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MODULAR WEIGHTED INEQUALITIES FOR PARTIAL SUMS OF
FOURIER-VILENKIN SERIES

M. KHABAZI

ABSTRACT. Some conditions for the convergence and boundedness of
partial sums of Fouurier-Vilenkin series in weighted Orlicz Classes are
derived.

Fourier-Vilenkin series is the generalization of Fourier-Walsh series. Let
(pi)i>o0 be any sequense of natural numbers, such that p; > 2,7 =0,1,...
By Z,, we denote the cyclic group of order p;, by G-the direct product of

o)

these groups: G = [] Z,, and by p—the Haar measure normalized p(G) = 1.
i=0

The functions

x

or(z) = exp (27Ti—k), x=(x) €G, k=0,1,...
Pk

represent an orthonormal system on G. It can be completed by the following

process: let mg = 1, my = pop1 - . . Px—1; every nonnegative integer number

o0

n can be represented by the unique way as a finite sum, n = Y apmy,
k=0

0 < ay < pg. Define the functions x, (n =0,1,...):

xn(z) = [T 6 ().
k=0

{Xn} form the complete orthonormal system on G, known as a mulitiplica-
tive system or Vilenkin system. For the details see [1],[2].
The group G can be identified with the interval (0, 1), putting to each
o0
{zi} € G into correspondence the point Y z;m;}y € (0,1). If we will not
i=0

regard the countable set of p;-rational po_ints, this mapping is one-to-one,
onto and measure-preserving.
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Wo-Sang Young [3] defined the Muckenhoupt classes for the group G.
Let {Gk} be the sequence of subgroups of G defined by

k—1 e’}
Go=G, Ge=][{0}x]]%» k=12...
=0 i=k

mg? my

1=0,1,...,mp—1. For k =0,1,..., ¢ =1,...pg, let I;x be the set in Gy,

corresponding to the interval (O7 #ﬂ) Let F denote the collection of all

On the interval (0,1), cosets of G are intervals of the form (L ﬂ),

translates of I;x in G, for all k=0,1,...,i=1,...,pk.
A weight function w (a.e., positive integrable function on G) belongs to
the class 4,(G) (1 <p < o0) if

1 . p-1
sup(—/wﬁdu) , 1<p<o (1)
IeF MI
1
and

= [ w(@)de < cessinfu(y), p=1 @

— in =

i w(z x_cesyselwy, P ,

T

where c is independent of I € F.

The A,(G) classes have the main properties of classical Muckenhoupt
classes: if w € Ay(G), then w € A (G) for every ¢ > p and when p > 1,
there exists an € > 0, such that w € 4,_.(G). Also, if w € 4,(G) (p > 1),
then w™ 7T € Ay (G) and w, wFT € LY(G) (p' is defined by the equality
L =1

Let S, f denote the n-th partial sum of the Fourier-Vilenkin series of a
function f. We will assume that S, f = oo forn =1,2,... when f & L'. If
w is a weight on G, by LP (G) we denote the class of all measurable functions
f, such that [, |f(z)[Pw(z)du(x) < oco. The following theorem belongs to
Wo-Sang Young;:

Theorem A. Let w be a weight on G and 1 < p < oo. The following
statements are equivalent:
(i) There is a constant c,independent of f € LP(G), such that

/|5nf|pUJdMSC/|f|pwdu, n=12....
G G

(ii) For every f € LY (QG)
lim /|f — SpflPwdp = 0.
G

(iii) w € A,
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Our goal was to investigate the same problem for the weighted Orlicz
classes. We need some definitions to formulate our results.

Let ¢ denote the set of all functions ¢ : R! — R! which are nonnegative,
even, and increasing on (0, 00) such that ¢(0+) = 0, lim;_,o0 p(t) = co. If w
is a weight on G, by ., (L) we denote the class of all measurable functions
f, such that [, o(f(x))w(z)du(z) < co.

A function w is called a Young function on [0, 00) if w is convex, w(0) = 0,
and w(oo) = oo. A function ¢ is called quasiconvex if there exist a Young
function w and a constant ¢ > 1 such that w(t) < ¢(t) < w(et), t > 0.
If these inequalities hold for ¢ > t, > 0 we say that ¢ is quasiconvex
in a neighborhood of co. The concept of quasiconvexity, as well as the
fundamental definition of the number p(y), which follows, was introduced
by V. Kokilashvili and thoroughly investigated by him and his colleagues
(see e.g. [4], [5], [6]).

