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Abstract

We consider the Cauchy—Goursat initial characteristic problem for nonlinear wave equations with power nonlinearity. Depending
on the power of nonlinearity and the parameter in an equation we investigate the problem on existence and nonexistence of global
solutions of the Cauchy—Goursat problem. The question on local solvability of the problem is also considered.
© 2007 Elsevier Inc. All rights reserved.
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1. Statement of a problem

In the plane of independent variables x and ¢ consider nonlinear wave equation of the following form:

Lyu:=uy —uyy + Mu|®u = f(x,1), (1)

where A and « are given real constants, and Ao # 0, @ > —1; f is given, while u—unknown real functions.

Denote by Dr :={(x,1): 0 <x <t, 0 <t < T}, T < oo triangle domain, bounded by characteristic segment
yir: x=1,0<t<T,segments o 7: x=0,0<r<Tand y37: t=T,0<x<T.

For Eq. (1) in domain D7 consider the Cauchy—Goursat problem on determination of solution u(x, f) by initial-
characteristic conditions [1, p. 228]

ux'VZ,T :0, u|y1,T =0. (2)

Certain papers have been devoted to the questions of existence and nonexistence of global solutions of nonlinear hy-
perbolic equations for different problems (such as initial, mixed and nonlocal problems) [2—11]. In linear case, i.e., for
Aa =0, problem (1), (2) is posed correctly and we have global solvability in corresponding functional spaces [1,12].

We show that for certain assumption on the power of nonlinearity & and parameter A problem (1), (2) in some cases
is globally solvable, while in other cases it has not global solution, though, as it will be shown below, this problem is
locally solvable.
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Definition 1. Let f € C(DT) Function u is called a strong generalized solution of problem (1), (2) of the class C
in domain D7, if u € C (DT) and there exists such the sequence of functions u, € c? (Dr, I'r), that u,, — u and
Lyu, — f in the space C(D7) for n — 0o, where CZ(DT, I'r):={ueC*Dr): Uxlyr =0, uly, =0}, I'r :=
vitYUyar

Remark 1. It is clear that a classical solution of problem (1), (2) in space C°‘2(l_)T, I'r) is a strong generalized solution
of this problem of the class C in domain Dr. In turn, if a strong generalized solution of problem (1), (2) of the class C
in domain D7 belongs to the space C>(Dr), then it also is a classical solution of the problem.

Definition 2. Let f € C(Dy,). We say that problem (1), (2) is globally solvable in the class C, if for any finite T > 0
the problem has a strong generalized solution of the class C in domain D7.

2. A priori estimate of the solution of problem (1), (2)

Lemma 1. Let —1 < a < 0 and in the case when o > 0 let us additionally require that ). > 0. Then for a strong
generalized solution of problem (1), (2) of the class C in domain Dr it is valid the following a priori estimate:

flu ”C(BT) <l “f”C(BT) +c2 3)

with positive constants c; (T, a, L), i = 1,2, not dependent on u and f.

Proof. First consider the case when @ > 0 and A > 0. Let u be a strong generalized solution of problem (1), (2) of the
class C in domain Dr. Then due to Definition 1 there exists the sequence of functions u, € C%(Dr, I'y), such that

nlggo lun — u”C(BT) =0, nli{go | Lyun — f”C(ET) =0, “4)
and therefore
=0. 5)

i [~ 1w

Consider function u,, € ¢ 2(Dr, I'r), as a solution of the following problem:

Lyuy = fu, (6)
Ml o by =0 )
=0, u = V.
ax vor niyi,r
Here
Ju = Ljuy. €]
Multiplying the both sides of equality (6) by < s and integrating in domain D; :={(x,t) € Dr: 0 <t < 1},
0 <t < T we receive
L[ d (duy\? 8%uy, duy y i) duy
| = dxdt — dxdt+ —— [ —|u,|*"?d dt=/,—d dt. 9
2/8t<8t> * /8)(2 gr WXAIE T | gyl dx Jugr @ ©)
D, D, D, D,

