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1. STATEMENT OF THE PROBLEM

In the plane of independent variables x and ¢, consider the nonlinear wave equation
Lu :=0u+ f(x,t,u) = F(x,t), (1.1)

where f = f(z,t,s) is a given real function nonlinear with respect to the variable s, F' = F(x,t)
is a given real function, and v = u(x,t) is the unknown real function; moreover, we assume that f
and F are continuous functions of their arguments and 00 := 9?/9t* — 9* /dx>.

By D: %(t) < x < (t), t >0, we denote the angular domain lying inside the characteristic
angle Ay : t > |x| and bounded by smooth noncharacteristic curves v;: © = v;(t), ¢t > 0,7 = 1,2 (i.e.,
[vi(t)] # 1, ¢t >0, i = 1,2), of the class C? issuing from the origin 0(0,0). Set Dy :=DnN{t < T}
and v, 7=y N{t<T},T>0,i=1,2.

For Eq. (1.1), we consider the Darboux boundary value problem, where the directional derivative
of the solution of Eq. (1.1) is posed on 7, r, and a solution itself is posed on 7, r, in the following
statement: find a solution u = wu(x,t) of that equation in the domain D7 with the boundary
conditions

(Liug + loug)ly, - =0, (1.2)
u‘72,T =0, (13)

where [; and [, are given continuous functions; moreover, (|li1] 4+ |l2|)],, # O.

Note that, in the linear case in which the function f occurring in Eq. (1) is linear with respect
to the variable s and the conditions

(g + Biue)ly, » =0, i=1,2; u(0,0) =0, (1.4)
are considered instead of the boundary conditions (1.2) and (1.3), problem (1.1), (1.4) in the domain
Dy was studied in [1-6]. Note also that problem (1.1)—(1.3) is equivalent to problem (1.1), (1.4) in
which the direction (as, #5) coincides with the direction of the tangent to the curve v, r at each of its
points. In the case of Eq. (1.1) with a power-law nonlinearity in which the homogeneous Dirichlet
conditions u/|,, , = 0,7 = 1,2, are posed on the curves y; and 7,, and moreover, one of these curves,
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ON THE SOLVABILITY OF A BOUNDARY VALUE PROBLEM 645

either v, or 7,, is characteristic, this problem was considered in the papers [7-9], and the case
in which both curves are noncharacteristic was studied in [10]. The special case of the boundary
conditions (1.2) and (1.3) of the form w,|,, , = 0 and u|,,, = 0, where vy r7: 2 =0,0 <t < T,
and vor: ¢ = —t, 0 <t < T, is a characteristic of Eq. (1.1) with a power-law nonlinearity, was
considered in [11, 12]; moreover, the case in which 7, 7 is a noncharacteristic curve was considered
in [13, 14]. As was noted in [1, 6], such problems arise in the mathematical modeling of small
harmonic oscillations of a wedge in a supersonic flow and oscillations of a string inside a cylinder
filled with a viscous fluid.

In the present paper, we consider the more general case of a nonlinear function f(z,t,s), smooth
noncharacteristic curves y; and v, and the behavior of the vector field (I1,l3) in the boundary
condition (1.2) as compared with the cases studied in the above-mentioned papers. Note that,
in the case under consideration, the analysis of the solvability of problem (1.1)—(1.3) encounters
additional difficulties of nontechnical character.

Set C2(Dr,vr) = {v € C2*(Dy) : (Lo, + Lovg)|ye =0, 0|y, =0} and 7 == y1.7 Uo7

Definition 1.1. Let the conditions f € C(Dy x R), F € C(Dy), and I;,ly € C(y,.7) be
satisfied. A function u is called a strong generalized solution of problem (1.1)—(1.3) in the class C
in the domain Dy if u belongs to C(Dy) and there exists a function sequence u, € Co’z(ET,’yT)
such that u, — v and Lu,, — F in the space C(Dy) as n — oo.

Remark 1.1. Obviously, a classical solution of problem (1.1)—(1.3) in the space C*(Dr,~r)
is a strong generalized solution of that problem in the class C' in the domain Dz in the sense of
Definition 1.1.

Definition 1.2. Let f € C(Dy x R), F € C(Dy,), and 1,1 € C(7V1.0). We say that prob-
lem (1.1)-(1.3) is globally solvable in the class C' if, for any finite T' > 0, it has at least one strong
generalized solution of the class C in the domain Dy in the sense of Definition 1.1.

Definition 1.3. Under the assumptions of Definition 1.2, a function u € C(D,,) is called
a global strong generalized solution of problem (1.1)-(1.3) in the class C in the domain D if,
for any finite 7' > 0, the function u|p, is a strong generalized solution of that problem in the class
C in the domain D7 in the sense of Definition 1.1.

Definition 1.4. Under the assumptions of Definition 1.2, we say that problem (1.1)—(1.3) is
locally solvable in the class C' if there exists a positive number Ty = T(F) such that, for T' < Ty,
it has at least one strong generalized solution of the class C' in the domain Dz in the sense of
Definition 1.1.

Remark 1.2. Under the above-mentioned assumptions, one can readily note that

—t<y(t) <m(t) <t, t>0 i) <1, t>0, ~(0)=0, i=1,2. (1.5)

Remark 1.3. Below, without loss of generality, one can assume that v;(t) < 0,0 <t < T,
since otherwise, by virtue of condition (1.5), this could be achieved with the use of the Lorentz
transformation

— kot t—k
W R o . S NPy

\/1—16‘8’ ‘/1—14;(2)’ 0<t<T

which does not change the form of Eq. (1.1) and maps the characteristic angle Ag: ¢ > |z| into the
characteristic angle Aj: t' > |z/].
Below, by virtue of Remark 1.3, in addition to condition (1.5), we require that

2() <) <0, m) <0, %) <0, >0 (1.6)

In Section 2, we present conditions on the data of problem (1.1)-(1.3) under which we prove
an a priori estimate for a strong generalized solution of that problem in the class C in the do-
main Dr. In Section 3, we study the global solvability of the problem in the class C in the

DIFFERENTIAL EQUATIONS Vol. 52 No.5 2016



646 KHARIBEGASHVILI, JOKHADZE

domain Dr. We analyze the smoothness of the solution in Section 4 and study the uniqueness
and existence of a global solution of problem (1.1)—(1.3) in the domain D, in Section 5. Finally,
in Section 6, we study the case of absence of a global solution as well as the local solvability of that
problem.

2. A PRIORI ESTIMATE FOR THE SOLUTION OF PROBLEM (1.1)—(1.3)

Set .
g(x,t,s) = /f(ac,t,sl)dsl, (x,t,8) € Dp x R. (2.1)
0
In view of notation (2.1), consider the following conditions imposed on the nonlinear function f :
g(x,t,8) > =M, — Mys?, (z,t,8) € Dy x R, (2.2)
gi(x,t,8) < Mz + M,s?, (z,t,8) € Dy x R, (2.3)

where M; := M;(T) = const > 0,1 <17 <4.

Remark 2.1. Let fo, fo € C(Ds), fo >0, and fo, < 0. We present some classes of functions
f = f(x,t,s) that are often used in applications and satisfy conditions (2.2) and (2.3).

