l) = 0. (3.43)

By setting f,, = Ov,, and by using (3.39), we obtain v,, = ™' f,,. By passing in the last relation to
the limit as n — oo and by taking into account relations (3.41) and (3.43), we obtain v = 07! f,

ie., v =wv. The latter_ contradicts the above-stipulated assumption. Therefore, if condition (3.14)
is valid and f € C();), then the linear problem II has a unique strong generalized solution v
in the class ', which admits the representation (3.39) and, by virtue of (3.41), belongs to the

class C''(€);). Under condition (3.14), the representations (3.39) and (3.41) imply that the strong
generalized solution v = (07! f of Problem II in the class C satisfies the estimate

107 flle@y < collflleq: (3.44)

where ¢y = ¢y(a,v, k,1) > 0.

Remark 3.10. As was mentioned above, by virtue of the transformation (3.1), problem
(1.5)—(1.8) is equivalent to problem (3.2)-(3.5); moreover, by virtue of condition (3.14) and the

above Remarks 3.6-3.9, for f € C(£);) the function v is a strong generalized solution of prob-
lem (3.2)—(3.5) in the class C if and only if v is a continuous solution of the nonlinear integral
equation

v=Kv:=0"(a* - c)v — Mo(—aa,t)|v|*v + o(a,t) f(z,1)}. (3.45)

Note also that, by virtue of (3.41), a continuous solution v of the nonlinear integral equation (3.45)
actually belongs to the class C'(€;); and if f € C'(Q;), then, by virtue of (3.40), the function v

belongs to C?(€);) and is a classical solution of problem (3.2)—(3.5).
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Remark 3.11 The operator K : C(;) — C(Q;) in (3.45) is continuous and compact, because

I
the nonlinear operator N : C(Q;) — C(£;) acting by the rule

Nv = ((12 - C)U - )\g(—aa,t)|v|0‘v + Q((I,t)f(l‘,t)

is bounded and continuous and, by virtue of Remark 3.8, the linear operator 0~! : C(©Q;) — C(€Y)

is compact. By virtue of Remark 2.2, for 7 € [0, 1], each solution v € C'(;) of the equation v = 7Kv
is a solution of problem (2.34), (2.3)-(2.5) for ¢ = a, which, under condition (2.35), satisfies the
a priori estimate (2.33) with a positive constant ¢; defined by (2.36) for 7' = [ and independent
of 7 € [0,1]. Therefore, by the Leray—Schauder theorem [23, p. 375], Eq. (3.45) has at least one

solution v € C(§Y).
By virtue of the above remarks, we have thereby proved the following assertion.

Theorem 3.1. Let A > 0, let condition (2.35) be satisfied, and let f € C(Q;). Then prob-
lem (1.5)—(1.8) has at least one strong generalized solution w in the class C in the sense of Defini-

tion 1.1, which belongs to the space C*(£;); moreover, if f € C'(€Q,), then this solution is classical.

4. UNIQUENESS OF THE SOLUTION OF PROBLEM (1.5)—(1.8)
Let the following condition be satisfied:

la®> — ¢| < 1/cy, 0 <A< A, (4.1)

where Ao := (1 —cola® —c|)(coMo) ™", My := (1 + ) (2¢1]| fllo,))*s and ¢ and ¢; are the constants
occurring in (3.44) and (2.32), respectively.

Theorem 4.1. Let T =, let conditions (2.35) and (4.1) be satisfied, and let f € C(Q;). Then
problem (1.5)—(1.8) has at most one strong generalized solution in the class C.

Proof. Since problem (1.5)-(1.8) is equivalent to problem (3.2)—(3.5), it suffices to consider the
problem on the uniqueness of the solution of the latter problem. Suppose that problem (3.2)—(3.5)
has two possible distinct strong generaliz§d solutions v! and v? in the class C. By Definition 1.1,
there exists a sequence of functions vi € C?(€;,T';,T5; k — a) such that, in particular, the following
limit relations hold:

Tim (o}~ o'lo@) =0, lim [ ®3(a)o] — ola. ) e, = 0. (4.2)

Set w, := v2 —v!l. One can readily see that the function w, € CD'Q(ﬁl, I',Ty;k —a) is a classical
solution of the problem

Ow, = (fn + gn)(z, 1), (x,t) € Q, (4.3)
Ywnz(0,) + wnt(0,8) + (kK — a)w,(0,t) = 0, 0<t<li (v #0), (4.4)
wo(l,t) =0, 0<t<l, (4.5)
(Bawy)(z) = 0, (Bawnt)(x) = 0, x € [0,1]. (4.6)
Here
fn = 2a(@)vy, — a(a)v, (4.7)

gn = (a® = Jw, — Ao(—aa, t)(|vy v, — [v,[*v,)

1

= (a® — c)w, — M1 + a)o(—aa, t) </ v} + s(v2 —v})|* ds) W (4.8)

0
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where we have used the obvious relation
1
P(r2) — p(x1) = (¥2 — 71) /90/[351 + s(wy — )] ds
0
for the function ¢(z) := |z|*x, z € R, with z; = v} and 2y = v2.

