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Abstract. = We introduce the second non-abelian cohomology of Lie algebras
with coefficients in crossed modules using the generalised notion of Lie algebra
of derivations, and establish a relationship of this cohomology with Lie algebra
extensions by crossed modules. We extend the seven-term exact non-abelian
cohomology sequence of Guin to a nine-term exact sequence.
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1. Introduction

From the 1960s, many authors have attempted to answer the question of what
we should mean by non-abelian cohomology of various algebraic structures (see
6, 7, 18, 19]). A convincing answer for groups and Lie algebras was given by
Guin [9, 10] in the 1980s. More recently, in the case of groups, H. Inassaridze
[13, 14, 15] has demonstrated how Guin’s definition can be naturally extended to
higher dimensions. His non-abelian cohomology theory differs from that of Serre
[19] and from the setting of various papers on non-abelian cohomology of groups
4, 5, 6].

In [17], using the non-abelian tensor product of Lie algebras of Ellis [§]
and its non-abelian left derived functors, we introduced and investigated the non-
abelian homology of Lie algebras, generalising the classical Chevalley-Eilenberg
homology and Guin’s low dimensional non-abelian homology of Lie algebras [10].
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In that paper we gave an application to cyclic homology. Namely, we established
a relation of cyclic homology with Milnor cyclic homology of non-commutative
associative algebras in terms of the long exact non-abelian homology sequence of
Lie algebras.

This work is a continuation of [17] for setting up a theory of non-abelian
(co)homology of Lie algebras similar to the non-abelian (co)homology theory
of groups [9, 13, 14, 15, 16, 11]. Our aim is to construct the second non-
abelian cohomology of Lie algebras, extending the zero and the first non-abelian
cohomology of Guin [10], and to describe it by extensions of Lie algebras.

Further generalisation of non-abelian cohomology of Lie algebras is possi-
ble pursuing the line of [14, 15], that is, to make a definition in any dimension
and for a wider class of coefficients.

The rest of the paper is organized as follows. Immediately below, we re-
view some basic notations and conventions. In Section 2, for given Lie algebras
P and R, we introduce the notions of P-(pre)crossed R-modules and we also
generalise the construction of [10] of Lie algebra of derivations. In Section 3,
following [10] and using ideas from [13], we introduce the second non-abelian co-
homology $%(R, M) and the second non-abelian quasi-cohomology 52(R, M) of
a Lie algebra R with coefficients in a crossed R-module (M, ), which generalise
the classical second Chevalley-Eilenberg cohomology of Lie algebras. Then, for a
coefficient short exact sequence of crossed R-modules having a linear splitting,
we extend the seven-term exact non-abelian cohomology sequence of Guin [10] to
a nine-term exact cohomology sequence. In Section 4, we define extensions of Lie
algebras by crossed modules and describe the relationship between the pointed
set of equivalence classes of extensions and our second non-abelian cohomology
in terms of the short exact sequence of pointed sets.

Notations and Conventions. We denote by A a unital commutative ring. We
use the term Lie algebra to mean a Lie algebra over A and [, | to denote the
Lie bracket. We use | | to denote a coset of a quotient Lie algebra or a quotient
set. For any Lie algebra P, Z(P) denotes the center of P. Finally, A-mod and
Lie denote the categories of modules and Lie algebras over A, respectively.

2. The Lie algebra of derivations

We begin this section by recalling the notion of (pre)crossed modules of Lie
algebras (see [8]).

Let P and M be two Lie algebras. An action of P on M is a A-bilinear
map P x M — M, (p,m) — Pm satisfying the following conditions:

P =2 m) =¥ (m), ] = P ]+ o]

for all m, m’ € M and p, p’ € P. In other words, the action of P on M is a
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Lie homomorphism P — Der(M) to the Lie algebra of derivations of M. For
example, if P is a subalgebra of some Lie algebra ), and if M is an ideal in @,
then Lie multiplication in () yields an action of P on M.

A precrossed P-module (M, p) is a Lie homomorphism p : M — P
together with an action of P on M satisfying the following condition:

p("m) = [p, u(m)] -
If in addition the precrossed module (M, i) satisfies the Peiffer identity:

! = [mv m/] )
then it is said to be a crossed P-module. Note that for a crossed module (M, )
the image of p is necessarily an ideal in P and the kernel of y is a P-invariant
ideal in the center of M. Moreover, the action of P on Ker x4 induces an action
of P/Impu on Ker p, making Ker g a P/Im p-module.

A morphism f : (M,u) — (N,v) of P-(pre)crossed modules is a Lie
homomorphism f : M — N such that f(Pm) =P?f(m) and p = vf, p € P,
me M.

The following extended notion of (pre)crossed modules will be very useful
in what follows.