1. f(x,t,8) = fo(z,t)|s|* sgn s, where a > 0, o # 1. In this case, we have

|s|oz+1

g(:c,t,s) = fO(xat)a_'_ .

1
2. f(z,t,8) = fo(x,t)(s), where ¢ belongs to C(R), ¢(s)sgns > 0, and s € R. Here

g(.t.8) = fol.t) / b(r) dr.

3. f(x,t,s) = fo(z,t)e’. In this case, we have g(x,t,s) = fo(z,t)(e® —1).

Now we subject the curve v; o to an additional constraint of the geometric nature, which de-
pends on the direction of the vector (l1,l3) of the directional derivative occurring in the boundary
condition (1.2),

[(l% + lg)l/t + 2l1[21/w](P) Z 0, Pe V1,7, (24)

where v := (v,, 1) is the unit outward normal to Dz at the point P.
Remark 2.2. By virtue of conditions (1.5) and (1.6), one can readily see that, on v, 7 C D7,
the unit vector v := (v,,1;) of the outward normal to 0Dy is defined by the relations

1 !
P S S () B S P (2.5)

VI+m@P L+ m@P

It follows from relations (2.5) that condition (2.4) is satisfied for the case in which l,l5|,, , > 0.
In particular, if condition (1.2) is a homogeneous Neumann boundary condition, i.e., u,|,, , =
(Vauy +14ut)]s, » = 0, then condition (2.4) is satisfied. One can also readily show that, for the case
in which l;,ls = const, ly = —kgly, where kg > 0, kg # 1, and v, r: = —kt, 0 < k = const < 1,

condition (2.4) is equivalent to the condition k > 2ky/(1 + k3).

Lemma 2.1. Let f € C(Dy x R), F € C(Dy), and l;,ly € C(y1.r), and let conditions (1.5),
(1.6), (2.2)—(2.4) be satisfied. Then any strong generalized solution u = u(x,t) of problem (1.1)—(1.3)
of the class C' in the domain Dt satisfies the a priori estimate

lulle@r < allFllem, + e (2.6)

with nonnegative constants ¢; == ¢;(f,l1,12,T), i = 1,2, independent of u and F'; moreover, ¢; > 0.
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ON THE SOLVABILITY OF A BOUNDARY VALUE PROBLEM 647

Proof. Let u be a strong generalized solution of problem (1.1)—(1.3) of the class C' in the
domain Dy. By Definition 1.1, there exists a sequence of functions u,, € C?(Dy,~7) such that

nh_{“;o lun — UHC(ﬁT) =0, nh_{]go | L, — FHC(ﬁT) = 0. (2.7)

Consider the function u,, € CO’Z(ET, ~r) treated as a solution of the problem

Lu, = F,, (2.8)
(llunz + l2unt)|'y1yT — 07 (29)
un‘Vz,T = 07 (21 )
where
F, = Lu,. (2.11)

By multiplying both sides of Eq. (2.8) by u,;, by integrating the resulting relation over the
domain D, :={(z,t) € Dr: t <7}, 0 <7 <T, and by using relation (2.1), we obtain

1
5/(uit)t da:dt—/unmum d:ztdt+/%(g(a:,t,un(x,t))dxdt—/gt(:r,t,un(x,t))dxdt
D,

D, D, b,

:/Fnum dx dt. (2.12)

D,

Set Q, := DN{t =7}, 0 <7 < T. By integrating by parts on the left-hand side in
relation (2.12) and by taking into account relations (2.1) and (2.10), we obtain

2/Fnunt do dt = /(uityt — QU Uy + U2, 1) ds
D, ¥

1,7

1
+ / N(UnaVy — Uneve)? + 2, (V7 — v2)] ds + /(uit +u?))dr + 2/9(3:, 7y Uy (2, 7)) dz

Vy
2,71 Qr Q.
+2 / g(z, t,u, (x,t))vy ds — 2/gt(ac,t,un(a:,t))d:r dt. (2.13)
Y1, D,

It follows from Eq. (2.9) that the relations
Upy = —)\lg, Upt = )\ll (214)

hold on 7, 7, where A is a proportionality coefficient.
By virtue of relations (2.4) and (2.14), we have

/(uityt — QU Ui Vy + UL V) dS = / N3 + 5y + 2L, ) ds > 0. (2.15)

V1,7 V1,7

. 0 0 . . .. .
Since v, — — v, — is the operator of differentiation along the direction of the tangent to s r,

ox ot

i.e., is an internal differential operator on s r, it follows from conditions (2.10) that
(UnaVt — UptVg )]sy, = 0. (2.16)
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648 KHARIBEGASHVILI, JOKHADZE

By taking into account conditions (1.5) and (1.6), one can readily see that on v, C 0Dr the
unit vector v := (v,,1,) of the outward normal to D7 is defined by the relations

1 o (t

t
L+ (0 V14 )

moreover,

v = V2)lar <0. (2.18)

It follows from relations (2.16)—(2.18) that

1
/ N(UnaVy — Uneve)? +ud, (V7 —v2)] ds > 0. (2.19)
Uy

Yy2,7

By virtue of inequalities (2.2), (2.3), and (2.5),

/g(ZL‘,T,un(l‘,T))dl‘—l- /g(:r,t,un(a:,t))l/t ds—/gt(x,t,un(:r,t))da:dt

Q- Y1,7 D,
> /[M1 + Mylu, (2, 7)[2] da — /[M1 + Mylu, (2, )] ds
Qr Yi,7
- / (M + Milu, (z,£)|?] da dt. (2.20)
D,

Now, by taking into account inequalities (2.15), (2.19), and (2.20), from relation (2.13) we obtain

w,(7) = w?, +u? )dr < 2M, (mes Qp + mesy; 1) + 2Msmes Dy
nt n s

Q.

—|—2M2/|un(az,7')|2d:17—|—2M2 / |ty (z, 1) ds

Qr T,r

+2M4/\un(m,t)lzdwdt+2/Fnum dx dt. (2.21)
D, D.

By virtue of conditions (1.5) and (1.6), one can readily see that
mes Qp < T, mesyr < V2T, mes Dy < T?. (2.22)

Since Q, @ Yo(r) <z < (1), t = 7, and yop: t = 75 (2), (T) < o < 0, where v, ' is
the function inverse to 7,, which is uniquely determined by virtue of condition (1.6), we can use
relations (2.10) and the Newton—Leibniz formulas to obtain

T

wen) = [ e i wr)<o<u@). (@r)e, (2.23)
75 )
~71(t)
Un (1 (t),t) = / Upa (2, ) dz, 0<t<, (M (t),t) € 7.1 (2.24)

Y2(t)

N
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ON THE SOLVABILITY OF A BOUNDARY VALUE PROBLEM 649

This, together with the Schwarz inequality, implies that
(2, 7 < / 12 di / e (2, )2 dt < T / e, O dt,  (2,7) €Dy (2.25)

75 (@) 75 (@) 75 (@)
1 (t) 1 (t)

(), )7 < / 1 de / s (2, )2 dit

~2(t) v2(t)
71 (t)
<7 / e (. )P dz, 0<t<7, (1)) € 1. (2.26)
~2(t)