By definition the function ¢ satisfies Az condition (¢ € Ay) if there exist
numbers ¢ > 0 and ¢ty > 0 such that ¢(2t) < cp(t), when ¢ > to. If this
inequality holds for every ¢ > 0 then they say that ¢ satisfies the global Ag
condition (¢ € Ag).

For any quasiconvex function ¢ let us define numbers p(¢) and ¢(y) as

1
— =inf{#:3>0, ¢’ isquasiconvex}

p(p)

1
—— =inf{3:8>0,¢° is quasiconvex in a neighborhood of co}.

()

To each quasiconvex function ¢ corresponds the complementary function
@, defined by the equality @(t) = sup,sq(st —(s)). It is easy to check that
® is Young function and ¢ < ¢.

Now we can formulate our results. We suppose that sup{p;} < oc.

Theorem 1. Let w be a weight and ¢ € ¢. The following statements are
equivalent:
(i) There is a constant c, independent of f € ., (L), such that

/@(Snf)UJdM < C/@(f)UJdMa n=12,.... (3)

G G

(ii) There exists a number a, 0 < o < 1, such that ©* is quasiconvez, ¢
satisfies global Ao condition and w € Ay, (G).

To prove this theorem we need some lemmas.

Lemma 1. Let p € ¢. The following statements are equivalent:
(i) ¢ is quasiconvez.
(ii) There exists a constant ¢c; > 0, such that

o(t1) < C190(01752)
t1 to
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when t1 < ta.
(iii) There exists a constant cg > 0, such that

o(t) < c2p(t), t>0.

(iv) There exists a constant cs > 0, such that

80<%I/f(x)d:c) < %/cp(%f(m))d:c.

Lemma 2. If p € ¢ is quasiconvexr and satisfies global A condition, then
there exist a constant ¢ > 0, such that

@(@) <cp(t), t>0.

Lemma 3. Let p € ¢. Then the following conditions are equivalent:
(i) ¢® is quasiconvez for some o, 0 < o < 1.

(ii) ¢ is quasiconver and € A,.

(iii) There exists a constant ¢ > 0, such that

/t@ds<cm

52 -t
0

for every t > 0.

Let ¢ € ¢, w;, i = 1,2,3,4 be weights on G and f; = l%lff fdu for
I € F. Let us suppose that there exists a positive number ¢ such that for

every nonnegative measurable function f and I € F' the following inequality
holds:

/ o frwn Ywsdy < ¢ / p(cfws)wadp. (4)

I I

Lemma 4. The following statements are true:

(i) if w1 = ws =1 and wy = wy = w, the (4) condition holds then and
only then when ¢ is quasiconver and w € Ap(,).

(i) wy = wy = w and wy = wyg = 1, the (4) condition holds then and
only then when ¢ is quasiconvez, wP'?) € A\ (G) and w=P¥) € Ap(;—)(G).

(iii) if wy = w3 =w and wy = ws = 1, the (4) condition holds then and
only then when ¢ is quasiconvexr and w € Ap(;')'

The following interpolation theorem belongs to V. Kokilashvili and A.
Gogatishvili [7]:
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Lemma 5. Let (M, S,v) and (M, S1,v1) be measure spaces, T : L°(M) —
LO(My)-semilinear operator, ¢ € ¢-quasiconver function and 1 < r <
p(e) < p'(P) < s < oo and in the every A > 0 and f € L"(v) + L*(v)

< A" || f(z)|"dv,
!

{zeMy:|Tf(x)|>A}
§02)\*S/|f(:c)|sd1/,
{weMy:|Tf ()| >A} i

and in the case s = 00
1T flloo < 2| flloos

then there exists a positive constant cs, independent of T, such that

[ e@nin e [otnav, feowm.
My M
These lemmas and its proofs can be found in [6], [7].
Proof of Theorem 1. (i)=(ii). As ¢ is quasiconvex, by Lemma 1 5 ~ Q,
and as ¢ € Ay, by Lemma 3 @7 is quasiconvex for some 3, 0 < 8 < 1. In
this case p'(¢) < oo. Let p/(¢) < s < 0o and 7 < p(yp) be such a number
that w € A,. By lemma 5, where M = M; and dv = dv; = wdp and also

by Theorem A we obtain (ii).
(il)=(i). As sup{p;} < oo, is enough to show that (1) holds for the

intervals (-, 1) k =0,1,...,my — 1. Let I be one of those intervals,
mi mi

feLYQ), f>0andsupp f C I. As it is known

1
Suif @) == [ fau, wel
I

Then, by (3) we get

w(%/fdu) < %/sﬁ(f)wdu-

I

By Lemma 4 this means that ¢ is quasiconvex and w € Ay, (G).
Now we are going to show that o, 3 € A,.