Definition 2.1. Let P and R be Lie algebras acting on each other. A
(pre)crossed R-module (M, p) will be called a P-(pre)crossed R-module if the
following conditions hold:

(i) P’ =[",Pr], 1" €R, p € P;
(ii) P acts on M and p is a P-equivariant Lie homomorphism, i.e.,

u®m)="u(m), meM, peP,;

(iii) P and R act compatibly on M, that is,

Cm=2"m) —=""m)=-"Pm, reR, pecP, meM.

Remark that any (pre)crossed P-module in a natural way can be thought
as a P-(pre)crossed P-module, P acting on itself by Lie multiplication.

A morphism f : (M,u) — (N,v) of P-(pre)crossed R-modules is a
morphism of (pre)crossed R-modules such that f(Pm) =?f(m), p€ P, m € M.

The rest of this section is devoted to construct a Lie algebra of derivations
from P to (M, p), Der(P,(M,pn)), for a given P-precrossed R-module (M, u).
This Lie algebra will be endowed with a P-precrossed R-module structure.
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Definition 2.2.  Let (M, u) be a P-crossed R-module. Denote by Der(P, (M, 1))
the set of pairs (v,r), where v : P — M is a derivation, that means = is a A-
homomorphism satisfying the equality

p

v(lp,ql) ="v(q) —+(p), p.qeP

and 7 is an element of R such that

py(p) = =Fr, p€P. (1)

This set will be called the set of derivations from P to (M, u).

Proposition 2.3.  The set Der(P,(M,u)) becomes a Lie algebra with the
following operations

(o) +(s8) = (Y7, r +9),

A(v,r) = (A, Ar),

[(vr), (7 8)] = (v %, [, 8]),
for all (v,r),(v,s) € Der(P,(M,un)) and X\ € A, where v x~' is given by
(v*)(p) =~(p) =7 ("p), p € P.

Proof. = We show that (y*~/,[r,s]) € Der(P,(M,u)). First we prove that
v %' is a derivation. In fact,

(v ), dl) = vClp.d)) — ' ("lp, a)) = v([°p, @) +([p, *a]) — ' (I'p. q]) — +'([p,"d])
= "Py(q) = 19(°p) + P q) = “Vy(p) = P (q) + Y/ ("p) ="' ("a) + "y (p) .
On the other hand,

Plyx9) (@) = "y *9)(p) ="v(q) =7 ("0) — v (p) + 99/ ("p) -

Moreover, using (iii) of Definition 2.1 and (1) we have

CPly(q) — CDy(p) —

T

5'(q) + 04 (p) = 0.

Hence (7 7')([p, a]) =7(v *7)(a) = (v *7)(p) -
Furthermore, by (i) of Definition 2.1 we have

uly =7 )p) = py(°p) = /' ("p) = =P + s = —[1,7s] + [s,7r] = ~[r, s] .

Thus (v =7/, [r,s]) € Der(P, (M, p)).
The remaining details are easy to check and left to the reader. ]
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Remark. Let (N,v) and (M, p) be precrossed and crossed R-modules, respec-
tively. Then (M, p) is an N -crossed R-module, where the actions of N on M
and on R are induced via v, and Der(N, (M, 1)) coincides with the Lie algebra
Derg(N, M) defined in [10]. In particular, Der(R, (M, p)) coincides with the Lie
algebra Derg(R, M) from [10] when (M, p) is viewed as an R-crossed R-module.

Suppose at the same time (M, ) is P-crossed R-module and P’-crossed
R-module and f: P’ — P is a Lie homomorphism such that

T =P, T =P e P reR.,meM.
Then there is a A-homomorphism
? : Der(P7 (M7 M)) - Der(Pla (M7 /L))

given by f(v,7) = (vf,7), (7,7) € Der(P, (M, ut)). If in addition f satisfies the
condition

fo)="f0), v eP, reRr,
then f is a Lie homomorphism.

Now assume that P and R are Lie algebras acting on each other compat-
ibly, that is, the following conditions hold:

D = [/ Pr] and Uy = [p, ") 2)

for all p,p’ € P and 7,7’ € R. Let (M, ) be a P-crossed R-module, then there
is an action of P on Der(P, (M, pn)) defined by

Ply,r) = (' Fr), pe P, (v,r) € Der(P, (M, p)) , (3)

where 7/(q) = 9y(p), ¢ € P. There is also an action of R on Der(P, (M, u))
given by
5(7770 = (7”7 [S,T]) , SER, (’7,7”) < Der(P, (M’ FL)) ) (4)

where 7"(q) = *v(q)—v(°q), ¢ € P. It is routine to show that the elements (7', ?r)
and (7", [s,r]) belong to Der(P, (M, u)) and that (3), (4) define Lie actions.

Proposition 2.4.  Let (M,pn) be a P-crossed R-module and the actions of P
and R on each other satisfy the compatibility conditions (2). Then the Lie homo-
morphism £ : Der(P, (M, pn)) — R given by (v,r) v r with the aforementioned
actions of P and R on Der(P,(M,u)) is a P-precrossed R-module.