By integrating both sides of inequality (2.25) with respect to x on the closed interval
[v2(7), 71 (7)], we obtain

71 (7) T
/|un(:1:,7')|2dﬂc <7 / / |um(ac,t)|2dt] do =T / e (2, 1) ? d
2 Y¥2(7) Ty () D-n{z<m(7)}
<7 / e (2, )2 d . (2.27)
D,

In a similar way, since |y;(t)| < 1, t > 0, it follows that, by integrating both sides of inequal-
ity (2.26) with respect to t over the interval [0, 7], we obtain

/ (2, D)2 ds = / (0 (0, )P VI T P dt < V3 / (0 (), ) dt

Y1(t)
/ |um(az,t)|2dﬂc] dt = V2T / s (2, )P dz . (2.28)
D,

72(t)

T

g\/iT/

0

From inequality (2.27), we have

T T

/ui dx dt :/ /ui da:] do < T/ /uit dx dt] do < Tz/uflt dx dt. (2.29)
D 0o Lo 0

T o o T

The relations 2F,u,; < F? 4+ u2,, (2.22), and (2.27)-(2.29), together with inequality (2.21), imply
the estimate

wy, (1) < M5+ Mg /(uit +u?,) dzdt + /Fi dx dt. (2.30)
D, D
Here
M :=2(1 + V2)T M, + 2T M, Mg :=2(1 + V2)MoT + 2M,T? + 1. (2.31)
Since

T

w?, + 4l )dedt = | w,(o)do,
( nt nx

D, 0
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650 KHARIBEGASHVILI, JOKHADZE
it follows from inequality (2.30) that

T

w, (1) < Mg /wn(a) do + M; + TZHF,ZHQC@T), 0<7<T. (2.32)

0

This, together with the Gronwall lemma, implies that

w, (1) < (M5 + TzHFnHQC@T)) exp(MeT), 0<7<T. (2.33)

Next, by virtue of condition (2.10), for any (z,t) € D7\O we have

x

(21 1) = 1 (2, 1) — 0 (1), 1) = / e (€,1) dE,

72(t)

whence, by analogy with the derivation of inequality (2.26), one can show that

lu, (z,t)]> <T / [ (€, 1)) dE, (z,t) € D\O. (2.34)
72(t)

Inequality (2.34), together with the estimate (2.33) and the definition of the quantity w, as the
left-hand side in relation (2.21), implies that

[u, (2, 1)]* < T/ufm dr < Tw,(t) <T(M; +T2|]FnHZC(5T))eXp(M6t), (z,t) € D\O.  (2.35)

Qy

By taking into account the estimate (2.35) and by using the obvious inequality

() <3
=1 =1
we obtain

”Uan(BT) < Cl”Fan(BT) + Ca, (2.36)

where
e =T 2exp(27 ' MgT), ¢y = (TM;)"? exp(27 ' MT), (2.37)

and M5 and Mg are the constants defined in (2.31). By taking into account relations (2.7) and (2.11)
and by passing in inequality (2.36) to the limit as n — 0o, we obtain the a priori estimate (2.6).
The proof of Lemma 2.1 is complete.

Remark 2.3. In the linear case in which the function f occurring in Eq. (1.1) vanishes, one can
introduce the notion of a strong generalized solution of problem (1.1)—(1.3) in a similar way. In this
case, by virtue of relation (2.1), the function g vanishes and satisfies conditions (2.2) and (2.3) for
M; =0, 1 < i < 4; moreover, under conditions (1.5), (1.6), and (2.4), the a priori estimate (2.6) is
valid and, by virtue of relations (2.31) and (2.37), acquires the form

HUHC@T) <T%? exp(2’1T)HFHC(5T). (2.38)
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3. CASES OF GLOBAL SOLVABILITY OF PROBLEM (1.1)~(1.3)
IN THE CLASS C

In the new independent variables £ = ¢t + x, n = t — x, the domain D7 becomes a curvi-
linear triangular domain G with vertices at the points O(0,0), Q1(T + % (T),T — % (7)), and
Q2(T + 72(T), T — v2(T)) of the plane of the variables £ and 7, and problem (1.1)-(1.3) becomes
the problem

LU = Ue, + f(&,n,0) = F(&,m),  (€,m) € G, (3.1)
(mlaf + m2aﬁ)|7y1,T = 07 32)
Ulp =0 (3.3)

for the unknown function
e,y = (S0 SN
,n) 5y .

Here

~ ~ 1 — . ~ 1 _

my = l2 + ll, mo 1= lg - ll on f’?LT, (34)

and 7, r and 7, r are the images of the curves 7, 1 and 72 r under that transformation issuing from
the common point O(0,0) with terminal points @, and Qs.

By analogy with Definition 1.1, one can introduce the notion of strong generalized solution u of
problem (3.1)—(3.3) in the class C' in the domain Gr.

By virtue of conditions (1.5) and (1.6), the smooth noncharacteristic curves 7, and 4, 1 can
be represented in the form

Yir: n=M(&), 0<E <& Yor: €= Aa(n), 0 <n<no, (3.5)

where { =T + 1 (T) <no =T — v (T) and
N >0, 0<€<&; XM >0, 0< () <n  0<n<mn; (3.6)
Aa(M(§) <€ 0<E<E&; M) <n, 0<n<ng; (3.7)
Gri={(€:m) € (0,€) x (0,m0) : A(€) <, Aaln) < &, €+n < 2T}. (3.8)

Remark 3.1. Obviously, u = u(x,t) is a strong generalized solution of problem (1.1)—(1.3) in
the class C in the domain Dy if and only if w is a strong generalized solution of problem (3.1)—(3.3)
in the class C' in the domain Gp; moreover, under the assumptions of Lemma 2.1 this solution u
satisfies an a priori estimate of the type (2.6),

lulle@r = lulle@n < allFllemy + e < dallFlleg,) + e (3.9)

with the same constants ¢; and c,.

Further, we first consider the linear case of problem (3.1)~(3.3) for which the function f occurring
in Eq. (3.1) vanishes,

0w := we, = F(&,m),  (&,1) € G, (3.10)
(mlaf + mZiDn)‘%,T =0, (311)
W5, , = 0. (3.12)

Remark 3.2. By Remarks 2.3 and 3.1, a strong generalized solution w of the linear prob-
lem (3.10)—(3.12) in the class C' in the domain Gr satisfies the estimate

HGHC(ET) < 4T exp(2’1T)HFHC(§T). (3.13)
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652 KHARIBEGASHVILI, JOKHADZE

In particular, the estimate (3.13) holds for a classical solution w € C?(Gy) of that problem.
The estimate (3.13) implies the uniqueness of both generalized and classical solutions of that
problem.

Remark 3.3. It follows from the condition (|l;]| + |l2|)],, # O that, by virtue of relations (3.4),
at each point P € 7; r at least one of the numbers m;(P) and my(P) is nonzero. In what follows,
we assume that m,|,, # 0; i.e.,

(+0L)(P)#0,  Pemnr. (3.14)

Condition (3.14) implies that the direction (I, ly) is not a characteristic direction corresponding
to the family of characteristics  + ¢ = const of Eq. (1.1).

