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ON DEGREE OF DERIVED FUNCTORS

J. M. CASAS, N. INASSARIDZE AND M. LADRA

Abstract. We show that the degree of derived functors of a group-
valued functor defined on some distinguished category is less than or
equal to the degree of the initial functor. Some illustrative examples
of distinguished categories and applications to our main result are
given.
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1. INTRODUCTION

Classical homological algebra studies derived functors of additive, or
equivalently linear, functors from an abelian category to another abelian
category, which are additive functors as well. Homotopical algebra, or non-
linear homological algebra, is the generalization of classical homological al-
gebra to arbitrary categories, which results by considering simplicial objects
as being generalization of chain complexes (see [11]). One powerful tool of
homotopical algebra is the notion of non-abelian derived functors, construc-
tion of which is mostly based on the simplicial constructions and techniques.

In [1], the notion of degree of group valued functors is introduced, mod-
ifying the classical notion of cross-effects of functors in the non-abelian
framework.

The aim of this short note is to investigate the degree of non-abelian
derived functors of a group-valued functor. Namely, our main result has the
form:

Main Theorem. Let C be a distinguished category, i.e. belonging to the
full subcategory of the category of categories, ®, having enough projective
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objects. Let T : C — &t be a functor with T(0) = 0, then we have
deg (£,T) < deg (T), n > 0.

(For the definitions of distinguished category and degree of a functor see
Subsections 2.2 and 3.1 respectively).

This result generalizes the classical fact that the derived functors of an
additive functor are additive as well (see e.g. [3]).

2. PRELIMINARIES

2.1. Derived functors. We begin by recalling some well-known notions
on (pseudo)simplicial objects in a category and derived functors (see e.g.
[7, 13]). Let C be a category and (dy,...,d,) : ¥ — X a sequence
of morphisms in C, then a simplicial kernel of (dy,...,d,) is a sequence
(kos ... knt1) : K — Y of morphisms in C satisfying d;k; = d;_1k; for
0 <i,j7 < n-+1 and couniversal with respect to this property. An aug-
mented (pseudo)simplicial object (Py,dJ, X) in C is called projective if each
P, is a projective object with respect to regular epimorphisms in C and
called simplicially exact if each natural morphism from P,y; to the sim-
plicial kernel of (d,...,d") is a regular epimorphism. (P, dJ, X) is called
projective resolution of X if it is projective and simplicially exact. Let C be
a finitely complete category having enough projective objects, then every
object admits a projective resolution.

Let &t denote the categories of groups. Given a finitely complete category
C having enough projective objects and a functor 7' : C — ®t, define the
n-th non-abelian left derived functor L, T : C — &, n > 0, of T' by choosing
for each X € C, a projective resolution (P,,d, X) and setting

LT (X) = 7, (T(P.)).

2.2. Distinguished categories. Now we distinguish a wide class from the
category of categories for our purpose. Given a category C, denote by X VY
the coproduct of two objects X,Y € C.

Definition 1. Let C be a pointed and finitely complete category, having
finite coproducts. It will be called distinguished if for any simplicially exact
augmented (pseudo)simplicial objects (Py,dJ, X) and (Q.,d),Y) in C, the
augmented (pseudo)simplicial object (PyV Q.,djVdy, X VY) is simplicially
exact.

Let us denote the category of distinguished categories by ©, which forms
a full subcategory of the category of categories.

2.2.1. Additive category. A finitely complete additive category belongs to
the category ®. In fact, it follows from the facts that products preserve
limits and coproducts respect with regular epimorphisms in any category,
while finite coproducts coincide with finite products in an additive category.
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2.2.2. The category of groups. It is well known that in the category &t there
exist a zero object (trivial group), finite coproducts and finite limits. The
following proposition shows that &t € ®. It is known as a particular case
to [8, Proposition 4.2], but we give our slightly different proof because it
uses only purely group-theoretic arguments.