Proof.  We only show the following equality

I, 8) =7 (3,8) = "C(7,9))

forall € R, pe P and (v,s) € Der(P, (M, n)).



418 INASSARIDZE, KHMALADZE AND LADRA

In fact,
(v, 5) = (", [Pr,s])
where
(@) = "y(q) = (" q) = “v(q) — v([g,"p))
="y(q) = (") + "Py(q) = = ("p) .

On the other hand,
"("(7,8) ="("(7,8)) = (0, Pl s]) — (2, [ s]) = (1 = 72, [Py 1)

where (1 —72)(q) = “("v(p) = (') =" (“3(p)) + “v(p) = =1 ("p).
The remaining details are omitted as they are routine. |

3. Second non-abelian cohomology

Before introducing our original definition of the second non-abelian cohomology
of Lie algebras we recall the definitions of Guin [10] of the zero and the first
non-abelian cohomology of Lie algebras with coefficients in crossed modules.

Let R be a Lie algebra and (M, i) a crossed R-module. The zero non-
abelian cohomology is the ideal of M of all R-invariant elements,

9 R,M)={me M| m=0 foral rec R}.

The crossed module relation “™m’ = [m, m'] implies that $°(R, M) is contained
in the center of M and therefore has only a A-module structure.
The first non-abelian cohomology is the Lie algebra defined by

9'(R,M) = Derg(R,M)/7
where J is the following ideal of the Lie algebra Derg(R, M):
J= {(nma_ﬂ<m) +¢) | me Mce Z(R)} )

N is the principal derivation induced by m, namely n,,(x) =*m, z € R.

We need the following characterization of the classical second Chevalley-
Eilenberg cohomology H?(R, M) of the Lie algebra R with coefficients in an
R-module M. We assume the reader is familiar with cotriples, projective classes
and non-abelian derived functors relative to cotriples and projective classes. See,
for example, [12, Chapter 2] or [20, Section 8.6].

Let us consider the diagram of Lie algebras

do .
P—ZF—>R, (5)

d1
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where F' is a free Lie algebra over some A-module, € is a Lie homomorphism
having a A-linear splitting and (P, dy, d;) is a simplicial kernel of € in the category
Lie, i.e., P ={(z,y) € F x F |€e(x) =€(y)}, do(z,y) = z and dy(z,y) = y.
Suppose A denotes the Lie subalgebra {(z,z) € F x F |z € F} of P.

Let M be an R-module, and view M as F and P-modules via the Lie
homomorphisms € and ed; (i =0, 1), respectively. Denote by Der(P, M) (resp.
Der(F, M)) the A-module of derivations from P to M (resp. from F to M).
Let ]/)E(P, M) be the submodule of Der(P, M) of all derivations « such that
7(A) = 0. There is a A-homomorphism

K Der(F,M)H]/)\e}(P,M),
given by (8 +— Bdy — [d;.

Proposition 3.1. There is a natural isomorphism

H*(R, M) = Coker & .

Proof. Let 2, denote the category whose objects are all Lie algebras N
together with an action of N on M and morphisms are Lie homomorphisms
preserving the actions. There is a cotriple F = (F,7,0) on the category A,
(see also [17]), where F : Ay, — Ay is the endofunctor defined for every object
N € ), to be the free Lie algebra F(N) on the underlying A-module N with
an action of F(N) on M induced by the action of N on M. The natural
transformation 7 : F — 1lg,, is the obvious and § : F — F? is the natural
transformation induced for every N € 2, by the inclusion N — F(N) of A-
modules. Let PP denote the projective class on 2,; induced by the cotriple F.

It is well known that the classical Chevalley-Eilenberg cohomology of the
Lie algebra R with coefficients in the R-module M is isomorphic, up to dimension
shift, to the non-abelian right derived functors R&Der(—, M)(R), k > 0, of the
contravariant functor Der(—, M) : 2y, — A-mod relative to the projective class
P (cf. [17, Proposition 4]). The proof is given in [1] and it is similar to the case of
group cohomology and Hochschild cohomology described as cotriple cohomology
2, 3]. Hence we only need to construct an isomorphism of A-modules

RpDer(—, M)(R) = Coker x .

Let us consider a P-projective simplicial resolution of the object R in the
category Ay,
dg d

N _ 9.
©c : FQHFl
R —

_—
] d2 di do
d dy

P

FO*E>R7 (6)
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where Fy = F and d is the unique Lie epimorphism such that d} = d;d (i =0, 1).
Applying the functor Der(—, M) to (6) yields a cochain complex of A-
modules

Der(Fy, M) —%> Der(Fy, M) —2 Der(Fy, M) -2+,

i+l ‘

where 9; = > (—1)? Der(—, M)(d;“),
3=0

Now define a A-homomorphism

@ : ]SE/I(P,M)HKerﬁl

by ¢(y) = vd, v € ]/)\e/r(P, M). To show that the derivation vd : F} — M
belongs to Ker 0y, we only need to examine the following lemma.