Lemma 6. Let E C G be any set of positive measure and there exists a
constant ¢ > 0, such that for any measurable function f, with supp f C E,

/w(Snf)du < c/w(Cf)dm n=12,.... (5)

E E

Then ¢ satisfies Ay condition.
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Proof. Suppose that © = 0 is a density point of E. We are going to construct
a bounded and measurable function f, such that ||f|lc < 1, suppf C E
and limsupl|S, f(0)| = oo.

n—oo

Define ns; numbers in the following manner:
ng=14+mo+---+mas, s=0,1,...

It can be easily seen that n3y < %mgs. Let (sr) be a sequense of natural
numbers, which we will define later, and 3 be a real number, 0 < 5 < 1.
Let D,, denote the Dirichlet kernel for the multiplicative system and define
the function f,

[Dng, (2)]
f(x) = Dﬂs: (z) ? rekn (GQSkfl\GQSk))

0, T < G\ Nk (GQSk—l\G2Sk))

where the ratio is considered to be 1, if D, (x) =0, We want to estimate
Ji = Sn,, f(0), representing it as a sum of the following terms:

Ji = /f(x)DnSk (x)du(z) = / + / + / =J.+J; +J.
G Gasy,  Gas, \Gas;,,  G\Gas,_,

For D, (z)] < ns, < %m2sk,

4 4
Ji| < t)|mas < - 6
3] < ] (B, —— < 3 ©)
It is known that ([1], [2])
Dnsk = ‘szs,C + Xm2sk Dnskfl (7)

SO

| = } [ @D, @i
G\Gasy_,

)

=\ [ H@ D, @)+ X ()P, (0)l)
\Gaey_,

but Dy, (¥) = 0 when x € Gas, ([3] and)

] = } [ 1@, @D, @)in(o)
G\Gasp_,

We will construct the equense (s;) by induction. Put s; = 2 and suppose
that sq,...,sx—1 are already constructed. Then f is defined on G, , and
f(@)Dy, () is bounded there. As the Fourier-Vilenkin coefficients of a
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bounded function tend to zero, we can shose such a big si, that sg > sx_1
and

[T < 1. (8)

Now we will estimate J}:

= [ @@= [ D, @) -

En(GQ‘gkil\GQSk) EnG2sk71
4
- [ P @@ = [ D, @l -5 ©)
Gas, ENGas,,_,
We can chose s; numbers so, that
wE N Gag,_, > b (10)
k—1 Masy_,
From (7) easily follows
c

|‘Dns,C (1’)| > 5) T e (Ovl)a

and taking into consideration that the function % is decreasing on (0, 1),
from (9) and (10) we get

I dp(x)
X

ENGas 1-8 1
et (g7 72y

1
1-p

4 at 4
—->c ———-=cln
3 t 3

and, as § was arbitrarily taken in (0,1), we have limsupJ; = oo, which
k—oo
means, that

lim supS,, £ (0) = oo.
n—oo
From this follows that there exists a number n € N, such that |S, f(0)| > 2c.
Then there exists a neighbourhood Iy of zero, such that |S, f(0)] > 2¢ for
every x € Iy. Now let ¢ be any positive number and a function g is defined
by the equality: g(x) = £ f(x). It is obvious that |S,g(z)| > 2t when = € I;.

Applying (5) for g, we gét

o0l E < [ pleg)dn(o) < cotuE,
E

Thus,

cuE

(t),

/_LIO NE
which means that ¢ satisfy global Ay condition. In the case when z = 0 is
not a point of density of E, but z = zq is it, the proof is the same. O

p(2t) <
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Let us continue the proof of theorem. suppose that k is such a number
that the set £ = {ac c1 <w(a) < k:} has a positive measure. Let f € @, (L)
and supp f C E. Then from (3) follows

[etsat@nau <o [olr@dut@), n=12.... @

E E

where ¢; = ck?. By lemma 6 then ¢ € Ay. According to Lemma 2, there
exists a cg > 0, such that

o(P) < cot). 150, (12)

Using Young’s inequality, (12) and (11) we get

/ﬁ(Snf(w))du(:v) /%Snf(z)du(z) =
[5u(Z22 ) @) swraute) <
E

S bl
1 S,

o(Snf(x))

<o [ St
1
=3

E
/ B(S0f (@) du(x) + QL / F(2ereof (@) du(z),

/ (2er00f (2))dpi(z) <

and

/ B(S0f (@) dux) < — / B(2ereaf (2))dp(x).