Assume that £2; := Do N{t = 7},0 < 7 < T. Then by virtue of (7), integrating by parts the left side of equality (9),
we have

du 1 [/ ou du 2 ouy\?
/fn “dxdt = /21);[( 3x"vr— at"vx) +(8t1> (V?—V)%)]ds

Y1t

1 aun 2 aun a+2
+§/[<at> +<8x>]d +—/|un| dx, (10)
2

T

where v := (vy, v;) is unit vector of outer normal to dD; and y; r ;= y1.7 N {t < T}.
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il

0 d
ax

Taking into account that the operator v; 7~ — vy E is an interior differential operator on y; 7, due to the second

condition in (7) we have

duy duy, ‘
Sun , _ Sin —0. 11
( ax ' ot vx> e (1

Further, it is clear that

(7 —2)], =0. (12)

Therefore, by virtue of (11), (12) from (10) we get

Ay \ Ay \ oup
w,,(r)::/[( 8t> +<8x> }deZ/andxdt. (13)
2 D+

T

Taking into account inequality

ity dun\> 1,
2 —< - ’
Ly 8( a;) s

which is valid for any & := const > 0, from (13) we have

T

1
wa (1) < s/wn((f)da + Il O<T<T.
0

Whence, having the fact that the value || f;, II%Z( D,y asa function of 7 is nondecreasing, by the Gronwall lemma
[13, p. 13] we receive

1
wa(D) < < fullgy . eXP(zE).

exp(re)

- =erT, which is achieved for ¢ = % we obtain

Thus, by taking into account that inf, - ¢
wa (@) <etl fulllyp,y. 0<7<T. (14)

If (x,t) € D, then by virtue of the second condition in (7) the following equality is valid:

X

un(x,n:un(x,r)—un<r,t>=/

t

0 t
uy(o,t) do.
ax

thus due to (14) we have
C o [Toun(o, 07 dun(o, 1)
(o2 g,
‘un(xJ)’zS/dG/‘[L} dUS(t—x)/[un—} do < (t —x)w, (1)
0x 0x
X X §2;

1
<twn() < el fullLy,) < eI fallg. g, mes Dy < set* 1 fullg i, (15)

From (15) it follows that

e
lunlle By < \gﬂnfn le@y)y:

According to (4)—(8), by passing in the last inequality to limit for n — oo, we receive

e
Il e </ =T leBo- (16)
(DT) 2 (Dr)

From (16) follows estimate (3) in case when @ > 0 and A > 0.
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Now consider the case when —1 < o < 0 forany A. When —1 <« <0, i.e., when 1 < o +2 < 2, using well-known

inequality
P pl 2 2 1 1
abga——}—— a=u,|*t?, b=1, p=——>1,g=—=">1, —+—=1
P q oa+2 o P q
we get
2 2
/|u |92 dx <f[0”r |un|2—gi|dx=%/|un|2dx+%.
2 §2;

From equahty (10), by virtue of (11), (12) and the last inequality it follows that
ou
2 / Jn 3 !
Dy

In accordance with the theory of trace there holds estimate [14, pp. 77, 86]

wp(7) <

20

ltalliso < Vel p, e 0<7<T,

where W21 (D, y17) ={ue W2 (D7): uly, . =0}, W2 (D7) is well-known Sobolev space, and

Ay \ 2 duy \ 2

n n

IIMnIIW {Dea) /[(—8t ) + ( ax) }dxdz.
D

T

Since 2., Y < f2 4 (%2)2 | then due to (17), (18) we have

Ay \ Ay \ duy 2
wn(r)glMt/[(at) +(ax>i|dxdt+/<at)ddt+/fddt+
D

Whence according to the form of function w,(t) we get
T
wa() < (Al +1) / wa(@)do + | ful?, ) + lT
0
thus by Gronwall’s lemma [13, p. 13] we obtain

[Aa|T
o+2’

) |l |T
wp(T) < ”f"”LZ(DT)—i_O[—_’_Z exp(IAITt—i-r).

Analogously to that as (16) was received from (15), from last inequality we receive

2 |[Ac|T
juntr, O < twn ) ST| 1l 5, mes Dr + ==

i|exp(|)»|T2 +7)

_r T2 |Aee|T )
= IIntIC(DT)+? exp(|MT*+T).