Lemma 3.2.  For v € ]/)Er(P, M) there is an equality

Y(x,y) = (7, 2) +7(z,9)

for all x,y,z € F such that e(x) = e(y) = €(2).

Proof.  Straightforward. [ ]

Returning to the main proof, construct a A-homomorphism
W : Ker &, — Der(P, M)

by ¥(8) =, € Ker 0y, where the map v : P — M is given by ~v(z,vy) = ((2),
(x,y) € P and z € F such that d(z) = (z,y).

We have to show that v is correctly defined. In fact, let 2’ € Fy such that
d(z') = (z,y). Then there exists an element w € F such that d3(w) = d3(w) =0
and d3(w) = z — z'. Hence,

B(z) = B(z') = Bdy(w) = 01(B)(w) = 0.

It is easy to show that « is a derivation and 1y, @i are identity maps.
Moreover, it is clear that the above-given isomorphism induces the isomorphism
H?*(R, M) = Coker k. n

Now we are ready to construct our second non-abelian cohomology of Lie
algebras.

Suppose that, in diagram (5), R acts on F', € preserves the actions (here
we mean that R acts on itself by Lie multiplication), implying the induced action
of R on P. Note that all these conditions are satisfied when F' = F(R) is the free
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Lie algebra on the underlying A-module R with the canonical Lie homomorphism
¢ : F(R) — R and the action of R on F(R) induced by the action of R on itself.
For the detailed construction of this action we refer to [17]. Hence, with no loss
of generality, we can assume that Z(R) acts trivially on F.

Let (M, p) be a crossed R-module. Then (M, pu) can be viewed as a
P-crossed R-module induced by ed; (i = 0, 1) and an F'-crossed R-module
induced by e. Denote by ]5\e/r(P, (M, i) the subset of Der(P, (M, i) consisting
of all elements of the form (v,0) satisfying the condition y(A) = 0. Clearly
Der(P, (M, p)) is a A-submodule of Der(P, (M, )), since in it the Lie multipli-
cation of Der(P, (M, p)) is killed.

Let us consider the A-submodule B(P,(M,u)) of %(P, (M, i) con-
sisting of all elements (v,0) for which there exists (8,h) € Der(F,(M,pn))
such that Bdy — Bdy = . We also need the A-submodule B(P, (M, pu)) of
B(P, (M, u)) consisting of all elements (v,0) € B(P, (M, p)) for which the exist-
ing (5,h) € Der(F, (M, p)) satisfies the additional condition Im 3 C Z(M).

Proposition 3.3.  Let R be a Lie algebra and (M, u) a crossed R-module.
Then the A-modules

Der(P, (M, 1))/ B(P.(M,p))  and  Der(P, (M, )/ B(P, (M, 1))

are unique up to isomorphisms of the choice of the diagram (5) for the crossed
R-module (M, ).

Proof.  Consider the diagram of Lie algebras

do .
P—F—R
di
qo
do .
Pl _— F/ — R 9
dy
where the bottom row is another diagram of the form (5), and ev; = ¢, djw, =
v1d;, 1 = 0,1. The existence of such v; and wy, not preserving the actions of R in
general, is clear. Suppose that there exists another vy : ' — F’ and wy : P — P’
satisfying the conditions evy = € and d;wy = vod;, © =0, 1.

As it is indicated in Section 2 we have the induced A-homomorphisms
which will be denoted by @; : Der(P’,(M,u)) — Der(P,(M,un)), wi(y,r) =
(waiar)a L= 172

It is easy to see that (yw;,0) € Der(P, (M, p)) if (v,0) € Der(P’, (M, pn)).
Let (v,0) € B(P',(M,u)), i.e., there exists (3,h) € Der(F’, (M, u)) such that
Bdy — Bdy = 7y, then (Bv;, h) € Der(F, (M, p)) and

Ywi = (Bdy — Bdr)w; = Puidy — Pridy , i=1,2.
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Thus (yw;,0) € B(P, (M, ). Moreover, it is clear that if (v,0) € B(P', (M, y))

then (yw;,0) € B(P,(M,u)), i = 1,2. Hence we have the natural homomor-
phisms of A-modules

xi : Der(P', (M, 1))/ B(P', (M, 1)) — Dex(P, (M, 1))/ B(P, (M, 1))
%i : Der(Plv (M7 N))/B(Pla (M7 :u)) - Der(P, (Mv M))/B(Pa (M7 N)) )
induced by w;, 1 =1, 2.
Now we show that x; = x2 and X; = X2. Take the Lie homomorphism
s: F — P’ given by s(z) = (vi(x),ve(x)). For (v,0) € Der(P’, (M, 1)) we have
(vs,0) € Der(F, (M, p)) and the equalities