Set
o) = N n(E).  0=e<h (3.15)
and consider the equation
_ mZ(O) /
la(0)| = ml(O)AQ(O)‘ < 1. (3.16)

Lemma 3.1. Let conditions (2.4) and (3.14) be satisfied at the point P = O(0,0). If either
(1112)(O) # 0 or (l115)(O) = 0 but the curves v1r and yor are not tangent to each other at the
point O or are tangent but v5(0) < 0, then condition (3.16) is also satisfied.

Proof. By virtue of condition (3.6), we have

0 < A (0) < 1. (3.17)

If (1113)(O) > 0, then, obviously, ‘(lz - ll)(O)‘ < 1; therefore, by virtue of relations (3.4) and

Iy +1
(3.17), inequality (3.16) is satisfied.
It follows from inequalities (2.4) and (2.5) at the point P = O(0,0) that

hO) <

S O (3.18)

By virtue of the representations (3.5), one can readily show that

MO = %0

_ 14(0)
-~ 1—74(0)°

Next, by virtue of conditions (3.6) and (3.7), we have 0 < X} (0)A5(0) < 1, because [A\y(A1(£))]'(0) =
A1 (A2(7)])(0) = A7(0)A,(0). Therefore,

(3.19)

1
: < 2
For (1115)(O) < 0, one can readily see that
Kl"’_ll)(O)‘ >1 (3.21)
l+1 ’ '

but nevertheless, as is shown below, inequality (3.16) remains valid.
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ON THE SOLVABILITY OF A BOUNDARY VALUE PROBLEM 653

Now, in view of the fact that u(s) := (1 4+ s)/(1 — s), s € R, is an increasing function and by
taking into account relations (3.4) and (3.18)—(3.21), we obtain the estimate

o= |(z53) @0 = (53 0l i
< |(5t )0 O | (b <1

It remains to consider the case in which (I1/5)(O) = 0. By virtue of inequalities (1.6), we have
75(0) < ~1(0) < 0. Therefore, if the curves v, r and 2 7 are not tangent at the point O(0,0), then
~v5(0) # v1(0) < 0 and hence 75(0) < 0. This, together with relations (3.19), implies that

A5(0) < 1. (3.22)
Since the relation (1;15)(0O) = 0 implies that <§2 4__ il ) (O)‘ = 1, it follows from the estimate (3.22)
2 1
that -
o0 =| (257 ) @) 30 = x00) < 1.
lo +1;

In a similar way, one can consider the case in which (I115)(O) = 0, the curves v, r and v, r are
tangent at the point O, but +5(0) < 0. The proof of Lemma 3.1 is complete.

Remark 3.4. One can readily see that if (I;/5)(O) = 0, then the relation |a(0)| = 1 holds if and
only if 75(0) = 0; in this case, by virtue of conditions (1.6), the curves v; r and 7, 1 are tangent at
the common point O.

Let Gor == {(§&,n) e R? : 0 <& < &, 0 <n <} be the characteristic rectangle in the
plane of the variables £ and 7 corresponding to Eq. (3.10). By virtue of (3.8), we have Gr C Gy r.

If F belongs to C(Gr), then we extend that function as a continuous function into the closed
domain Gy and keep the previous notation for it by setting, for example, ﬁ({ ) = ﬁ({ ,A1(8))
for 0< 0 < M), 0 < €< &, F(&m) = FQuln)m) for 0 < € < Aan), 0 < 1 < 1, and
F(&n) = F(©2T —n,n) for (§,n) € Gor N{& +n > 2T}. Since the space C'(Gyr) is dense in the
space C(Go.r) [15, p. 37 of the Russian translation], it follows that there exists a function sequence

F, such that B B B B
F € C'@or),  lim B, ~ Fllog,,) = 0. (3.23)

We introduce the function w, € C? (EOI) that is the solution of the Goursat problem

ﬁan = ﬁn(&an)’ (5»77) € GO,Ty
Un(,0) = @n(§), 0<E<&;  w(0,n) =vu(n),  0<n<mn,

where ¢,, € C?([0,&]) and v¥,, € C?([0,n]) are some functions satisfying the matching condition
©n(0) = 1, (0) = 0. (3.24)

It is well known that the unique solution of this problem can be represented in the form
[16, p. 246]

n

£
(€)= 9ul€) + thu() + / ae’ / Foe )y, (6n) € Cor (3.25)

By assuming that ‘
v € CY([0,T)), LeC'nr), i=12, (3.26)
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we readily obtain
A€ CH([0,&)), Ay € C*([0,m0)), m; € C*(1.7), i=1,2. (3.27)

Now we construct functions ¢,, € C?([0,&]) and v, € C?([0,7]) such that the function w = w,,
defined by relation (3.25) satisfies the boundary conditions (3.11) and (3.12). By differentiating
relation (3.12) in the direction of the tangent to ¥ r with regard of (3.5), we obtain

Ay (M) tne (A2(), 1) + Unp(X2(m),m) =0, 0<n <. (3.28)

Obviously, relation (3.28), together with the condition w,,(0,0) = 0, is equivalent to condition (3.12).
By substituting the expression for w, in (3.25) into relations (3.11) and (3.28) and by using the
representations (3.5), for the functions ¢/, and 1/, we obtain the system of functional equations

m1 (), (&) + ma(§)Y, (M (§)) = win(§), 0<§ <&, (3.29)
o (men (Na(m) + 9y, (n) = wan(m), 0 < <. (3.30)

Here
A1(§)

wm@%Z—mdﬁh/ﬁM&ﬂNM“wwﬁ)<ﬁ@2M@D%C 0<e<cn  (3.31)

o,

A2 (1)

wan(n) == —=A5(n) /fn(&(n)m’)dn’ - / F (& n)de,  0<n<n,. (3.32)

0

If condition (3.14) is satisfied, which is equivalent to the condition my|5, , # 0, then, by elim-
inating the function v/, from the system of equations (3.29) and (3.30), for ¢q, := ¢!,, we obtain
the functional equation

@on(§) — al€)pon(A2(A1(§))) =wn(§),  0<E<&. (3.33)
Here a(§), 0 < & < &, is the function defined by relation (3.15), and

6n(©) 1= e (€~ ma©un (O] 0<E<E (339
By setting
T(&) == A2(M1(9)), 0<&<&, (3.35)

and by taking into account relations (3.7) and (3.27), we obtain
TeCU([0,&]), T(0)=0, T(§) < if 0<E< & (3.36)

Since a € C([0,&]), it follows that, under condition (3.16), there exists a positive number € such
that
la(§)] < q:=const <1 if 0<¢<e. (3.37)

From relations (3.36), we find that if 7,(§) := 7(7._1(§)) and 79(§) := &, 0 < £ < &, then the
function sequence {71(£)}32; converges uniformly to zero on the interval [0,&]; i.e., there exists
a positive integer ng = no(e) such that

n(€) <e, 0<E<E&, k>mng (3.38)
By A: C([0,&]) — C(]0,&]) we denote the linear continuous operator acting by the rule
(Awn)(§) = a(§wn(T(8)),  0<E<&. (3.39)
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Obviously,
(A*w,)(€) = a(€)a(r(€)) - alrer (O))wa(T(€)), k=2, (3.40)

and for k =1 and &k = 0, we set
A=A and A°=1, (3.41)

where I is the identity operator.
By virtue of relations (3.36)—(3.41), we have the estimate

|(Aw,)(€)] < [a(§)alr (¢ )) #@(Tng-1(8))][a(70, (€)) - - - alTi—1 (§))]wn (T1(€))

< lallgho.eyd" " lwnllewea,  0<E<&, k> ny,
whence we obtain . .
A lcqocon—con < Mog®, k> no, (3.42)

where
—1 n
M, = (q ||a||C([O,§0])) °.