Proposition 2. Let (F.,d),G) and (Q.,d), H) be aspherical augmented

(pseudo) simplicial groups. Then the augmented (pseudo)simplicial group
(Fu V Q.,d v dS, GV H) is aspherical.
Proof. For any groups G and H there is a canonical homomorphism « :
GV H — G x H and consider the Cartesian subgroup, GOH = Ker(«),
of GV H. Tt is well known [9] that GOH is a free group generated by the
elements ghg™'h™' € GV H with ¢ # 1 and h # 1. Hence we have the
short exact sequence of augmented (pseudo)simplicial groups

0 — (F.OQ.,d)0d), GOH) — (F. vV Q.,dy v dy,GV H) —
(Fe X Qu,d) x dJ,G x H) — 0. (1)

It is easy to see that (F, x Q.,d] x d), G x H) is aspherical. Then the long
exact homotopy sequence, induced by (1), implies the natural isomorphism
of groups

™ (F.O0Q.,dy0d), GOH) 2 m;(F. v Q.,dy v d),GV H), i>-1. (2)

Moreover, since (F.,dJ,G) and (Q.,d}, H) are aspherical augmented
(pseudo)simplicial groups, they admit set-theoretic left (right) contractions
t, and t’, respectively, preserving the identity elements. Clearly ¢, X t, is
a set-theoretic left (right) contraction of the augmented (pseudo)simplicial
group (Fy X Q.,dj x d),G x H) preserving the identity elements. Hence,
it is easy to see that (F.0Q.,d)0d), GOH) is a contractible and conse-
quently aspherical augmented (pseudo)simplicial group. Now the result

follows from (2). O

2.2.3. The category of crossed modules. We recall the following algebraic
concept of Whitehead [14]. A crossed module (M, P, i) is a group homo-
morphism p : M — P together with an action of P on M, satisfying the
following two conditions:

w(Pm) = pp(m)p~*,

) = mm/m !
for mym’ € M, p € P. A morphism (p,%) : (M,P,u) — (N,Q,v) of
crossed modules is a commutative square

M 5 P

¢ L

N L Q,



14 J. M. CASAS, N. INASSARIDZE AND M. LADRA

with @(Pm) = Y@ p(m) for all m € M, p € P. Let us denote the category
of crossed modules of groups by Xmod. It is easy to see that the trivial
crossed module 0 : 0 — 0 is the zero object in Xmo0. Moreover, for any two
crossed modules of groups p: M — P and p' : M’ — P’ there exists their
coproduct in Xmod, which has the form puVv ' : MV M’ — PV P’. Clearly,
one can similarly show the existence of finite limits in the category Xmo0
(see also [2]).

Corollary 3. Let ((F*7Q*7M*)7 (dg, d8)7 (M7 P, :U’)) and ((Fi’ ;7 /J:k)a
(dS,d), (M', P, u)) be simplicially exact augmented (pseudo)simplicial cro-
ssed modules of groups. Then the augmented (pseudo)simplicial crossed
module ((F* VELQ.V QL ps Vi), (dS,dS),(MV M, PV P uvV ,u’)) 18
simplicially exact.

Proof. Using the fact that regular epimorphisms in the category Xmod are
just those morphisms (p,¢) : (M, P,u) — (N,Q,v) in Xmod such that
both ¢ and 1) are onto maps [2], the assertion directly follows from Proposi-
tion 2. O

We have just shown that Xmo0 belongs to the category ©.

2.2.4. The category of associative algebras. Now consider the category of
associative (not-necessarily unital) algebras over a field k& denoted by 2lg.
It is well known that 2lg is finitely complete, having a zero object (zero alge-
bra) and finite coproducts. The following assertion shows that 2lg belongs
to the category ®©.

Proposition 4. Let (P,,d}, P_1) and (Q.,d},Q_1) be simplicially evact
augmented (pseudo) simplicial associative algebras. Then the augmented
(pseudo) simplicial associative algebra (P.V Qu,d3V dy, P_1V Q_1) is sim-
plicially exact.

Proof. We only have to show that the augmented (pseudo)simplicial asso-
ciative algebra (P, V Q.,d3 VvV dJ, P_1 V Q_1) is aspherical.

For any n > —1, consider the following presentation of the coproduct of
objects P, and @, in the category lg:

PV Qu=Y (AeB),
i>1
where k-modules A; and B; are defined inductively by the formulas
A=A 190 Q, and B;=B;_1®; P, foreven i,
Ai=A_ 1P, and B, =B;_1 ®;Q, forodd i>1,

with A; = P, and By = @,. The multiplication in P, V @, is defined in
the obvious way.
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Using Quillen’s spectral sequence argument [12] (cf. [7]), one easily shows
that the augmented (pseudo) simplicial modules A; and B;, i > 2, are
homologically trivial.