(vsdo — vsdy)(x,y) = vs(x) — vs(y) = y(v1 (), v2(x)) — Y(v1(y), v2(y))
= y(vi(2) = v1(y), va(z) — v2(y)) + Y(V1(y) — v2(), v1(y) — va(2))
= y(v1(x) — va(x), v1(y) — v2(y)) = (Yw1 — Yw2)(, y)

for every (z,y) € P. Since pys = 0 then Im~ys C Z(M) and therefore

(yw1,0) = (w2, 0) € B(P, (M, 1)) implying x1 = x2 and X1 = Xa.
The rest of the proof is standard. [ ]

Proposition 3.4.  Let R be a Lie algebra and (M, ) a crossed R-module.

(i) There is a canonical epimorphism of A-modules
9« H*(R,Ker y1) — Der(P, (M, 1))/ B(P, (M, 1)) .

given by J(|v]) = [(£(7),0), |n| € H*(R,Kerp), where ¢ is defined in
Proposition 3.1.

(i) If h € Z(R) for any element ((,h) € Der(F, (M, p)), then ¥ is an isomor-
phism.

Proof.  Directly follows from Proposition 3.1. ]

Note that the condition of Proposition 3.4 (ii) is fulfilled when either
R is an abelian Lie algebra or M is an R-module thought as the crossed R-
module (M, 0). This assertion motivates our definition of the second non-abelian
cohomology of Lie algebras with coefficients in crossed modules.

Definition 3.5. Let R be a Lie algebra and (M, pu) a crossed R-module.

Then the A-module ]/D\e/r(P, (M, pn))/B(P, (M, pn)) will be called the second non-
abelian cohomology of R with coefficients in (M, p) and will be denoted by
9 (R, M).
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Now we introduce the second non-abelian quasi-cohomology of Lie algebras
with coefficients in crossed modules. The reason for its introduction lies in
the following argument: to find some modification of the second non-abelian
cohomology which will be explicitly described in terms of Lie algebra extensions
by crossed modules.

Definition 3.6. Let R be a Lie algebra and (M,pu) a crossed R-module.
Then the A-module ]S\e;(P, (M, 1))/ B(P, (M, 1)) will be called the second non-
abelian quasi-cohomology of R with coefficients in (M, ) and will be denoted
by H2(R, M).

Note that given an R-module M we have $%(R,M) = H*(R,M) =
H?(R,M). Moreover, given a free Lie algebra R over some A-module, it is

clear that $*(R, M) = $H*(R, M) = 0 for any crossed R-module (M, u).

It is easy to see that $?(R, M) is a functor with respect to both arguments.
Namely, for a morphism of crossed R-modules 6 : (M, ) — (N,v), there is a
A-homomorphism

0*: 9*(R, M) — H*(R,N), 6*(|(c,0)]) = |(fcr,0)] .

Whilst 52(R, M) is a functor only with respect to the first argument. Nev-
ertheless, if 6 is a surjective morphism of crossed R-modules, there is a A-
homomorphism

52 :52(R7M) - :62(R’ N) ) 52(‘<O‘70)’) = ‘(‘90"0)’ .

The rest of this section is devoted to obtain a nine-term exact non-abelian
cohomology sequence which prolongs Guin’s seven-term exact sequence. But,
for the exactness, one additional necessary condition on coefficient short exact
sequence is needed, not presented in [10, Theorem 2.8].

Theorem 3.7.  Let R be a Lie algebra and
0 — (L,0) 5 (M, 1) -5 (N,v) — 0

an exact sequence of crossed R-modules, having a A-linear splitting. Then there
is an exact sequence of A-modules

0— 9R, L) = §°(R, M) 2 9°(R,N) % 9Y(R, L) = 9 (R, M)
2 G R, N) - 9%(R, L) -5 92(R, M) 2 9%(R,N) |

where 01 is a Lie homomorphism and §' is a derivation with the action of

HY(R,N) on H*(R, L) induced by the action of R on P.
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Proof.  According to [10, Theorem 2.8| there is an exact sequence of A-
modules

0 — 8°(R, L) 5 9°(R, M) 2 5°(R, N) 2

§'(R, L) <5 91 (R, M) 25 91 (R, N)

where 0! is a Lie homomorphism.

Note that the A-linear splitting on coefficient sequence is needed to con-
struct the connecting map 6.