C1C2
E E
Applying once more Lemma 6 we conclude that ¢ satisfies the global A,
condition. As we have already shown that ¢ is quasiconvex, by Lemma 3
% is quasiconvex for some «, 0 < o < 1. Theorem 1 is proved.
The following theorems are the modifications of Theorem 1.

Theorem 2. Let w be a weight and ¢ € ¢. The following statements are
equivalent:

(i) There is a constant ¢, independent of f € @ (L), such that for any
measurable function f

[etsatwanze [orwdn, n=12.... (13)

G G
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ii) There exists a number a, 0 < a < 1, such that p® is quasiconvexz,
(i) @ @

satisfies global Ay condition and, wP¥) € A, () (G) and w™P¥) € Ap(;—)(G).
Proof. (ii)= (i). From the conditions of the theorem follows that p(y) > 1
and p(®) > 1. Then there exists an € > 0, such that wP(¥)=¢ ¢ Ap(p)—c

and w- (P ¢ Ap(;')—a' Therefore w!'~®(®)=e)" ¢ A(p(p)—e) - Define the

operators T, by the following manner:

Tnf:an(g), n=1,2,....

By virtue of Theorem A,

/ T f PO dp < er / FIPO2dp,

G G
/|Tnf|<P<5>*E>’du < 02/|f|<p<«p>fe>'du.
G G

As p(p) = <plp) <pP'(¢) < (p(¢) — €)', by lemma 5 we get

/w(Tnf)du < 03/90(f)du.

G G

Changing f by fw we obtain (i).
(i)=(ii). Let i € F, f > 0 and suppf C I. As Sy, f(x) = ﬁf[ fdu,
x € I, from (13) we have

/w(fzw)du < c/w(fw)du-

T T
By Lemma 4 this means that ¢ is quasiconvex, w?(¥) ¢ Ap(py and wP(®) €
Ap(g). Let k be a positive number, such that E = {x : % <w(z) < k} has
a positive measure. If supp f C E, then from (13) follows

[etsayin < [ o

As we saw while proving Theorem 1, from here follows that ¢, ¢ € Ag. As
 is quasiconvex, by lemma 3 ¢ is quasiconvex for some a, 0 < a < 1. [O

Theorem 3. Let w be a weight and ¢ € ¢. The following statements are
equivalent:

(i) There is a constant ¢, independent of f € @ (L), such that for any
measurable function f

/gp(%)wdug c/¢<£)wdu, n=12,.... (14)

G G
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(ii) There exists a number a, 0 < o < 1, such that ©* is quasiconvez, ¢
satisfies global Ao condition and w € Ap(g)(G).

Proof. (ii)=(i). From the condition w € Ap@)(G) follows that w € Ap(;),E(G)

for some ¢ > 0. Then w'~®®)—-) ¢ Ap@)is)/. As ¢ is quasiconvex,

p(®) = p(p) and p(¢) < p'(¢) < (p(p) — €)', thus w € A . From this

we get that w!~P(¥)—2) ¢ Ap(p)—e)- Let us consider the operator

»)
1

T.f =—=S.(fw), n=1,2,....
w

By virtue of Theorem A,

/|Tnf|”(q’)_5du < c1/|f|”("’)_€du,
G G

/|Tnf|<p<<p>—e>’du < 02/|f|<7’<¢>—8>'du.
G G

As p(p) —e <p(p) <P'(p) < (p(¢) — €)', by lemma 5 we get

[emanyin<es [ oran

G G

Changing f by % we obtain (i).
(i)=(i). Let I € F, f >0 and suppf C I. As Sy, f(z) = %fl fdu,
x € I, from (14) we have

/sﬁ(flwfl)dﬂ < C/cp(fw’l)du.

I I

~.. The rest of

By Lemma 4 this means that ¢ is quasiconvex and w € Ap(«p)

the proof coincides with the one of Theorem 2.

Finally we must note that analogous theorems for various classical oper-
ators were proved by V. Kokilashvili, A. Gogatishvili and M. Krbec in [4],
[5-7]. O
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