From here follows that

T [ L 1 5
”M"”C(DT) T||fn||c(DT)+ ?T eXp E(|)L|T +T) )

whence due to (4)—(8), as a result of passing to limit when n — co we get estimate

Aa|

T 1 ) | 1 5
lulley) < 7T exp E(|/\|T +T) i1 flleo,) + +2Texp —(IMT*+T)t.

This completely proves estimate (3). O

A7)

(18)

19)
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Remark 2. From (16) and (19) follows that constants ¢; and ¢; in estimate (3) are equal

¢)) = \/gTz, c=0, fora>0, A>0; (20)

2) clzﬁTexp l(|x|T2+T) ¢ = i T exp l(|x|T2+T) 1)
2 2 ’ a+2 2 ’

for—1<a <0, A € (—00,0)U (0, +00).
3. Equivalent reduction of problem (1), (2) to Volterra type nonlinear integral equation

Let Py := Py(xo, tp) be an arbitrary point in domain D7. Denote by G, s a quadrangle with vertices O(0, 0),
Po(x0, tp) and also P, P3, which lay on data supports y»> 7 and y; 7, respectively, i.e., P; := P1(0, fp — xp), P3 :=
P3(w, %); and by £2,, ;,—a triangle domain with vertices P, O and P,—belonging to characteristics y1.1,
ie., P:= Pz([o_TxO, IO_TXO)

Let u € C*(Dr) be a classical solution of problem (1), (2). By integration of Eq. (1) in domain G, ,, using
homogeneous boundary conditions (2) and returning to initial variables x, ¢ it is easy to see that

A A
u(x,t) + 3 / lu|“udx’dt’ + 3 / lu|*udx’ dt’
Gx.t -Qx‘l
1 / / / / 1 / I I / FaY
=3 f(x't)dx dt+§ f&xt)dx dt, (x,t)e Dr. (22)
G 2

x,t Xt

Remark 3. Equality (22) can be considered as a nonlinear Volterra type integral equation, which can be rewritten as
follows

u(x,t)+A(D_1|u|“u)(x,t)=F(x,t), (x,t) e Dr. (23)
Here O := Lo = % — % and O~! is a linear operator acting by formula
1 1 —
(D_lv)(x, 1) = 3 / v(x', 1) dx'dt’ + 3 / v(x',tdx'dt’, (x,t)e Dy, (24)
Gx,t Qx,t
and
Fx,t):= (07" f)(x,1), (x,1)€Dr. (25)

Lemma 2. Function u € C(Dr) is a strong generalized solution of problem (1), (2) of the class C in domain Dt if
and only if, when it is a continuous solution of nonlinear integral equation (23).

Proof. Indeed, let u € C(D7) be the solution of Eq. (23). Since f € C(D7) and space C>(D7) is dense in C(D7)
[15, p. 37], then there exists the sequence of functions f;, € C%(Dr), such that fn — f in space C(Dr) for n — oo.
Analogously, since u € C (D7), then there exists the sequence of functions w,, € C%(Dr), such that w, — u in space
C(Dr) for n — o0o. Let u, := —A (0 Hwp|%wn) + 07 fu, n=1,2,.... Itis easy to verify that u, € C2(Dr, I'r),
but since O~ ! is a linear continuous operator acting in space C(Dr), and besides lim,_, o0 ||wy — u||c(5T) =0,
lim, o0 || fn — f”C(BT) =0, we have u, — —A(0 "' |u|*u) + O~ f in space C(Dr) for n — co. On the other
hand from Eq. (23) it follows that (O Mu|®) + 07" f = u. Therefore lim,_ o |ty — u||c(5T) = 0. But
Ou, = —Alw,|*w, + f,, whence by virtue of lim,_ o ||u, — ””C(BT) = 0,lim,— 0 Jlwy, — u||C(57) =0 and
limy, 5 o0 I fr — f”c(f)T) =0, we receive Lyup = Ouy + Muy|“up = —A|wu|*wy + fr + Mup|“up = —A[wy|* wy, —
lu|®u] + Al|up|%u, — |u|*u]l + f, — f inspace C(Dr) for n — oo. The only if part of the lemma is obvious. O
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4. The case of global solvability of problem (1), (2) in the class of continuous functions

As it was said above operator 0! from (24) is a linear continuous operator acting in space C (D7).