It follows from inequality (3.42), where ¢ < 1, that if condition (3.16) is satisfied, then the

Neumann series
oo
k=0

of the operator A is convergent in the space C([0,&o]), and by (3.35), the unique solution ¢y, €
C([0,&]) of Eq. (33) can be represented in the form

o0

k
g Aw,
k=0

@on(§) £, 0<E<&. (3.43)

Remark 3.5. Note that, by virtue of Remark 3.4, if, in the case (l;/3)(O) = 0, we have
~5(0) = 0, which is equivalent to the condition \}(0) = 1, then the curves v; r and vy 7 are tangent
at the point O; moreover, |a(0)] = 1, 7/(0) = A,(0)A\;(0) = 1, and Eq. (3.33) is not solvable in
the class C(]0,&o]) for any right-hand side w,, € C([0,&]). In this case, a necessary and sufficient
condition for the solvability of Eq. (3.33) in the class C([0,&]) is given by the uniform convergence
of the series on the right-hand side in relation (3.43) on the interval [0, &y], which is not necessarily
true for any function w,, € C(]0, &))-

Remark 3.6. One can readily see that if we additionally require that the functions a, 7, and w,,
belong to C*([0, &]), then the solution ¢y, of Eq. (3.33), which can be represented as the convergent
series (3.43) in C([0,&)]), belongs to the space C'([0,&,]) as well; moreover, its derivative x,, := ¢},
can be found from the functional equation

Xn(§) — a1(E)xn(7(§)) = w1 (§), 0 <& <&, (3.44)

where a;(§) = a(§)7'(§) and @1,(§) = w),(§) + @' (§)pon(T(§)), 0 < & < &, and since |7/(0)] < 1
by virtue of relations (3.36), we have |a;(0)| < 1 under condition (3.16); consequently, by analogy
with (3.43), the solution x,, of Eq. (3.44) can be represented in the form

Z Ay, (3.45)

where (A1w1,) () = a1(§)w1,(7(€)), 0 < & < &. By setting

3
Fon(€) = / (@) + on(0),  0<E<E, (3.46)
0
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and by integrating Eq. (3.44), we obtain

4 4

Bon(€) — Pon(0) - / a(€) dBou (r(€')) = / 0 (€Yo (F(€)) dE + wa(€) —wal0),  0<E<E,.

0 0
By integrating the third term on the left-hand side in the last relation, we obtain

3

Pon(§) = 0n(0) = al§)@on(7(£)) + a(0)Pon (7(0)) + /a'(E')%n(T(E’)) dg’
¢

- / 0 (€Yo (T(€)) dE + wa(€) —wal0),  0<E<Es

0

By using relation (3.35), by subtracting relation (3.33) from the last relation, and by taking
into account the equalities 7(0) = 0 and $p,(0) = ©0,(0) in view of relations (3.36) and (3.46),
for Yo, : = @on — Pon, We obtain the Volterra integro-functional equation

3

Yon(§) — al§)on(T(£)) + /a’(ﬁ’)%n(T(ﬁ’)) d¢'=0, 0<¢<é&.

0

By applying the standard successive approximation method [4] to that equation, we obtain
Yon = 0; i.e., on = Pon, and therefore,

£
pon(€) = / €V dE + 0n(0), 0<E<E,

0
taking into account the representation (3.46). Hence it follows that ¢, belongs to C*([0,&y]). Since
©Yon = ¢, we have

Un(n) = wan(n) = Xy (M)@on(Xe(n),  0<n <o, (3.47)
by virtue of relation (3.30); by relations (3.24), (3.27), and (3.32), we have

13

onl€) = / pon(€)dE' € C([0,60]), () = / Gy dn € C3(0,n)). (348

0

Remark 3.7. By keeping the same notation for the restrictions of the functions %, and F, to
the subdomain Gr of the domain Gy 1 and by taking into account their definition, we find that the

function %, € C2(Gr) is a classical solution of the linear problem (3.10)-(3.12) for F = F;
by Remark 3.2 and the estimate (3.13), the following inequality holds:

[t — Ull o,y < AT ? exp(27'T)||Fy — Filloy)-

This, together with relations (3.23), implies that the function sequence u, € C%(Gr) is a Cauchy
sequence in the complete space C(Gr); therefore, the exists a function w € C(Gr) such that

T i, — @lo @,y = 0. (3.49)
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By virtue of relations (3.23) and (3.49), the function w thus defined is a strong generalized solution
of the linear problem (3.10)-(30.12) in the class C in the domain Gr, whose uniqueness follows

from the estimate (3.13). We denote this solution @ by O-'F; i.e.,

w=0"F, (3.50)

where the linear operator 0! : C(Gr) — C(Gr) is continuous, and by (3.13), its norm satisfies
the estimate »
HD_1|’c(§T)_>c(éT) < 4T eXP(Q_lT)' (3.51)

Moreover, it follows from relations (3.31), (3.32), (3.34), (3.39)—(3.41), and (3.43)—(3.45) that the
operator [J~! occurring in relation (3.55) indeed maps any continuous function F' € C(Gr) to
a function w € C'(Gr) and the linear operator

O ': C(Gr) — CY(Gr)

is also continuous. [For details on the smoothness of w in (3.50), see Section 4, the represen-
tation (4.10).] The above-performed argument implies that, for the validity of the representa-
tion (3.50), i.e., for the unique solvability of the linear problem (3.10)—(3.12) in the class C, it suf-

fices to require that f € C(Dy x R), F € C(Dy), conditions (1.5), (1.6), and (2.4) are satisfied at
the point O, and relations (3.14) and (3.26) and assumptions of Lemma 3.1 are valid.

Remark 3.8. Since the space C'(Gr) is compactly embedded in Q’V(éT) [17, p. 135 of the
Russian translation], it follows from Remark 3.7 that the linear operator 0~ : C(G7) — C(Gr) is
compact, and its norm can be estimated as (3.51).

Remark 3.9. By virtue of Remarks 3.1 and 3.7 and relation (3.50), the function u = u(z,t) is
a strong generalized solution of problem (1.1)—(1.3) of the class C' in the domain Dy if and only if

w(&,n) =u (5_?7], G%) is a continuous solution of the functional equation

U= Kou:=0"=f(&n0)+F) (3.52)

in the class C(Gr), where K, : C(Gr) — C(Gr) is a continuous compact operator, because
the nonlinear operator N : C(Gr) — C(Gr) acting by the rule Nu = —f(¢,n,4) + F, where
f € C(GrxR)and F € C(Gy), is bounded and continuous, and the linear operator (7! : C(Gp) —

C(Gr) is compact by virtue of Remark 3.8. At the same time, by virtue of the estimate (3.9) and
relations (2.37), the same a priori estimate (3.9) with the same constants ¢; and ¢, is valid for any

parameter 7 € [0, 1] and for any solution u € C(Gr) of the equation @ = 7Kyu. Therefore, by the

Leray-Schauder theorem [18, p. 375], Eq. (3.52) has at least one solution % € C(Gr). Therefore,
in view of Remarks 3.1 and 3.9, we have thereby proved the following assertion.