Now assertion follows from the fact that any direct sum of homologically
trivial augmented (pseudo)simplicial k-modules is homologically trivial. O

2.2.5. The category of commutative algebras. Let ComAlg denote the cate-
gory of commutative (not-necessarily unital) algebras over a field k. It is
also well known that there exist a zero object, finite coproducts and finite
limits in the category €om2lg. Similarly to the (previous) case 2.2.4, one
can show that the category Comflg belongs to .

3. CROSS-EFFECTS OF FUNCTORS

3.1. Degree of functors. We recall the notions of the cross-effect and de-
gree of a group-valued functor from [1, 10], generalizing the classical notions
of MacLane. Let C be a category with a zero object and finite coproducts.
Let T : C — &t be a functor with T(0) = 0 and g > 2. Then, for objects
Xi,...,Xq €C, the g-th cross-effect of T is denoted by T'(X1|...|X,) and
defined by the equality

T(X,|---|X,) = Ker (T(X1 Voevx,) ——

ﬁT(le---\/Xj\/---VXq)>,

j=1
where the retractions s; are given by

sj:(l,...,1,9,1,...,1) t X1V VX, > Xy Ve VX VeV X

for 1 < j < q. Moreover, T is called a functor of degree g if the (¢ + 1)-st
cross-effect T'(X1|- - - |Xg441) vanishes for all X,..., X,41 € C and the ¢-th
cross-effect T'(Y7|---|Y;) is non-zero for some Yi,...,Y, € C. In this case
we write deg(T) = q.

Lemma 5. Let T : C — &t be a functor with T(0) = 0, ¢ > 2 and
Xi1,...,Xy € C. Then the g-th cross-effect T(X1|---|Xy) is described as
follows:

T(Xy| | X,) = Ker (T(X1| Xy ol Xy V X,) —

T(Xa] - | Xq—2|Xg-1) x T(X1|"'|Xq—2|Xq))-
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Proof. By definition
T(X1| | Xyoo|Xgo1 V X,) = Ker (T(X1 VoV Xga V X1 V X) —

q—2

[V VX v v X, oV X1 VX)) x T(X, v~~vXq_2)>,
j=1
which clearly implies the result. (]

3.2. Relation between Cross-efects and homotopy. Let SC denote
the category of (pseudo) simplicial objects in C. It is easy to see that SC has
a zero object, which is the constant (pseudo)simplicial object whose value
is 0. Moreover, SC has finite coproducts, which are dimension-wise finite
coproducts of (pseudo)simplicial objects in C. Given a functor T : C — &t
with 7(0) = 0 and ¢ > 0, we define the functor

T, : SC — &t by E(X*) = m(T(X*)).

Clearly T;(0) = 0. On the other hand, for any (pseudo)simplicial ob-
jects X1,..., X! € SC, let T(X]}|---|X) denote the (pseudo)simplicial

g—times
—
group obtained by applying the functor T'(—|- - - |—) dimension-wise to the
(pseudo)simplicial n-tuple (X},..., XJ).
Proposition 6. Let T : C — &t be a functor with T(0) =0, ¢ > 2 and
X!,...,X!cSC. Then there is a natural isomorphism

T (X1 | XD) 2 m(T(X) - |1XT)), i>0.

Proof. We use induction on ¢q. Let ¢ = 2 and X!, X2 € SC, then there is a
short exact sequence of (pseudo)simplicial groups
T(s1x),T(s2+)
0 —— T(X!X2) —— T(X]VX2) LCCRECR
T(X}) xT(X2) —— 0.

It is easy to see that the (pseudo)simplicial group homomorphism
(T(s1+), T(s2+)) has a set-theoretic (pseudo)simplicial section T'(¢1.) X T (t2:),
where T'(t1,) and T'(i2.) are (pseudo)simplicial group homomorphisms in-
duced by the structural simplicial morphisms ¢1, and 2., respectively. Hence
the induced long exact homotopy sequence implies the required isomorphism

mi(T(X1]X2)) 2 Ker (T3(X1 v X2) (Btorn) TiGean))

T(X1) x Ti(X?)), i 0.