Now let us show that this operator acts as a linear and continuous one from space C(Dr) into the space of differen-
tiable functions C!(D7). For this purpose by linear nondegenerative transformation of independent variables t = £ 41
and x = & — 7 let us pass to a plane of variables &, . As a result triangular domain D7 will transform into triangle
D’T with vertices O, N {(T, 0), Né(%, %); quadrangle G ; from previous paragraph will transform into quadrangle
G’ , with vertices P'(‘5X, 55), P[(‘55, '55), 0, P{(*5%,0), i.e., into variables &, T in quadrangle G (=G )
with vertices P'(§, t), P{(z, 7), O and P;(&,0), while triangular domain £2, ; will transform into triangle .Q)’C , with
vertices P{('5%, 55%), 0, PJ('5%,0), i.e., into variables &, T in triangle ‘Qé,r (= 2, ,) with vertices P{(t, 1), O
and Pj(t,0).

The operator o~ ! from (24) will transform into operator @y, acting in space C (l_)’T) by formula

(0™ w)E, )= / w(E, ) dE d’ + / wE', ) dE dt’

G, 2]

£t &1
T £ T T
=/dr’/w(E’,r’)d§’+/dt//w(E',r')dé', (£,7) € Df. (26)
0 T/ 0 T/
IfweC (E/T), then from (26) directly follows that
0 ! R / I Y
g((mfl) w)(&,r):/w(s,r)dt, &.7t)e D7, 27)
0
5 7 A
a—r((uf‘)/w)(g,r)=/w(g’,r)dg’+/w(z, tyd7', (&,7) € Df. (28)
T 0

Now, taking into account that for (£, 1) € E’T itisvalid0<é <Tand0< 7 < %, then by virtue of (26)—(28) we
get

_ a , _ a , _
6™ uley + |3 E@o) + ]

e
C(D%) C(D%)
< ST”w”C(B’T) + T”w”C(B’T) +¢E - T)”w”C(B’T) + T”w”C(B’T) < 271(T2 + 3T)||w||c(5’T)»
ie.,
-1y -1 2
I(@™) ||C(l_)’T)—>C'(5’T) <2777 +37), (29)

this concludes the proof.

Further, since space C l(E’T) is compactly embedded into space C(E/T) [16, p. 135], then due to (29) operator
@ Y:c (B/T) - C (l_)/T) is a linear and compact operator. Thus, returning from variables & and 7 to variables x
and ¢, for operator O~ ! from (24) we receive the validity of the following statement.

Lemma 3. Operator 0! : C(_l_)T) — C(D7) acting by formula (24) is a linear compact operator, moreover this
operator transforms space C(Dr) into space C' (D).

Equation (23), taking into account (25), can be rewritten in the form
u=Au:= D_l(—)ulu|“u+f), (30)

where operator A : C(D7) — C (D7) is continuous and compact, since nonlinear operator K : C(D7) — C(D7),
acting according to formula Ku := —XA|u|*u + f for « > —1, is bounded and continuous, while linear operator
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ol C(D7) — C(D7) due to Lemma 3 is compact. At the same time, by virtue of Lemmas 1 and 2, equalities (20)
and (21), for any parameter t € [0, 1] and any solution u € C(Dr) equation u = t Au, it is valid a priori estimate
||u||C(L—)T) <cllfl cdp T ¢y with positive constants ¢; and ¢,, not dependent on u, t and f. Therefore, according
to Leray—Schauder theorem [17, p. 375], Eq. (30) in conditions of Lemma 1 has at least one solution u € C (D7). In
that way, by virtue of Lemma 2, we have proved the following

Theorem 1. Let —1 < o < 0 and in the case when o > 0 parameter % > 0. Then problem (1), (2) is globally solvable
of the class C in the sense of Definition 2, i.e., if f € C(D), then for any T > 0 problem (1), (2) has a strong
generalized solution of the class C in domain Dr.