Theorem 3.1. Let the conditions f € C(Dr x R) and F € C(Dr) as well as conditions (1.5),
(1.6), (2.2)—(2.4), (3.14), and (3.26) be satisfied; moreover, in the case of (I115)(O) = 0, assume
that the curves yir and yor either are not tangent at the point O or are tangent but v5(0) < 0.
Then problem (1.1)—(1.3) has at least one strong generalized solution u of the class C' in the domain
Dy in the sense of Definition 1.1.

Remark 3.10. One can readily see that if the assumptions of Theorem 3.1 are true for T' = oo,
then problem (1.1)-(1.3) is globally solvable in the class C' in the sense of Definition 1.2.

4. SMOOTHNESS OF SOLUTION OF PROBLEM (1.1)-(1.3)

Now let us study the smoothness of the strong generalized solution of the nonlinear prob-
lem (1.1)-(1.3) depending on the smoothness of the data of that problem. To this end, under the
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assumptions of Theorem 3.1 with regard of Remark 3.1, we trace the scheme of the construction
of a strong generalized solution w of the linear problem (3.10)—(3.12) in the class C' in the do-
main G and show that such a solution actually belongs to the class C'(Gr), and the boundary
conditions (3.11) and (3.12) are satisfied pointwise. Indeed, by virtue of relations (3.31), (3.32),
and (3.34), the right-hand side w,, of Eq. (33) can be represented in the form

A1(€) 9
1 I ’ / (¢! /
wn@:—mlml(s) [ Futenan +ma(©) / Bl h(6)) de

0
A1(§)

T(§)
— ma(§)A5(A1(§)) / ﬁn(T(f)n dn’ —ma(§ / W (& A€ 5/]7 0<E<&. (41)

0

This, together with conditions (3.23), implies that

Tim [, — @@,y =0 (4.2)
where
1 A1(5)~ 3 _
w(€) = —mlmm / F(e,nf) dnf + ms(€) / B/ (6) de
A1(€) 7(§)
(€)M (M () / Fr(€) ) dif — ma(€) / F(g',w»de], 0<e<g (43)

In turn, it follows from relations (3.39)—(3.43), (4.1)—(4.3) that
Tim l¢on = @olloo.cl =0, (4.4)

where ¢y, := ¢!, and

i Arw
k=0

Since the derivative 1/, of the function 1), occurring in the representation (3.25) is defined by
relation (3.47), it follows from (3.23), (3.32), and (4.4) that

Tim |, — 4ol oo, = 0, (4.6)
where
Yo € C([0,m0]),  o(n) := wa(n) = Ao(Mpo(Aa(n)), 0 <n <, (4.7)
A2(n)
— N0 / FOutnf i/ = [ Flemde,  0<n<m, (4.8)

Finally, by using Remark 3.7 and the limit relations (3.23), (3.49), (4.4), (4.6), and (3.48) in the
notation

€ n
() = / pol€)d', 0<E< o wln) = / ol dif, 0 <<, (4.9)
0 0
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and by passing to the limit in relation (3.25), for the strong generalized solution w of the linear
problem (3.10)—(3.12) in the class C' in the domain G+ we obtain the representation

£ n
@&, ) = (€) + 9(n) + / ae’ / Fef)dy.,  (&n)eCr (4.10)

If F belongs to C(Gr), then, by virtue of relations (4.5) and (4.7), it follows from the represen-
tation (4.10) that

w € Cl(éT)
Next, by virtue of relations (4.2), (4.4) and (3.33), (3.35), the function ¢, satisfies the functional
equation
po(&) —al§)po(T(§)) =w(§),  0<E<&. (4.11)

Remark 4.1. If the function F belongs to C 1(@T) and the curves v, and 7, r are not tangent
at the point O, then, by [19, p. 595], one can extend that function in the rectangle Gy 7 (keeping
the same notation for it) so as to ensure that the function F belongs to C'(Gyr). In the case

of tangency of the curves v, r and v, 7 at the point O, throughout the following we assume that
such an extension is possible.

It follows from relation (4.2) that if condition (3.26) is satisfied and one additionally requires
that the function F' belongs to C'(Gr), then the right-hand side w of Eq. (4.11) belongs to the
class C'([0,&]). This, together with the argument carried out in Remark 3.6, implies that the solu-
tion of Eq. (4.11) belongs to the space C'(]0,&]); consequently, by (4.7) and (4.8), the function v,
belongs to the space C*([0,1,]) as well. Therefore, under the above-stipulated assumptions with re-

gard of notation (4.9), we find that the function w occurring in (4.10) belongs to the space C?(Gr).
Thus, in view of Remark 3.7, we have proved the following assertion.

Theorem 4.1. If conditions (1.5), (1.6), (2.4), (3.14), and (3.26) are satisfied, F € C(Gr), and
moreover, for (l1l3)(O) = 0 the curves y1,r and yor either are not tangent at the point O or are
tangent but v4(0) < 0, then the strong generalized solution w of the linear problem (3.10)—(3.12)

in the class C in the domain Gr belongs to the space C*(Gr); i.e., by relation (3.50), w = 0O~'F in
the class CY(Gr); and if it is additionally required that the function F belongs to C*(Gr), then w

belongs to C2(Gr); in addition, the boundary conditions (3.11) and (3.12) are valid pointwise in
both cases.

The following assertion is a consequence of Remarks 3.1 and 3.9, relation (3.52), and Theo-
rem 4.1.

Theorem 4.2. If the assumptions of Theorem 3.1 are satisfied, then a strong generalized so-
lution u of problem (1.1)~(1.3) in the class C in the domain Dr belongs to the space C'(Dr);
under the additional requirements f € C*(Dr x R) and F € C'(Dr7), this solution belongs to the

space C*(Dr), i.e., is classical; moreover, in both cases the boundary conditions (1.1) and (1.3) are
satisfied pointwise.

5. UNIQUENESS THEOREM. EXISTENCE OF GLOBAL SOLUTION
OF PROBLEM (1.1)-(1.3) IN THE DOMAIN D,

By definition, a function f = f (z,t,s) satisfies the local Lipschitz condition with respect to the
variable s on the set Dy x R if

|f(z,t,85) — f(z,t,51)| < M(T,7)|sy — 51|, (w,t) € Dy, |s5| <7, i=1,2, (5.1)
where M (T, r) := const > 0.
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Theorem 5.1. Let condition (2.4) be satisfied, let the function f € C(Dp x R) satisfy con-

dition (5.1), let F belong to C(Dr), and let I, and ly belong to the class C(yir). Then prob-
lem (1.1)—(1.3) has at most one strong generalized solution in the class C in the domain Dy in the
sense of Definition 1.1.