Proceeding by induction, we suppose that the assertion is true for ¢ — 1
and we will prove it for g.
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Let X!,..., X? € SC, then by Lemma 5 we have a short exact sequence
of (pseudo)simplicial groups

0——T (X} | X 1|X‘1) — T (X
T(sl*) T 52*)3

L) T(XY - [XI2XIY) x T(XY] - [ X972]XY)

Similarly as above, the (pseudo)simplicial group homomorphism
(T(s},), T(sh,)) has a set-theoretic (pseudo)simplicial section T'(¢}, ) x T (5, ),
where T'(¢},) and T'(44, ) are (pseudo)simplicial group homomorphisms. Hen-
ce, using the inductive hypothesis, the induced long exact homotopy se-
quence implies the isomorphism

| XX X >

0.

m(T(XH | XE7HXD) = Ker (T(X]] -+ |XE72X07 v X =
= T (X! XX X T(X ] [XE7?(XD)), i > 0,

Now the result follows from Lemma 5. O

4. PROOF OF MAIN THEOREM AND APPLICATIONS

4.1. Proof of main theorem. There is noting to prove if deg(T) = oo,
so assume that deg(T) = ¢ with 1 < ¢ < oo. Hence we have to show that
EZT(X1| s |Xq+1) =0 for all Xl, Ce ,Xq+1 eC.

In fact, let (P!, dY), X;) be a projective resolution of X; for 1 <i <g+1
in the category C. Since finite coproducts of projective objects are again
projective objects in C, the augmented (pseudo)simplicial object (P} V- -V
Pt dV---vdy, X V-V X,i1) is projective. Since C € D, the augmented
(pseudo)simplicial object (P V ---V PI dlv - vd, X1 V- -V X1 is
simplicially exact.

Hence, evaluating the non-abelian derived functors of T for X; vV ---V
Xg+1, we have to calculate the homotopy groups of the (pseudo)simplicial
group T(PLv ---v PEH). Therefore, by Proposition 6, we have

LoT(X1|- [ Xgp1) =Tn (P} - |PIY) 2 (T(PL - [PITY)), (3)
n > 0.

Since deg(T) = ¢, the (pseudo)simplicial group T(PL|---|PZ™") vanishes.
Clearly the result follows from (3). O

4.2. Some applications. As an illustration of our result we calculate the
degrees of the non-abelian derived functors of some known functors, in par-
ticular, the ‘nilization of degree k’ functors studied in [5] and CCG-homology
of crossed modules of groups introduced and investigated in [2].
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Given a category C, denote the category of its abelian group objects by
AbC. Tt is often the case that the obvious forgetful functor AbC — C admits
a left adjoint Ab : C — 2AbC, called the abelianization functor, and that AbC
is an abelian category. Hence the abelianization carries finite coproducts
to products, i.e. it has degree one (see more general notions of the cross-
effect and degree of a functor in [6]). Then using Main Theorem, the n-th
(Quillen) homology functor from C € © to AbC, defined as the n-th derived
functor of Ab [11, 12] (see also [4]), has degree one as well. From this
discussion and that of given in 2.2.3 we have the following assertion as a
particular case.

Proposition 7. Let HSCC : Xmod — 2Ab Xmod C Xmod, n > 1, denote
n-th CCG-homology functor defined in [2] by the formula

HOCC (M, P, p) = 71 (Ab (M, P, M)*))v

where (M, P, p). is a projective resolution of (M,P,u) in Xmod,
Ab(M, P, i) = (M /[P, M],P/[P, P], ) and [P, M] is a subgroup of M gen-
erated by the elements Pmm~=', m € M, p € P. Then

deg (HCOG) = 1,

Now consider the ‘nilization of degree k’ functor Zj, : &r — &r, k > 2,
which is defined as follows: for a group G, let Zy(G) = G/, (G); for a
group homomorphism «, let Z;(a) be the natural homomorphism induced
by «. Here v, = 7 (G) is the (lower) central series for the group G,

G=m2m2 " 2m%=2"""

defined inductively by v, = [G,vk—1]. The non-abelian derived functors of
Zy, functors are studied in [5]. We have the following.

Proposition 8. There holds the inequality
deg(EnZk) <k-1 for k>2 and n>0.

Proof. We use the same arguments as in the proof of [10, 3.3 Lemmal. In
fact, for any group G there is an epimorphism

(G — (G) [ 141 (G).

Since the group abelianization is a degree one functor, it is easy to check
that deg((—%*)®*) < k and consequently deg('yk/’ka) < k. Hence, using
the short exact sequences

1 — %(G)/e41(G) — G /11 (G) — G/w(G) — 1, k>2,

we show inductively that deg (Zk) < k-1, k > 2. Now Main Theorem
gives the desired result. O
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