5. Smoothness and uniqueness of the solution of problem (1), (2). The existence of a global solution in D,
From equality (30), due to Lemmas 2 and 3, it follows the following

Lemma 4. Let u be a strong generalized solution of problem (1), (2) of the class C in domain Dt in the sense of
Definition 1. Ifa > 0 and f € C'(Dr), then u € C*(Dr).

Indeed, in this case due to Lemma 2 function u represents a continuous solution for integral equation (23), therefore
for Eq. (30), and moreover, |u|%u € C(Dy). According to Lemma 3 and Eq. (30) we conclude that u € Cl(l_)T).
Besides, in conditions of Lemma 4, |u|u € Cl(l_)T) is true and again according to Lemma 3 and Eq. (30), we
conclude that u € C2(D7), and thus u is a classical solution of problem (1), (2).

Lemma 5. For a > 0 problem (1), (2) cannot have more than one strong generalized solution of the class C in
domain Dr.

Proof. Indeed, suppose that problem (1), (2) has two possible different strong generalized solutions u; and u of the
class C in domain Dr. According to Definition 1 there exists the sequence of functions u;, € C 2(DT, Ir),i=1,2,
such that

gim gy = willop,y =0, lim |Lyuin = fllep,y =0, i=1,2. 31

Denote by wy, := u2, — u1,. It is easy to see that function wy,;, € CO‘Z(BT, I'r) satisfies the following identities:

Ownm + &um@nm = fums (32)
8;;’” L =0 ol =0 33)
Here
1
Enm = A(1+a)/|u1m+r(u2n —uim)|* dt, (34)
0
Jum = Lyuzn — Ly, (35)

where we used obvious equality ¢(x2) —@(x1) = (x2 — x1) fol @' (x| +t(xp — x1)) dt for function ¢(x) := |x|*x when
X3 = Uy, X1 = Uim, @ > 0. Due to the first equality from (31) there exists the number M := const > 0, not dependent
on indices i and n, such that |ju;,|| (D) S M, whence by virtue of (34) it follows that

||gn,m||c(5T) <AMA+a)M*  Vn,m. (36)

According to (35) and the second equality from (31) it follows that

n,rlnigloo | fum ”C(ET) =0. (37)
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Multiplying the both sides of equality (32) by ‘)’g% and integrating the received equality in domain D, :=
{(x,t) e Dr: 0 <t <7},0<71<T, due to equalities (33), as it was in receiving of inequality (13) from (6), (7), we
shall have

o, 2 ow, 2 ow,
Op (T) 1= / |:( 8:m) + ( a;m) :|dx < 2/(fnm - gnmwnm)# dxdrt, (38)
2 D,

T

where §2; ;= Do N{t =1},0< 7 < T.
Due to estimate (36) and the inequality of Cauchy we shall have

ow,
Zf(fnm - gnmwnm)#dth
D

dwnm 2 2
< ” dxdt + | (fum — &um®nm) dx dt
D

T

9 2
g/( ‘;;””> dxdz+2ff,,zmdxdt+2/g,%mwﬁmdxdt

3 2
< f(%) dxdt + 2/ £2 dxdr + 2221 + o) M / w2, dxdt. (39)
D, D, D,
Further, from equality wy, (x,t) = f Xt % dt, (x,1) € D7, which follows from the second equality of (33),
using standard considerations we receive inequality [14, p. 63]
2 2 dWnm ?
Wy dxdt <t “ar dxdrt. 40)

From inequality (38), by virtue of (39) and (40), it follows that

9 2
Wy (1) < (1+2)\2(1+a)2M2“r2)/(%) dxdr+2/f,3mdxdt
D, D:
T

g (1 + 2)\‘2(1 +O{)2M2aT2) / wn;n(U)dU +2f ‘fnzm dxdt
0 Dr
Whence by the lemma of Gronwall [13, p. 13] we receive that

Wam (1) < cll faml|7ypyy. O<T<T, (41)

where ¢ :=2exp(T + 222(1 4+ a)2M2eT3)y,
Conducting the same considerations, as those used for receiving of inequality (15), taking into account obvious
inequality

2 2
| frm ”Lz(DT) < A fom ”C(Er) mes Dr,

and also due to (41) we have

2 —
C(Dr)

=27'eT I fum g 5,,»  (x.1) € Dr.