Proof. Indeed, assume that problem (1.1)—(1.3) has two possible distinct strong generalized
solutions u! and u2 in _the class C'in the domain Dp. Then, by Definition 1.1, there exist sequences
of functions u!, € C*(Dr,7r), i = 1,2, such that

7}13)1() Juy, = u' | oppy = O, 7}13)1() | Lu;, — Flloyy =0, i=1,2. (5.2)

Set w, := u2 —ul. One can readily see that the function w, € C? (ﬁT, ~r) is a classical solution
of the problem

Ow, + gn = F, (Liwna + lowni) |y, - = 0, Whqyy = 0. (5.3)

Here
gn = fla,t,u?) — f(z,t,u)), F, := Lu? — Lu]. (5.4)

) n

By virtue of relations (5.2), there exists a number m := const > 0 independent of the indices i
and n such that ||u;, | o5,y < m, which, together with relations (5.1) and (5.2), implies that

|gn| < M(T,m)|wn|. (5.5)
By virtue of relations (5.2) and the second relation in (5.4), we have

T |F, o, = 0. (5.6)

By multiplying both sides of the first relation in (5.3) by w,, by integrating the resulting relation
over the domain
D, :={(x,t) e Dr: t<T}, 0<7<T,

and by following the derivation of relation (2.13) in (2.8)-(2.10), we obtain

wy(7) = /(wit +w? )dr = — /(w,zltut — W WtV + w2 14 )ds

Qr Y1,7

— / l[((,u,ml/t —wnte)? + w2, (V= v2)]ds + 2 /(Fn — Gn) Wt dx dt. (5.7)

vy
V2,7 D,

By virtue of inequality (5.5) and the Cauchy inequality, we have the estimate

2 /(EL - gn)wnt di’ dt

D~

< /(Fn —gn)? dmdt+/witdajdt
D, D,
g2/Fid:pdt+2M2(T,m)/widwdt—l—/witdajdt. (5.8)

D, D, D,

Since inequalities (2.15) and (2.19), true for u,, also hold for w,, it follows from relations (5.7)
and (5.8) that

wy (1) < 2M*(T, m)/wi dz dt + /wit da:dt+2/F3 dx dt. (5.9)
D, D, D,
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Since inequality (2.29), true for u,, also holds for w,, from the estimate (5.9), we have

w, (1) < (2M*(T,m)T? + 1)/wit dx dt+2/F§ dx dt

D, Dr

< M, /(wit +w?))dxdt + 2 / F2dzxdt, (5.10)
D Dr
where My := 2M?*(T, m)T? + 1.
By taking into account the relation
/(wit +w? )dxdt = /wn(a) do,

D~ 0

from inequality (5.10) we obtain
w, (1) < Mo/wn(a) do + 2||Fn||é(5T) mes Dy, 0<7<T.
0

This, together with the Gronwall lemma, implies that
wy(1) < 2HFnHQC(5T)(mes Dr) exp(MyT), 0<7<T. (5.11)

Since inequality (2.34), true for w,, also holds for w,, it follows from the estimate (5.11) and
inequality (2.35) that

|lwn (2, 1) > < Tw,(t) < 2THFnHQC(5T)(mes Dr)exp(MyT), (z,t) € Dp\O. (5.12)

By using relations (5.2) and (5.6) and the relation w, := u? — u, and by passing in inequal-
ity (5.12) to the limit as n — oo, we obtain |(u? — u')(z,t)|> < 0, (x,t) € Dr\O; ie., u? = u',
which contradicts the above assumption. The proof of Theorem 5.1 is complete.

Remark 5.1. Obviously, condition (5.1) is satisfied if f € C*(Dy x R).

Theorems 3.1, 4.2, and 5.1 and Remark 5.1 imply the following assertion.

Theorem 5.2. Let f € CY(DrxR) and F € C*(Dr), and let conditions (1.5), (1.6), (2.2)—(2.4),
(3.14), and (3.26) be satisfied. Moreover, assume that in the case of (11l3)(0O) = 0 either the curves
M1 and yor are not tangent at the point O or v4(0) < 0. Then problem (1.1)—(1.3) has a unique

classical solution u € C*(Dr) in the domain Dr.

Corollary 5.1. If the assumptions of Theorem 5.2 hold for T = oo, then problem (1.1)—(1.3)
has a unique global classical solution u € C*(Dy).

Indeed, by Theorem 5.2, problem (1.1)—(1.3) for T'= n has a unique classical solution u,, in the
domain D,,. Since u,,; is a classical solution of that problem in the domain D, as well, we have
Upy1|p, = U, by virtue of the uniqueness Theorem 5.1. Therefore, the function u constructed in the
domain D, by the rule u(z,t) = u,(z,t) for n = [t] + 1, where [t] is the integer part of the number
t and (z,t) € D, is the unique global classical solution of problem (1.1)—(1.3) in the domain D.,.

6. CASES OF THE ABSENCE OF GLOBAL SOLVABILITY
OF PROBLEM (1.1)~(1.3) AND ITS LOCAL SOLVABILITY

In what follows, we show that if condition (2.2) fails, then problem (1.1)-(1.3) is not necessarily
globally solvable in the class C' in the sense of Definition 1.2. To this end, we use the method of
test functions described in [20, pp. 10-14].
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Lemma 6.1. Let u be a strong generalized solution of problem (1.1)—(1.3) in the class C in the
domain Dt in the sense of Definition 1.1. Then the integral relation

/uDgpd:rdt+/f(a:,t,u)gpd:rdt: /Fgodacdt (6.1)
Dr Dr Dt
holds for any test function ¢ such that
@ € CQ(ET)a SO‘aDT = 07 V(:0|8DT = 07 (62)

o 0
where V := (%’ E)

Proof. By the definition of a strong generalized solution u of problem (1.1)—(1.3) in the class C,

in the domain Dy, we have u € C(Dy), and there exists a function sequence u,, € CO’Z(ET, ~r) such
that the limit relations (2.7) hold.

Set F,, := Lu,,. We multiply both sides of the relation Lu,, = F,, by the function ¢ and integrate
the resulting relation over the domain Dr. By virtue of condition (6.2), after the integration by
parts in the resulting integral relation, we obtain

/uanodxdt+/f(a:,t,un)godxdt: /anoda:dt. (6.3)
Dr Dr Dr

By taking into account the limit relations (2.7) and by passing in relation (6.3) to the limit
as n — 0o, we obtain the desired relation (6.1). The proof of Lemma 6.1 is complete.