We only have to define the derivation ¢, the action of the Lie algebra
$H'(R, N) on the A-module $H*(R, L) (in our setting) and to show the exactness
of the following sequence

9'(RM) <= 9'(R.N) = (R, L) < §%(R ) 25 S RN) . (7)
Let |(a,7)| € 9'(R, N) and consider the diagram

do .
P—Z=F—R (8)

bk

L—Ss M2 N,

where (: F' — M is a derivation such that 83 = ae. The existence of 3 follows
from the following fact: let F' be a free Lie algebra (over some A-module X)
acting on a Lie algebra M , then any A-linear map from X to M can be naturally
extended to a derivation from F' to M.

Then there exists a (unique) derivation v : P — L such that &y =
Bdy — Bdy . 1t is clear that v(A) = 0. Define

0'(a, )| = (7, 0)] -

We have to check that §' is well defined. Let 3’ : F© — M be another
derivation such that 3" = ae and +' : P — L be the induced derivation satisfying
&y = ('dy— F'dy. Then 63" = 63 and there is a derivation o : F' — L such that
(' = [+ &o. Thus we have

&y = B'dy — f'dy = Bdy + Eody — Bdi — §ody = &y + §ady — Eody
implying |(v,0)| = [(+/,0)].
Now, if (o/,r’) is another representative of the class |(a, )|, then there

exists n € N such that o = a+mn,. Take ' : F — M such that 5 = 3+ n,,,
where m € M with 8(m) = n and 03 = ae. 1t is clear that 65" = o’e. Moreover,

&' = p'dy — B'dy = Bdy + nimdo — Bdy — imdy = Bdy — Bdy = & .
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Whence 7' = v and the connecting map ' is well defined.
Now we define the action of (R, N) on $H*(R, L) by the formula

@M, 0 =170, |(a,r)] € 9'(R,N), [(,0)] € $°(R, L),

where 7(z,y) = v("x,"y), (x,y) € P. The following equality in the Lie algebra
Der(P, (M, 1))

(5:}77 O) = [(677 O)? (ﬁdo, T)] )
where [ : F — M is a derivation as in diagram (8), implies that 7 : P — L is a
derivation. Furthermore, it is obvious that 7(A) = 0. We have to check that this
action is well defined. Suppose |(¢/,7)] = |(a, )| € H'(R, N), hence o/ = a—n,
and ' =r 4+ v(n) — ¢ for some n € N and ¢ € Z(R). We have
v y) = () (e ) = ()

As it is mentioned above we can assume, with no loss of generality, that Z(R)
acts trivially on F', hence v(‘x,y) = (0,0) = 0. Now, from the following
lemma, we can deduce that this action is well defined.

Lemma 3.8.  The map : F — L given by B(z) = v(*™z, [uv(n),z]) is a
derivation, where u : R — F 1is the required A-linear splitting, and the following
equality holds:

fy(”(")x,”(")y) = (Bdo — Bdy)(z,y) , (x,y) € P.

Proof.  To show that 3 is a derivation we make the following calculations:

Bly) = "B(w) = " ("y, [ur(n),y]) = '9(" e, [ur(n), 2])
= @Dy (" Wy, uv(n), y]) — ("M, [uv(n), 2])

(2, 2), (", [uv(n), yD)] = (g, ), ("W, [ur(n), 2])]
([, "™y, [z, [ur(n), y]) —~([y, "], [y, [ur(n), 2]))
(", ), fuv(n), [2,y]]) = Bla, y] -

Let m € M such that (m) =mn. Then

V([uv(n), z], [uv(n),y]) = y[(uwv(n), uv(n)), (z,y)]
="y (2, y) = “Oq(uv(n), ur(n)) = ""y(a,y) = [my(z,y)] =0,

since L is contained in the center of M .
Thus by Lemma 3.2 we have

(Bdo — Ber)(w, y) = Blx) = Bly) = v(""a, [uv(n), z]) — 1"y, [uv(n), y])
= (", fuv(n), 2]) + y([ur(n), 2], [uv(n), y]) + 5 ([ur(n),y],""y)
(M) vy
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It remains to prove the exactness of the sequence (7).

Let [(A\,7)] € 91 (R, M). Then §'0|(\,r)] = 6*|(O\, )] = |(7,0)|, where
&y = Xedy — Xed; = 0. Therefore Im ! C Ker §'.

Let |(a,7)] € (R, N) such that §'[(a,7)| = [(7,0)] = 0, where £y =
Bdy — [dy (see diagram (8)). Then there exists a derivation 7 : F' — L satisfying
v = ndy — ndy . Hence we get (5 — &n)dy = (8 — &n)d; implying the existence of
(a,r) € Derg(R, M) with 3 — &n = @e. It is obvious that 0%|(a,r)| = |(a,7)].
Hence Kerd! C Im6*.

Let [(a,r)] € H'(R,N), then &6'[(a,r)| = &2|(7,0)] = [(£7,0)| = 0,
since there exists (3,r) € Der(F, (M, u)) such that &y = (dy — Sd;. Therefore
Im &t C Ker £2.