2
|wnm(x’t)‘ K twpm (1) < Temes Dr || fum||

From this inequality it follows that

”wnm”C(ET) <TV 2_1CT||fnm||C(§T)- (42)
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Recalling the definition of function w;,,,, according to the first inequality from (31) we have
n’}ligoo l@nm ”C(BT) = |luz — uy ||c(1_)7)‘

Due this equality and (37), passing in inequality (42) to limit for n, m — oo we receive ||us — u1 ”C(Br) =0, i.e.,
u1 = up, which proves Lemma 5.

Here arises naturally the question on what happens in the sense of the theorem of uniqueness for —1 < o < 0. In
this case, as the example below shows clearly, at additional condition A < O problem (1), (2) for f = 0 has also other
solutions in addition to trivial one u = 0.

Indeed, as simple verification can confirm, the following function:

u(x, 1) :=p(* —x*)" if|pl = (—4r1a—2)5, y=—a"!

satisfies this condition. O

Theorenl 2. Let o > 0 and A > 0. Then for any f € C 1(Dso) problem (1), (2) has unique global classical solution
u € CE:(Doo, I'so) in domain D

Proof. If ¢« >0,A>0and f € CY(Dwo), then accordmg to Theorem 1 and Lemmas 4 and 5 in domain D for T =n
there exists unique classical solution u, € ¢? (D,,, I,) of problem (1), (2). Since u,4+1 represents also a classical
solution of problem (1), (2) in domain D,,, then by virtue of Lemma 5 we have u,41|p, = u,. Therefore function u,
constructed in domain D, by rule u(x,t) = u,(x,t) at n = [¢] + 1, where [¢] is an integer part of number ¢, while
point (x,t) € Do, Will be a unique classical solution of problem (1), (2) in domain D, of class 60‘2(1_)00, I'so).
Theorem 2 is proved completely. O

6. The case of nonexistence of a global solution of problem (1), (2)
Below, we consider the case when parameter A < 0 in Eq. (1), while a power of nonlinearity o > 0.

Lemma 6. Let u be a strong generalized solution of problem (1), (2) of the class C in domain Dt in the sense of
Definition 1. Then it is valid the following integral equality:

/qudxdt:—A/|u|°‘u<pdxdt+/f<pdxdt (43)

Dr Dr Dr

for any function ¢, such that
eC*(Dr),  ¢li=r=0,  @li=r =0,  ¢xly, =0. (44)

Proof. According to the definition of strong generalized solution u of problem (1), (2) of the class C in domain Dr,
function u € C(Dr) and there exists the sequence of functions u, € C%(Dy, I'r), such that the equalities (4) are
valid.

Suppose that f, := Lju,. Multiplying the both sides of equality Lyu, = f, by function ¢ let us integrate the
received equality in domain Dr. As a result of integration by parts of the left side of this equality, due to (44) and
boundary conditions (2) we receive

/uanpdxdt —A/|un| un(pdxdt—i—/fngadxdt
Dr Dy

By passing to limit in this equality for n — oo, according to (4) we receive equality (43). Thus Lemma 6 is
proved. O