Consider the following condition imposed on the function f:
flx,t,s) < =\|s|*t, (7,t,8) € Dy X R; A, a = const > 0. (6.4)

One can readily see that condition (2.2) fails in case (6.4).
We introduce the function ¢° := ¢"(x,t) satisfying the conditions

900 € 02(300)7 900|DT:1 > 07 <)00|8DT:1 = 07 v900|3DT:1 = 07 900|t21 =0 (65)
and o )
O°P 1
Ko i= / P07 dx dt < o0, p=1+ o (6.6)
Dr=1

To simplify the exposition, we consider the case in which the curves v; and 7, are rays; i.e.,
vt ox = —kit, k; :== const, 1=1,2; 0< ki <ky<l. (6.7)

One can readily see that, in the case of (6.7), for the function ¢° satisfying conditions (6.5) and (6.6)
one can take the function

0 @+ Eit)(x + kaot) (1 —t)]™ for (x,t) € Dr_y,
S0(33’15)_{0 for t>1

for a sufficiently large m := const > 0.

t
By setting or(x,t) := ¢ <$

T T)’ T > 0, and by using conditions (6.5), one can readily see
that

¢or € C*(Ds),  ¢rlpr >0, @rlop, =0, Verlop, =0, @rlsr =0. (6.8)

By assuming that F € C(D,,) is a fixed function, we introduce the following function of one
variable T':

¢(T) = /FgoT dx dt, T >0. (6.9)
Dr

We have the following assertion on the absence of the global solvability of problem (1.1)—(1.3).
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Theorem 6.1. Let the function f € C(D4 x R) satisfy condition (6.4), let F belong to C(D.),
F >0, in the domain Do, and let
lim inf ((T) > 0. (6.10)

Then there exists a positive number Ty = Ty (F') such that problem (1.1)—(1.3) with T > Ty cannot
have a strong generalized solution in the class C in the domain Dt in the sense of Definition 1.1.

Proof. Suppose that, under assumptions of the theorem, there exists a strong generalized solu-
tion u of problem (1.1)—(1.3) in the class C in the domain Dr. Then, by Lemma 6.1, relation (6.1)
holds, where, by virtue of condition (6.8), for the test function ¢ one can take the function ¢r; i.e.,

—/f(:r,t,u)go;p da:dt—l—/Fgon:Edt: /uDgDTda:dt. (6.11)
Dr Dr Dr

Since the function @7 is positive in the domain Dy, it follows from condition (6.4), notation (6.9),
and relation (6.11) that

)\/ |ulPor da dt < / |u| |Oer| dzdt — ((T), pi=a+1. (6.12)
DT DT

If in the Young inequality with parameter € > 0,

’

b ; a,b>0,

ab§%a"+ +—==1 p>1,

1
vy

=

plgp/—l

we take a = |u|py/? and b = [Oer|/@i/?, then, by virtue of the relation p//p = p’ — 1, we obtain

Oer| € 1 |Oerl”
Conl = lulo/?] < Epyp Tl 6.13
e = el < Do + s (6.13)
It follows from inequalities (6.12) and (6.13) that
1 Oepr [P’
<)\ = 5) / ulPpr d dt < —— / | Pr dadi — ((T),
e
p o p o ©r
whence for € < Ap we obtain
p Ber|” p
Pordrdt < —— dxdt — ———((T). 6.14
[rernar < ot [ PR dwar - L2 (6.14)
DT T
. : , D oy .
By taking into account the relations p’ = T pP== T and the minimum
p—= P =
. P 1
min ———— = —
0<e<dp (Ap —g)p'eP’ =1 N\
which is attained for e = A\, we rewrite inequality (6.14) in the form
1 [ |Opr” /
Pordedt < - [1B22 G0~ Ve, (6.15)
AP Qp’% ! A
DT DT
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T
performing the change of variables x = Tz, and t = T't;, one can represent the integral on the
right-hand side in inequality (6.15) in the form

Since pr(x,t) = ¢° <£, %), it follows that, by taking into account relation (6.6) and by

Opr|?’ , OO |’ ,
| QO,:C‘ dedt =T72® | SO,‘ dzy dty = T72P Vi, < . (6.16)
QO:D 1 ‘SOO p'—1
Dt T Dr—1

By virtue of relations (6.8) and (6.16), it follows from inequality (6.15) that

1 , '
0< / [ulP o dz dt < 7 T2 "D — %((T). (6.17)

Dr

Since p’ > 1, we have —2(p’ — 1) < 0, and by virtue of (6.6),

1 :
lim — 727"V, =0. (6.18)

T—o00 )\;D’

By virtue of relations (6.10) and (6.18), there exists a positive number T, = To(F') such that
for T > Ty the right-hand side of inequality (6.17) is negative, while the left-hand side of this
inequality is nonnegative. Hence it follows that if there exists a strong generalized solution of
problem (1.1)—(1.3) in the class C in the domain Dy, then the inequality T" < Tj is necessarily true.
The proof of Theorem 6.1 is complete.

Remark 6.1. One can readily see that if the conditions F' € C(D,,), F > 0, and F(z,t) > ct™™
are satisfied for t > 1, where ¢ := const > 0 and 0 < m := const < 2, then inequality (6.10) holds,
and by Theorem 6.1 problem (1.1)-(1.3) does not have a strong generalized solution in the class C
in the domain D7 for sufficiently large T" in this case.

Corollary 5.2. Under the assumptions of Theorem 6.1, problem (1.1)—(1.3) is not globally solv-
able in the class C in the sense of Definition 1.2; i.e., it cannot have a global strong generalized
solution in the class C in the domain D, in the sense of Definition 1.3.

In what follows, we show that, although the global solvability of problem (1.1)-(1.3) has been
proved under condition (2.2), the local solvability of this problem remains valid if that condition
fails.

Theorem 6.2. Let f € C(Dy X R) and F € C(D,), and let conditions (1.5), (1.6), (3.14),
and (3.26) be satisfied; moreover, suppose that in the case (1115)(O) = 0 the curves v, and y2 either
are not tangent at the point O or are tangent but v5(0) < 0. Then problem (1.1)—(1.3) is locally
solvable in the class C' in the sense of Definition 1.4; i.e., there exists a positive number Ty = To(F')
such that this problem with T < T, has at least one strong generalized solution u in the class C' in
the domain Dyp.

Proof. By Remarks 3.7 and 3.9, a function u € C(Dy) is a strong generalized solution of
problem (1.1)—(1.3) in the class C' in the domain Dy if and only if

e = (57 557)

is a solution of the functional equation (3.52) in the class C(Gy), where K, : C(Gr) — C(Gr) is
a continuous compact operator. Therefore, by virtue of the Schauder theorem [18, p. 370], for the

solvability of Eq. (3.52) in the space C(Gr), it suffices to show that the operator K, maps some
ball
B(O,r) :=={w e C(Gr) : |wlcg,) <1}
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of radius 7 > 0 (which is a closed convex set in the Banach space C'(Gr)) into itself for sufficiently
small 7.

Take an arbitrary positive number T, and assume that 7' < T,. By virtue of relations (3.15)
and (3.52) for
||w||C(§T) <, Im= sup |f(£7777 8)|, Fr = ||F||C(6T*) (619)
(E;V)|€<GT*

with regard of the embedding Dy C Dz, , we obtain

||K0w||0(§T) < ||D_1||C(§T)~>C(§T) sup | f(&m, )| + ||D_1||C(§T)ﬂ0(éT)||F||C(6T)
(57’|’7)F<GT*

< AT*? exp(271T)(f* + F). (6.20)
It follows from relations (6.19) and (6.20) that if
T <Ty:=min{T.,,h 4 r(f*+ F) ']},

where h~' is the function inverse to h(s) := s*?exp(27's), s > 0, then ||Kowl|o@q,, < 7 for
|wllc@yy < 7. The proof of Theorem 6.2 is complete.
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