Let |(7,0)| € 9%(R, L) such that |(£v,0)] = 0 € $*(R, M). Then there
exists (f3,s) € Der(F, (M, p)) such that &y = Bdy — Bdy, whence 05dy = 03d; .
It follows that there is a unique derivation o : R — N such that ae = 03. It is
easy to check that the pair («, s) belongs to Derg(R, N) and 6'|(a, s)| = |(7,0)].
Therefore Ker £2 C Im 6.

It is obvious that Im &2 C Ker 6.

Let |(A,0)] € 9*(R, M) and 62(|(A\,0)]) = [(6A,0)] = 0. Then there
exists (p,h) € Der(F,(N,v)) such that O\ = pdy — pd;. Consider a derivation
B : F — M such that 83 = p. One can easily check that (3, h) € Der(F, (M, u)).
The equality OX = 08dy — 05d; implies Im(A + Gd; — (dy) C £(L). Then the
derivation v : P — L given by &y = X\ + (dy — [(d, satisfies the condition
v(A) =0 and clearly £2(|(v,0)]) = |(A,0)|. Hence Ker6? C Im 2. n

4. Extensions by crossed modules

In order to describe our second non-abelian quasi-cohomology in terms of ex-
tensions of Lie algebras by crossed modules and moreover, to establish the rela-
tionship between our second non-abelian cohomology and these extensions, we
proceed in the same way as for groups [15].

We have to mention that the difference between the results obtained for
Lie algebras and those given for groups in [15] is subtler than it seems. Namely,
the notion of the second non-abelian quasi-cohomology of groups is not needed
since the second non-abelian cohomology of groups with coefficients in crossed
modules completely classifies extensions of groups by crossed modules.

We introduce just below the notion of extension of a Lie algebra by a
crossed module.

Definition 4.1.  Let R be a Lie algebra and (M, ) a crossed R-module. An
extension of R by (M, u) is a pair E = (0 — M 5 X YR - 0, ¢), where

0 M2 X% R 0is a short exact sequence of Lie algebras and ¢ is a
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A-linear splitting of ¢ such that the following equalities hold:
"m=o0"'p(r),o(m)], re R, me M 9)

and

Kery Np(R) C Ker (10)
where ¢(R) denotes the Lie subalgebra of X generated by ¢(R).
For instance, the pair (0 — M 2% M x R YR 0, ¢o), where M x R

denotes the semidirect product of the Lie algebras M and R, oo(m) = (m,0),
o(m,r) =1, wo(r) = (0,r) is an extension of R by (M, u), called trivial.

Definition 4.2.  Let R be a Lie algebra, (M, p) a crossed R-module and
E=0—-M2>3X5R-0, o and B'=0—-M%X %S R—0,¢) two
extensions of R by (M, u). The extensions F and E’ will be called equivalent if
there exists a Lie homomorphism 6 : X — X’ and an element A € R such that
the diagram

0 M—2= X R 0

is commutative and the equality

p(e(r) = ¢'(r)) = [h,7]

holds for any r € R.

Note that, if it exists, ¥ is necessarily an isomorphism of Lie algebras and
we can easily check that this relation of extensions is reflexive, symmetric and
transitive. Let E'(R, M) denote the set of equivalence classes of extensions of
the Lie algebra R by the crossed R-module (M, p).

Theorem 4.3.  Let R be a Lie algebra and (M, i) a crossed R-module. Then
there 1s a biyjection

$*(R,M) = E'(R,M) .

Proof.  Let us define a map 7 : H2(R, M) — EY(R,M) as follows. For any
|(av,0)] € H*(R, M) consider the diagram of Lie algebras

P
|
M
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and take the semidirect product M x F(R), where F(R) acts on M via R.
Then the subset I, = {(m,z) | e(x) = 0,m = a(x,0)} C M x F(R) is an ideal
in M x F(R). In fact, I, is clearly a submodule and for every (m,z) € I,,
(n,y) € M x F(R) we have the equalities

Therefore
[(m, ), (n,y)] = (*n = ¥m+ [m,n], [z, y]) = (=*m, [x,y]) € Lo .
We get an exact sequence of Lie algebras
0— M -Z (M xF(R) /I, R—0,

where o(m) = |(m,0)|, ¥(|(m,z)|) = e(z) and the following commutative dia-
gram

F(R) ‘ R

M —7= (M x F(R))/I, >R
with §(z) = |(0, )|, that means oo = dd; — ddy and 6 = e.

There is a A-linear splitting ¢ : R — (M xF(R))/I, of ¥ given by ¢(r) =
|(0,7)|, where 7 € F(R) is the image of r by the natural inclusion R — F(R).
It is easy to see that ¢(R) = ImJ. Therefore Kerty N p(R) = d(Kere). Then
the equality o«(0,2) = 6(z) for z € Kere, implies the condition (10). Hence
the pair E= (0 — M > (M x F(R))/1, YR 0, ¢) is an extension of R by
(M, ) and define n(|(c,0)]) = | E|.