Lemma 7. Let A < 0 and a > 0, and function u € C(Drt) be a strong generalized solution of problem (1), (2) of the
class C in domain Dr. If f > 0 in domain Dr, then u > 0 in domain Dr.
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Proof. According to Lemma 2 and equalities (23)—(25) function « is a solution of the following Volterra type integral
equation:

ulx,t) = f K&, Hux',t)dx' dt’ + / KO ux', ¢ )ydx' dt' + F(x,t), (x,t) € Dr. (45)
G 2yt
Here K (x,1) := —% lu(x,t)|* € C(Dr), and function F(x, 1) is given by equality (25). By virtue of suppositions
made in Lemma 7 we have
K(x,t) >0, F(x,t) >0 V¥(x,t)e€Dr. (46)
Assuming that function K (x, t) is given, let us consider Volterra type linear integral equation
v(x,t) = / K&, thv(x', t)dx'dt’ + / K& @&, t)dx'dt' + F(x,t), (x,t)€Dr, 47)
G Qx4

in the class C (D7) with respect to unknown function v(x, ). As it is known [18], Eq. (47) in the class C (D7) has
unique continuous solution v(x, t), which can be obtained by use of the method of consecutive approximations

vo(x,1) =0,
Vg1 (x, 1) = / K& v, (', )dx' dt’' + / K& v, (', t)dx' dt’ + F(x,t), n>1, (x,t) € Dr.
Gx,t -Qx,r
From these equalities according to (46) we have v, (x, t) > 0 in Dy foralln =0, 1, ....On the other hand, v, — v

in the class C(D7) for n — co. Therefore, limit function v > 0 in domain Dr. We have just note, that by virtue of
equality (45) function u is also a solution of Eq. (47), and therefore due to the uniqueness of solution of this equation
we finally receive ¥ = v > 0 in domain D7. Lemma 7 is proved. O

For A < 0, according to the last lemma, equality (43) can by rewritten in the form

/|u||jgodxdt=|k|f|u|“+1¢dxdt+/f¢dxdt. (48)
Dt Dt Dr
Let us introduce into consideration function ¢ := ¢°(x, r) such that
0 2/ 0 0 0
¢'eC’(Do). ¢y >0, @, =0, ¢, =0 (49)
and
01p

m| 1

xy 1= / lo(p—,ldxdt<+oo, p=1+—. (50)
017"~ o

Dr—;

It is easy to verify that in the role of function ¢°, satisfying conditions (49) and (50), one may use function

0 X" =)™, (x,t) € Dr=1,
x,1):=
e {o, 1>1,

for sufficiently large positive numbers n and m.
Suppose that o7 (x, 1) := (po(%, %), T > 0. Due to (49) it is easy to see that

ad a
dor| o der

=0, =0. 51
dat lt=T Gb

or € C*(Dr), orlpy >0, orli=r =0,
ox lyar

Supposing that function f is fixed, let us introduce into consideration a function of one variable T,

e(T) = / ferdxdt, T >0. (52)
Dt

The following theorem on the nonexistence of a global solution of problem (1), (2) is valid.
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Theorem 3. Let A <0, ¢ >0, f € C(Dyo) and f =2 0indomain Ds. If
liminf ¢(T) > 0, (53)
T—+o00

then there exists positive number Ty := To(f), such that for T > Ty problem (1), (2) cannot have strong generalized
solution u of the class C in domain Dr.

Proof. Suppose, that in conditions of this theorem there exists strong generalized solution u of problem (1), (2) of
the class C in domain Dr. Then according to Lemmas 6 and 7 equality (48) holds, where due to (51) in the role of
function ¢ can be taken function ¢ = @7, i.e.,

/|u|D(pdedt=|)»|f|u|”<prdxdt+/fg07dxdt, p=a+l.
Dr Dr Dr

Taking into account (52) this equality can be rewritten in the form

|A|/|u|p(pdedt=/|u|D90dedt—{(T). 54)
Dr Dy

If in Young inequality with parameter € > 0,

& ’ 1 1
ab< —a? + —bP; a,b>20, —+—=1, pi=a+1>1,
p per! P
1 ,
we shall take a = |u|pf, b= ‘D‘ﬂﬂ, then since % = p’ — 1 we obtain
o
Lopr| _ e =7
luDor| = lulpy —— < —lul’or +

rop'—1 pi—1 "
; p'e
br ¢r

According last inequality from (54) we have

& 1 Der|?
Al —— flulprdxdt< ; | go,T' dxdt —¢(T),
p P/é‘p -1 p'—1
Dt Dt T
whence for ¢ < |A|p we receive
p [=reald p
ulPordxdt < ; - dxdt — ——¢(T).
/ ultor S (Mp—e)pert ) g e
Dr Dt T
. /_ )4 _ p/ . p _ 1 . . . _ .
Since p’ = =1 P = 51 and ming<¢<|xp Tr—pe? T = which is achieved for ¢ = |A|, it follows, that
1 oer|” '
/ wlPordedr < —— [2T1 4 a2 e r, (55)
e ) pr ]
Dr Dy T