By virtue of Remark 3.9 and the estimate (3.44), for the solution w, of problem (4.3)-(4.6),
we have

Hwan@) < collfn+ gn”c(ﬁl) < CO”anc(ﬁl) + CO”Qn”c(ﬁl)- (4.9)
It follows from relations (4.2) and (4.7) that
nhjgo ||fn||0(§l) = 0. (4.10)

By virtue of the a priori estimate (2.33), the solutions v! and v? of problem (3.2)—(3.5) satisfy the
inequalities
HviHc@) < Cl”f”c(ﬁl)a 1=1,2.
This, together with the inequalities a > 0 and a > 0, implies that
1
(1+ a)o(—aa,t) / vt + s(v2 —vl)|* ds < Mo, (4.11)

0
where M, is the constant occurring in condition (4.1).
It follows from relations (4.8), (4.9), and (4.11) that
lwalle@, < collfalle@, + colla® = e + AM)l|lwnll e,
which, together with condition (4.1), implies the estimate

1

Wollec@) < 77 v ol nllo@- 4.12

Since lim,, .o [|wnllo@,) = [[v* = v'l|lo@,) by virtue of relations (4.2), it follows that, by taking
into account relation (4.10) and by passing in the estimate (4.12) to the limit as n — oo, we obtain
[v* —v'o@,) <0, ie, v’ =v? The last assertion contradicts the above assumption. The proof

of Theorem 4.1 is complete.

5. THE ABSENCE OF SOLUTION OF PROBLEM (1.5)—(1.8)
IN THE CLASS OF NONNEGATIVE FUNCTIONS

Below, by using the method of test functions [13, pp. 10-12], we show that if the condition A\ > 0
is violated, then problem (1.5)-(1.8) has at most one strong nonnegative generalized solution in
the class C in the sense of Definition 1.1.

Lemma 5.1. Let u > 0 be a strong generalized solution of problem (1.5)—(1.8) in the class C in
the sense of Definition 1.1. Then one has the integral relation

/uDgodacdt—Qa/ugptdzrdt—l—c/ugpdwdt: —A/|u|°‘+1gpd:ndt+/fgod:rdt (5.1)
QT QT

Qr Qr Qrp

for any test function ¢ such that

p € C*(Qr), ¢loa, =0, Vlaar =0, (5.2)
where V := (0/0x,0/0t).
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Proof. By the definition of a strong generalized solution u of problem (1.5)-(1.8) in the class
C' in the sense of Definition 1.1, the function u belongs to C(€2r), and there exists a sequence of
functions u,, € C?(Qp, Ty, y; k) such that, in particular, the following limit relations are true:

JLH(}O lun — UHC(ET) =0, JLH(}O [ Laun — f||c<§T) = 0. (5.3)

Set f, := Lyu,. We multiply both the sides of the relation Lyu, = f, by the function ¢ and
integrate the resulting relation over the domain Qp. After the integration by parts on the left-hand
side in this relation with regard to the inclusion (5.2), we obtain

/uanoda:dt—Qa/ungot da:dt+c/ung0da:dt = —)\/|un|aung0da:dt+/fngodxdt.
QT QT

Qr Qr Qr

By using relations (5.3), by passing in the last relation to the limit as n — oo, and by taking
into account the inequality u > 0, we obtain the integral relation (5.1). The proof of the lemma is
complete.

Let us introduce a function ¢y := ¢o(z,t) such that

®o € CQ(QT)y ©olar >0, woloar =0, Veoloar =0 (5.4)
and )
oy — 2 P 1
Ko 1= | #o apS/Dthl t CSDO| dx dt < +OO, p/ =1 + a (55)
0
Qr

By a simple verification, one can show that, for a function ¢, satisfying conditions (5.4) and
(5.5), one can take the function

wolz,t) = [zt(l —z)(I =)™, (z,t) € Qr,

for sufficiently large m > 0.
If A < 0, then, by Lemma 5.1 and relation (5.1), where the function ¢ = ¢y can be taken for
the function ¢ with regard to conditions (5.4), we have

[\l /u‘”lgoo dx dt < /u|Dg00 — 2apo; + cpo| dx dt — /fcpo dzx dt. (5.6)
Qr Qr Qr

The absence of a solution of problem (1.5)—(1.8) is proved in the following assertion.

Theorem 5.1. Let A <0, a > 0, and f = Bfy, where 8 = const >0, fo € C(Qr), fo >0, and
fo #0. Then there exists a positive number By = Bo(a, A, fo) such that for B > By problem (1.5)—
(1.8) has no strong generalized solution u > 0 in the class C in the sense of Definition 1.1.

Proof. If we set a = ugpé/p and b = |Hpy — 2ape; + cgoo\goal/p in the Young inequality

€ 1 /
ab < —a? + — b a,b>0,
p pert

1
54‘]?:1, p:a+1>1,

with the parameter € > 0, then, by virtue of the relation p’/p = p’ — 1, we obtain the inequality

Do — 2ap0 + 0900|p/
=1 '

p'eP’ g
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By virtue of relations (5.5)—(5.7), we have the inequality

Qr

where, by condition (5.4) and Theorem 5.1, the constant s, is given by the relation

0< K1 1= /fo@odxdt < +o00.
Qr

Inequality (5.8) with € < |A[p implies that

PRo PPk
uPpo dx dt < — — . 5.9
[ == Np—= (5:9)

Qr
By taking account of the relations p’ =p/(p — 1), p=p'/(p' — 1), and
p/

min (p/((Alp —e)p'e” ")) = 1/|A

0<e<|Alp

(the equality is attained for e = |\|), from inequality (5.9), we obtain the estimate

Ko P’ Bra

/upgpo dxdt < ‘)\p, - |)\| . (510)
Qr
Obviously,
x(B) <0 if B8>p0, and x(B) >0 if B < fy, (5.11)
where '8
ko _ D PKk1 — Ko
X(ﬁ) T |)\|;D’ |>\| 9 /80 . p,/{l|)\|p/_1‘

It remains to note that the left-hand side of inequality (5.10) is nonnegative, while the right-
hand side of the same inequality is negative for 3 > [, by virtue of condition (5.11). The latter
implies that if 3 > (3, then problem (1.5)—(1.8) has no strong generalized solutions in the class of
nonnegative functions in the sense of Definition 1.1. The proof of the theorem is complete.
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