We have to show that 7 is well defined. Let (a/,0) be another rep-
resentative of |(«,0)|, then there exists (3,h) € Der(F(R), (M, n)) such that
Im 3 C Z(M) and o — o = By — Bdy. Let E' = (0 — M % (M x F(R))/I, %
R — 0, ¢') be the extension of R by (M, u) corresponding to (o, 0).

Consider a map ¥ : M x F(R) — M x F(R) given by J(m,z) = (m +
B(z),x). Clearly ¢ is a homomorphism of A-modules and since Im 5 C Z(M)
we have

[W(m,z),9(n,y)] = [(m + B(x),z), (n+ B(y),y)]
= ("n+" B(y) =¥ m =¥ B(x) + [m,n] + [m, B(y)] + [B(z),n] + [B(z), B(y)], [z, y])
= ("n =Y m+ [m,n] + Bz, y], [x,y]) = I[(m, x), (n,y)]
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for all (m,x), (n,y) € M x F(R). Thus, 9 is a Lie homomorphism. Moreover, if
(m,x) € 1, that is, ¢(x) =0 and m = «(z,0), then

dHm,x) = (a(z,0) + B(x),z) = (a/(x,0),2) € I .
Thus, ¥ induces a Lie homomorphism ¢ : (M x F(R))/I, — (M x F(R))/1y .

We have the following commutative diagram of Lie algebras

0—= M —2= (M x F(R)) /I, >R —=0

I 19’l I

0—> M2 (M x F(R) /Lo Y~ R——>0

with the above-defined splittings ¢ : R — (M x F(R))/I, and ¢' : R —
(M x F(R))/I, and the equality

p(@'e(r) —¢'(r)) = p('(100,7)]) = [(0,7)]) = n(I(B(7), 0)) = ="h = [h, 7]
implying that |E| = |E'|.
Conversely, define a map 7' : EY(R, M) — $*(R, M) as follows. Let

|E|e E\(R, M), E=(0—M% X YR -0, ¢). Then there is a commutative
diagram

do
P *? F(R)—=R
aJ/ 5J{ I
o P

M X R,

where the Lie homomorphism ¢ is induced by the A-linear map ¢ and « is given
by ca = 0dy —ddy. Using the equality (9) it is easy to check that « is a derivation.
Clearly a(x,z) =0 for z € F(R) and since d(y) — d(x) € Kery N p(R), by the
condition (10) we have pa(z,y) = pu(d(y) — é(x)) = 0 for (z,y) € P. Hence
(a,0) € Der(P, (M, 1)) and we define /(| E|) = |(c, 0)].

We have to show that 7’ is also well defined. Suppose E is equivalent
to B/ =(0— M X YR 0, ¢'), then there exist a Lie homomorphism
¥ : X — X' and an element h € R satisfying the conditions of Definition 4.2.
Let (¢/,0) be the element of Der(P, (M, u)) corresponding to E’.

Consider the derivation §: F(R) — M given by ¢’ =199 — ¢§'. Then for
r,s € R we have

pB(7) = p(96(r) — 0'(7)) = u(e(r) — '(r)) = [h,7]
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implying that puf(z) = —*h for all € F(R), i.e., (,h) € Der(F(R), (M, p)).
The verification that fdy — d; = o’ — a and Im 3 C Z(M) is now routine and
will be omitted. Therefore |(«,0)| = |(c/,0)].

It is easily checked that nn’ and n'n are identity maps. ]

Note that the bijection 7 maps the zero element of $H2(R, M) to the
equivalence class of the trivial extension of R by (M, u).

Now, suppose S(R, M) denotes the subset of E'(R, M) consisting of all
equivalence classes of extensions E = (0 — M 5 X YR 0,¢) for that there
exists a A-homomorphism s : R — M such that (o8 + d)(z) = (68 + d)(y) for
x,y € F(R) with €(x) = €(y), [ is the derivation induced by s and § is the Lie
homomorphism induced by ¢.

The set S(R, M) always contains at least one element, namely, the equiv-
alence class of the trivial extension.

We arrive to the following

Proposition 4.4.  Let R be a Lie algebra and (M, u) a crossed R-module.
Then there is a short exact sequence of pointed sets

0— S(R,M) — E*(R,M) — $*(R,M) — 0.

Proof. As an easy consequence of Definitions 3.5 and 3.6, there is a short
exact sequence of A-modules

0 — B(P, (M, )/ B(P.(M, 1) — 9°(R, M) — §*(R,M) — 0.

It is easy to see that the restriction of the bijection 7 in the proof of Theorem 4.3
is the bijection from B(P, (M, u))/B(P, (M, u)) to S(R, M). Then the assertion
follows. ]
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