Since @7 (x,1) 1= goo(%, %), then due to (49), (50), after changing variables x = Tx’, t = T¢’, it is easy to verify,
that

» o'
00V grar =720 [ DV gy = 200y,
o 011

Dr Dr—

According to (51) and the last inequality from (55) we receive

720 D50 = (). (56)

0< [ |ulPordxdt < :
/' For NG A

Dt
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Since p’ = -£= > 1, then —2(p’ — 1) < 0 and due to (50) we have

“2r' =D =0,

li -

T—o0 |A|P

Therefore, by virtue of (53) there exists positive number Ty := To(f), such that for T > Ty the right-hand side of

inequality (56) will be negative, whereas the left-hand side of this inequality is nonnegative. This means that if there

exists strong generalized solution u of problem (1), (2) of the class C in domain D7, then necessarily T < Ty, which
proves Theorem 3. O

Remark 4. It is easy to verify that if f € C(Dy) and fx,t) = ct™™ for t > 1, where c :=const > 0, 0 < m :=
const < 2, then condition (53) will be fulfilled, and so for A < 0, & > 0 problem (1), (2) for sufficiently large T will
not have strong generalized solution u of the class C in domain Dr.

Indeed, let us introduce in (52) the transformation of independent variables x and ¢ by formula x = Tx', t = Tt/,
after some estimates we have
o(T)=T? / F(Tx', Tt (x', 1) dx' di’
Dy
> T / 7m0’ 1) dx' di’ + T? f F(Tx', Tt (x', 1) dx' di’
DN’ >T—1} DiN{t'<T~1}
in supposition that 7 > 1. Further, let 7; > 1 be any fixed number. Then from the last inequality for function ¢ we
have
o(T) > cT>™ f 170!, 1) dx' di’
DiN{'>T—1)
> cT? " / 170’ 1)y dx' dr,
DN >T 1)

if T > T > 1. From the latter inequality immediately follows the validity of (53).
7. Local solvability of problem (1), (2) in the case when A < 0 and « > 0

Theorem 4. Let & < 0 and o > 0, function f € C(Dyo), f # 0. Then there exists positive number Ty, := T, (f), such
that for T < T, problem (1), (2) in domain Dt will have strong generalized solution u in the class C.

Proof. In Section 4 problem (1), (2) in space C (D7) equivalently was reduced to the functional equation (30), where
operator A : C (D7) = C(Dr) is a linear and compact. Therefore for the solvability of Eq (30), according to the
theorem of Schauder, it will suffice to show that operator A maps certain ball B := {v € C(Dr): | v||C( D) S R} of

radius R > 0, which is closed and convex set in Banach space C (D7), into itself. Let us show that this takes place for

sufficiently small 7.
Indeed, according to (24) and (30) for ||u||C( by S Rwe have

—1 a+1 _
lAul e,y <107 ey campMulis  + 1 lem,)]
<27! sup (mesG,;+ mes 2, z)[l)»|||u||lé:r; y 1 le@p)
(x, t)eDT
<mes Dr[AllulEs  + 1 lle,)]

=272 [l + 1 ey <27 TPIIMRH + 1 flle o))
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Let us fix arbitrarily positive number 75. Then by virtue of the last estimate for 0 < T < T», we shall have
_ —1p2 +1 _
lAulley <27 TR + 1l ey,

In turn, from this estimation it follows that if

2 _ o 2R
T, :=min{ T, | ,
|)\|Ra + ”f”C(ETz)

then ||Au||c(5T) < R for ||u||C(5T) < R,0 < T < Tx. Theorem 4 is proved completely. O
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